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e Weingarten tensor Vv, v normal vector, well-defined for C! surfaces

e Consider piecewise affine surface

e Normal vector v is piecewise constant and jumps

e How to define and approximate the Weingarten tensor? = Discrete differential geometry
e Dihedral angle formula (from Steiner’s offset formula): Z ag |E|

Ecé
How to define a generalized Weingarten tensor object? Combine FEM & DDG!

@ STEINER: Uber parallele Flichen, Preuss. Akad. Wiss. (1840)
@ GRINSPUN, GINGOLD, REISMAN, ZORIN Computing discrete shape operators on general meshes, Computer
Graphics Forum (2006)
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e Sobolev perspective: v ¢ HY, but v e [
e Vv ¢ L2 itis a distribution (or measure) NS
e Define distributional Weingarten tensor (W, = (W) - 1) (

YL
V(W) = ) J Vv Wdx + Zj X(vi,vR) Wy ds
Teg VT FesVE

R

Test function space 1R "

‘ ’

YR
v

Y= {0 € L2<9’R3X3) : (UV)|T =0, (U/J«N)|TL = (UMM)‘TR}

sSym

Motivation: TDNNS method: VH(curl) ¢ H(div div)*
> ...Hellan-Herrmann—Johnson space

@ PECHSTEIN, SCHOBERL: Tangential-Displacement and Normal-Normal-Stress Continuous Mixed Finite
Elements for Elasticity, M3AS (2011) 4
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Regge elements:
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WIEN

. . TECHNISCI_-{_E
Example curvature approximation UNIVERSITAT

Lifting of distributional Weingarten tensor

Find k € X! for 7 with curving order k such that for all o € Tf*

J K,ZO'dX:%(O').
£

3 E| 100 £
E| 3 1071 L
4 3 1072 L
s s 18
3 103k BRENY 1l s . 5 1073 F
oy~ o) 1 o)
1045 Ik — Vveeiz k=1 ] e [k~ Voee k=1 107 [Ca |k = Vvels k=1 E
—o |k = Vx| k=1 1072 | el — Vi1 k=1 1 | Vel k=1 ]
10°° 1 106 1
I 1 I 10°° 1 ! E|
10° 10 10° 10% 10° 10 10° 10? 10° 10 10° 6

ndof ndof ndof



TECHNISCHE
UNIVERSITAT
WIEN

Example curvature approximation

Lifting of distributional Weingarten tensor
Find k € X! for 7 with curving order k such that for all o € Tf*

V(o).

K:odx =
T

error
L
error
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o If 7 — 8, does k — Vi?

S s
Dihedral angle (v, vg) is highly nonlinear Q Q
Approach: Parameterize ®(t) = & + t(d;