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e Weingarten tensor Vv, v normal vector, well-defined for C! surfaces

Consider piecewise affine surface

Normal vector v is piecewise constant and jumps

How to define and approximate the Weingarten tensor? = Discrete differential geometry
Dihedral angle formula (from Steiner’s offset formula): Z ag |E|
Eecé

ﬁ STEINER: Uber parallele Flichen, Preuss. Akad. Wiss. (1840)

@ GRINSPUN, GINGOLD, REISMAN, ZORIN Computing discrete shape operators on general meshes, Computer
Graphics Forum (2006)
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e Weingarten tensor Vv, v normal vector, well-defined for C! surfaces

e Consider piecewise affine surface

e Normal vector v is piecewise constant and jumps

e How to define and approximate the Weingarten tensor? = Discrete differential geometry
e Dihedral angle formula (from Steiner’s offset formula): Z ag |E|

Ecé
How to define a generalized Weingarten tensor object? Combine FEM & DDG!

@ STEINER: Uber parallele Flichen, Preuss. Akad. Wiss. (1840)
@ GRINSPUN, GINGOLD, REISMAN, ZORIN Computing discrete shape operators on general meshes, Computer
Graphics Forum (2006)



TECHNISCHE

DDG & FEM: Generalized Weingarten tensor UNIVERSITAT

WIEN

Xsgn (v, VR)
o Sobolev perspective: v ¢ H*, but v e L?
e Vv ¢ L2 itis a distribution (or measure) v ( "
o Define distributional Weingarten tensor (W, = (Wu) - 1)
~ *(v,vR)
V(W) = VU W dx + Z %:bgn (v, vR) Wy, ds o ey PR
Tey T
w1 R L"Tw
T Th *(urs vR)
. . I
e Signed dihedral angle Xygn (v, vr) =sgn(vL - j1r) X (v, VR) L vg >0 pL-vr <0

SE A,
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o Sobolev perspective: v ¢ H*, but v e L?

e Vv ¢ L2 itis a distribution (or measure)

o Define distributional Weingarten tensor (W, = (Wu) - 1)

%( = J- Vv :Wdx + Z J {bgn VL?VR)‘UWJ« ds
TeT

e Signed dihedral angle Xygn (v, vr) =sgn(vL - j1r) X (v, VR)

o Test function space (Hellan-Herrmann—Johnson space):
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Scalar-valued spaces (PK(T))

HY Q) = {ue L}(Q) | Vue [P(Q)]),

Lagh(%h) = P*(h) n C(Q) < HY(Q), /\i/
L2(Q) = {u: Q — R| u? integrable},

DG(Th) = PH(Th) < 12(Q)

Examples: Density, pressure, temperature

Finite elements: Lagrange (H', continuous),
discontinuous Galerkin (L2, discontinuous)
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Vector-valued spaces

[L2()]7 ] curlo € [L2(Q)]%93},
Ny = {0 € [PX(Z0)]? | [oe]F = 0} < H(curl, Q),
[
[

Examples: Deformation, velocity, momentum
Finite elements: Nédélec (H(curl), tangential),
Raviart-Thomas/BDM (H(div), normal)
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PH(T) P )>
Tensor-valued spaces <’P'“(T> PH(T)

H(divdiv, {o e [L2(Q)])4: | divdive e HTH(Q)},

0 - foe A
M (%) = {o € [PH(TR)IL | [T onl = 0), /\i/
H(curl curl, Q) = {o € [L? Q)]g;n‘]i\ curlcurlo € H71(Q)},

Regf;(h) = {0 € [P*(Zh)145 | [t ot]F = 0} W

sym

Examples: Strain, stress, metric
Finite elements: Regge (H(curlcurl), tt),
Hellan—Herrmann—Johnson (H(divdiv), nn)



WIEN

. . TECHNISCI_-{_E
Example curvature approximation UNIVERSITAT

Lifting of distributional Weingarten tensor

Find k € X! for 7 with curving order k such that for all o € Tf*

J K,ZO'dX:%(O').
£
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Example curvature approximation

Lifting of distributional Weingarten tensor
Find k € X! for 7 with curving order k such that for all o € Tf*

V(o).

K:odx =
T

error
L
error

] o k- Vel k=1 107 [—o |k — Ve k=1
107° | o Ves|yr k=1 o k= Vredp k=1
105 | IR = Tredis k=2 107 o i Vi k=2
—— |k = Vrexlpr k=2 ‘ —— k= Vvalus k=2 ‘ 10-6 |7 I = Vol k=2, ‘
10° 10 10° 10? 10° 10 10° 10? 10° 10 10°
ndof ndof ndof
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1
1. Vv(o) — f Vv:odx = J %VU(O‘) dt with ®(t) = &), + t(®, — b))
s 0
2. %%(a) — a(®; 0, (1)) + b(D; 0, B(1)) sum of the bilinear forms a and b
3. Estimate a(®(t); o, ®(t)) and b(®(t); o, (1)) | %sen (L, vR) [wre < B[Pl pyminisar.o

Theorem (Gopalakrishnan, N.)

Let (®p)p=0 € Lagﬁ be a family of embeddings such that |, — ®p[ 1. —0. Then there
holds

H% — VZ7||H71 < C(l aF r;_\a%x h;l by, — &DhHWmin{k,z},oo(f-))”d)h — &’h”Hl <C K.
€

ﬁ GOPALAKRISHNAN, N.: Analysis of generalized shape operator on surfaces (in preparation)
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1
1. Vv(o) — f Vv:odx = J %VU(O‘) dt with ®(t) = &), + t(®, — b))
s 0
2. %%(a) — a(®; 0, (1)) + b(D; 0, B(1)) sum of the bilinear forms a and b
3. Estimate a(®(t); o, ®(t)) and b(®(t); o, (1)) | %sen (L, vR) [wre < B[Pl pyminisar.o

Theorem (Gopalakrishnan, N.)

Let (®p)p=0 € Lagﬁ be a family of embeddings such that |, — ®p[ 1. —0. Then there

holds
Vv = Vo pr < C(1 + maxh?
TeT

) — &)hHWmin{k,z},oo(f'))”d)h - &)h”Hl <C hk.

Dihedral angle ¥sgn(v1, vR) always converges in H™!!

ﬁ GOPALAKRISHNAN, N.: Analysis of generalized shape operator on surfaces (in preparation) 9
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1. Vv(o) — f Vv:odx = J %VU(O’) dt with &(t) = &), + t(d), — b))
s 0

2. %%(a) = a(®; o, D(t)) + b(P; o, (1)) sum of the bilinear forms a and b

3. Estimate a(®(t); o, ®(t)) and b(®(t); o, (1)) | Esgn (VL VR) [wie < || pymini 2y

Theorem (Gopalakrishnan, N.)

Let (®p)p=0 € Lagﬁ be a family of embeddings such that |, — ®p[ 1. —0. Then there
holds

Vo — Vi|u—t < C(1 + max =29k — Bz o (1) @n — B < C hE.
€

Dihedral angle ¥sgn(v1, vR) always converges in H™!!
Theorem (Gopalakrishnan, N.)

Let (®4)p=0 € Lagf be a family of embeddings such that &, = I,IjagkCTDh for k > 1. Let
k € X! be the lifted Weingarten tensor. Then |k — V|41 < C h*™L.

@ GOPALAKRISHNAN, N.: Analysis of generalized shape operator on surfaces (in preparation)
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Deformation d:Q—R3

Displacement u:=o—id T
Deformation gradient F:=1+Vu

Cauchy-Green strain tensor € :=F' F =1+ Vu+VuT +Vu'Vu \_Zu
Green strain tensor E:=LC-1)=%1Vu+Vu" +Vu'Vu) (I)(a?)
Linearized strain e:=sym(Vu) = 2(Vu+VuT)

0]
AX Ax

AxTAx = AXTCAX
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Deformation ¢:Q—-R3

Displacement u:=o—id T
Deformation gradient F:=1+Vu

Cauchy-Green strain tensor € :=F' F =1+ Vu+VuT +Vu'Vu \_Zu
Green strain tensor E:=LC-1)=%1Vu+Vu" +Vu'Vu) (I)(a?)
Linearized strain e:=sym(Vu) = 2(Vu+VuT)

Elasticity

1 .
W(u) = €l — <F,u) — min!
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Reduce 3D elasticity to 2D shell model

o Q={p() +20(6): Eew,ze [, 5]}
o D(X+20(€) = B(R) +zvo¢(R)
=X+u(X)

Kirchhoff-Love/Koiter shell

Insert @ in 3D elasticity and integrate over thickness, neglect

higher order terms O(t*) (asymptotical analysis)

11
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W) = SIE@IE + 5| FTV (o 6) - Vol

u...displacement of mid-surface
t...thickness

M. .. material tensor

F=Vu+P=Vo,
1 1
E= E(FTF -P) = 5(vuTvU +Vu'P+ PVu)

7 X

P=I1-7®%7D

12
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W) = SIEW)? |\F7v<uo<z>> Vol -

membrane energy
u...displacement of mid-surface
t...thickness
M. .. material tensor

F=Yu+P=Vo,
1

1
E= E(FTF -P) = 5(vuTvU +Vu'P+ PVu)

7 X

P=I1-7®%7D

12



Koiter/Kirchhoff-Love shell
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t t3 . -
W(u) = SIEW)l + 5, FTV (v e o) = Vi,
membrane energy

u...displacement of mid-surface

t...thickness

M. .. material tensor

F=Vu+P=Vgo, P=I1-0®%7D T

1 1
E= E(FTF -P) = 5(vuTvU +Vu'P+ PVu)

bending energy

12
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t , t Tem s o - —
W) = 2| E@IEs + zlsvm(FTV (5 0) - Vol —
membrane energy
LG ET o g
> o
... shearing m
U= rrr ... director
[+l

G .. .shearing modulus .
bending energy
k =5/6...shear correction factor

shearing energy



FEM + DDG for Koiter/ m e

Lifted shape operator: J w:Wdx = Vz/ = J Vv :Wdx + Z J Fsgn(VL,vR) Wy, ds
7 TeT Eeé

e Lifted curvature difference k¥ via three-field formulation
t 3 dl
S|IE(u )HM+ 5k R = (Fw

+ 2 f (“M—(FTV(VO@—V:?)) Lo dx
TeT

- Z f {sgn VL7VR) {sgn(VLayR))o'ﬁﬂ ds
Ee&

L(u, x5, o)

e Lagrange parameter o € £ moment tensor
e Eliminate kM — two-field formulation in (u, o)
ﬁ N., SCHOBERL: The Hellan—Herrmann—Johnson and TDNNS methods for linear and nonlinear shells,

Comput. Struct. (2024)
a N., SCHOBERL: The Hellan—Herrmann—Johnson method for nonlinear shells, Comput. Struct. 225 (2019). 14
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Shell problem
Find u e [VF]? and o € M7 for (H,, := Y.(Vu)v))

t 6
L(u,0) =5 |EW)lis = zlolf— —<F,w
2 t

+ ZJU:(HV—&—(I—ﬁw)Vﬁ)dX
TeT, T

+ Z f ({sgn(yLaVR) - isgn(ﬁLaﬁR))o’ﬁﬂ ds
Eeé&y E

@ N., SCHOBERL: The Hellan—Herrmann—Johnson method for nonlinear shells, Comput. Struct.

(2019).
15
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Shell problem
Find u e [VF]? and o € M7 for (H,, := Y.(Vu)v))

t 6
£(0,0) = | E@)B — ol —<F )

+ ZJU:(HV—&—(l—ﬁw)Vﬁ)dx
TeT, T

+ Z f ({sgn(yLaVR) - isgn(ﬁLaDR))o’ﬁﬂ ds
Eeé&y E

Use hybridization to eliminate o — recover minimization problem
@ N., SCHOBERL: The Hellan—Herrmann—Johnson method for nonlinear shells, Comput. Struct.

(2019).
15
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Shell problem

Find ue [VF3, e M, " and a e T} for

£(w,0,0) = SIE@W) [~ ol — <o)

4 Z f o:(H,+(1—-7-v)VD)dx
e’

+ ) J (Xsgn (WL, VR) — Kegn(P1, PR)){{opp} + [opp]an ds
Eeé&y E

ol = 5((opa)ln + (0pp)l7x), [oaa] = (Gaa)|1 — (p0)| 7

@ N., SCHOBERL: The Hellan—-Herrmann—Johnson method for nonlinear shells, Comput. Struct.

2019).
(2019) 16
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Hybridization

L1

Morl
oney Quadrilateral (hybridized)
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Extension to nonlinear Naghdi shells UNIVERSITAT

e Use hierarchical shell model voé
o Additional shearing dofs « in H(curl) vog
o o= L0t vog

[vod+vyod]
e Free of shear locking

H(curl) := {u e [L2(Q)]¢| curlu e [L3(Q)]?773}

N = {ue [PX(F)]? | us is continuous over elements}

B ECHTER, R. AND OESTERLE, B. AND BISCHOFF, M.: A hierarchic family of isogeometric shell

finite elements, Comput. Methods Appl. Mech. Engrg. (2013).
18
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e Use hierarchical shell model Vo
o Additional shearing dofs « in H(curl) vog
0Dogb:l/o(ﬂr”,f;(')z%cof(F)ﬁ—i—(FT)T’Ay voe

e Free of shear locking

H(curl) := {u e [L2(Q)]¢| curlu e [L3(Q)]?773}

N = {ue [PX(F)]? | us is continuous over elements}

B ECHTER, R. AND OESTERLE, B. AND BISCHOFF, M.: A hierarchic family of isogeometric shell

finite elements, Comput. Methods Appl. Mech. Engrg. (2013).
18
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Extension to nonlinear Naghdi shells iy

e Use hierarchical shell model Vo
o Additional shearing dofs « in H(curl) vog
e op=vod+yog=1Lcof(F)o+ (FNT4 Voo

e Free of shear locking

tk G
2

+ )] f (Hy + (1 —7-D) VD —VA) : o dx
TeT, T

R > 6
L(u,0,79) = S[EW)ir+ 1917 = ol

- Z f (isgn(VLaVR) - é:sgn(ﬁLyﬁ.‘?) - H:ﬂﬂ) Tiji ds
Ee& VE

18
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displacement u g

tensor o shear vector «y hybridization o
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AN ANV AN

. bending moment
displacement u g

tensor o shear vector «y hybridization o

-
\ 4
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. t v 6 R
£1bi}:1e11(u70_) _ EHsym(VCO u) H%ﬂ _ FHUHI%AI* + Z (J;_ H; :odx— J«T(VUTV)ﬂUﬁﬂ dS)
TeZ, g

6 aW
Loy o) = — 2o, + JVZWZUdX—J =~ 0pap ds
n ( ) 3 ol T;%( T o oM )

20
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Linear Kirchhoff-Love shell and plate UNIVERSITAT
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t A4
£1511'111e11( ) EHsym(VCO u)“§41 3 HUHM 1+ Z J H; :odx— ‘[‘ (VU l/)ﬂ Al ds)
TeZ,

ate aW
Lﬁ;t (w,o) = 3H0'||M L+ Z JT V2w : o dx — LT a—ﬁaﬂﬂ ds)

TeT,

Biharmonic plate equation:

o = MV?w, \f

divdive = f, [

A

@ M. Comob1: The Hellan-Herrmann-Johnson method: some new error estimates and
postprocessing, Math. Comp. (1989)

divdiv(IMV?w) = f = {

U

20
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she ~ t cov t/\'G . 6
Lii(u,0,9) = Slsym(V )i + 317 = Slolia
+ ] (J (Hy —V4) :odx — J (Vu'D)a = 40)0 00 ds)
Tez, YT oT
ate R tkG . 6
i (w.o.9) = 7131 = gl
ow
+ (f(VZW—Vﬁ):adx—J — — A5)opp ds
T;%] - aT( ﬁ,u I ) 2 )

@ A. PECHSTEIN AND J. SCHOBERL: The TDNNS method for Reissner-Mindlin plates, J. Numer.
Math. (2017)

21
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W(U) - tiQEmem(u) + Ebend(u) - F u, f = t3f
Enforces Emem(u) = 0 in the limit t — 0

Emem(u) =0 = Emem(uh) =0

Lagh(7h) = P*(%h) n C(Q) = H{(Q)

e e e e T

22
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Membrane locking WIEN

e Pre-asymptotic regime

‘\ (7 )
1075 | 107"

| —e—1072
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Membrane locking WIEN

e Pre-asymptotic regime

error
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e Reduced integration for quadrilateral meshes
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Membrane Iocking UNIVERSITAT
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1
2

177 E (un) 17

e Reduced integration for quadrilateral meshes
e Regge interpolant for triangles

e Connection to MITC shell elements

@ N., SCHOBERL: Avoiding membrane locking with Regge interpolation, Comput. Methods Appl. Mech.
Engrg 373 (2021).

24
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; t 4
L(u, k" o) = EHIEE(U)H% + EH'%”H% —{f,u)

+ )] J (kM — (FTV(vo¢) — VD)) : o dx

Teg VT

- Z E({sgn(VhVR) - {sgn(i)h I)R))aﬁﬂ ds
Ee&

e Reduced integration for quadrilateral meshes
e Regge interpolant for triangles

e Connection to MITC shell elements

@ N., SCHOBERL: Avoiding membrane locking with Regge interpolation, Comput. Methods Appl. Mech.
Engrg 373 (2021).
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TECHNISCHE

Regge elements & interpolation operator UNIVERSITAT

WIEN

H(curl curl) := {o € [L2(Q)]2:? | curlcurlo € H(Q)}

sym

Regf = {c € [Pk(ﬂ)]gyxxg |[t"et]e = O for all edges E}

A3
E;
E '
AL E; 2
YE = V/\j O VA, tJT(pE/.tj = C,'5,‘j7 T = A V)\j O VA

CHRISTIANSEN: On the linearization of Regge calculus, Numerische Mathematik 119, 4 (2011).

ﬁ L1: Regge Finite Elements with Applications in Solid Mechanics and Relativity, PhD thesis, University of
Minnesota (2018).

ﬁ N.: Mixed Finite Element Methods For Nonlinear Continuum Mechanics And Shells, PhD thesis, TU Wien
(2021). 25



TECHNISCHE
Regge elements & interpolation operator m UNIVERSITAT

WIEN

H(curl curl) := {o € [L2(Q)]2:? | curlcurlo € H(Q)}

sym

Regy = {c € [P*(Th)] % | [tTe t]e = O for all edges E}
A3
E, \
AL E; 2
ve =VNOVA,  tlegt =iy, P1. = Ai VA O VA,
75 - C°(Q) — Regf canonical interpolant

f (g —Z5g)w qdl = 0 for all g e P*(E)
E

JT(g —Tkg): Qdx =0forall Qe P YT Rfyxnzl)
25



0 TECHNISCHE
Membrane Iocklng UNIVERSITAT

WIEN

error
error

1077 —e— (.01 B |

—— 0.001 |

1079 —+—0.0001 Wt ] TR AT
10! 10? 10° 10* 10! 10? 103 10*

nel nel 26



TECHNISCHE
Open hemisphere with clamped ends m UNIVERSITAT

WIEN

10 T

E | ETT T T T T

10 1 wotf

102 . 1072%

L 1070F E 109 E

S0 St

107 3 ] LU —E

10-6 |—e— 0.01 E 10-6 |—— 0.01 E

~e 0.001 ] —e 0.001 ]

07 w0002 | 07 w0001 |
10! 102 103 104 10! 102 103 104 27

nel nel
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. . TECHNISCH_E
Example (cantilever bending) UNIVERSITAT

WIEN

NGSolve

I  — C— I  — C—
2.618e+00 2.618e+00 2.6180+00 2.6180+00 2.618e+00 2.618e+00 2.6180+00 2.618e+00 2.618e+00 2.6180+80

—/—/
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. . TECHNISCHE
Example (cantilever bendi UNIVERSITAT

WIEN
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Example (cantilever bendi UNIVERSITAT

WIEN
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TECHNISCHE
UNIVERSITAT

)
-
S

=3

b
S

=

=
=

S
=
n

kil h=2
—— k1l h=0.25

——

1 ——Sze et al. 2004

15

10

displacement
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q . TECHNISCHE
Pinched cyllnder UNIVERSITAT

WIEN

| |
0 50 100 150
displacement

P
¥ A
Ay 1|~ Sze et al. 2004 |
\ —— k116 x 16
R —— k216 x 16
R 08| . k132x32 )
—5- k232x32
5 0.6 .
P o
< Q 04 8
TN 0.2 :
‘ &
ghoe ‘ ‘
58!
188

ST
S\ g
S 188!

et
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TECHNISCHE
Structures with kinks and branched shells m UNIVERSITAT

WIEN

e Normal-normal continuous moment o
e Preserve kinks

e Variation of £(u, o) in direction do

J- (Xsgn(VL, VR) = Fsgn (L, DR))00 5 ds 20 l
E

= {sgn(l/Lv VR) - {sgn(ﬁLa DR) =0




TECHNISCHE

Application (bending-folding model) UNIVERSITAT

WIEN

Yo ko>
s o

. BARTELS, BONITO, HORNUNG, N., Babugka's paradox in a nonlinear bending-folding model, Interfaces
Free Bound. (2026). 32




TECHNISCHE

Coupling shells — 3D elasticity, wrinkling experiment UNIVERSITAT

WIEN

. . L
e Composite materials, blood vessels, etc. ‘ S ‘ B s

e Lagrange elements for elasticity and shell SN
B
displacement — easy to couple L‘I L‘

' e

i

@ PecuSTEIN, N., Direct coupling of continuum and shell elements in large deformation problems, Comput.
Methods Appl. Mech. Engrg. (2025)
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S TECHNISCHE
UNIVERSITAT
ummary WIEN

DDG + FEM: Generalized shape operator (Weingarten tensor)

Bending energy for shell model

Regge elements for membrane locking

Applications (coupling, origami)

Reissner—Mindlin/Naghdi shell

Linear and nonlinear shell models
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S TECHNISCHE
UNIVERSITAT
ummary WIEN

DDG + FEM: Generalized shape operator (Weingarten tensor)

Bending energy for shell model

Regge elements for membrane locking

Applications (coupling, origami)

Reissner—Mindlin/Naghdi shell

Linear and nonlinear shell models

Thank You for Your attention!
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TECHNISCHE
Literature UNIVERSITAT

WIEN

GOPALAKRISHNAN, N.: Analysis of generalized shape operator on surfaces (in preparation)

BARTELS, BoNITO, HORNUNG, N., Babugka's paradox in a nonlinear bending-folding model, Interfaces
Free Bound. (2026).

PecHSTEIN, N., Direct coupling of continuum and shell elements in large deformation problems, Comput.
Methods Appl. Mech. Engrg. (2025)

N., SCHOBERL: The Hellan—Herrmann—Johnson and TDNNS methods for linear and nonlinear shells,
Comput. Struct. (2024)

) ) &

N., SCHOBERL: Avoiding membrane locking with Regge interpolation, Comput. Methods Appl. Mech.
Engrg (2021).

a N.: Mixed Finite Element Methods for Nonlinear Continuum Mechanics and Shells, PhD thesis (2021).

@ N., SCHOBERL: The Hellan—Herrmann—Johnson method for nonlinear shells, Comput. Struct. (2019).
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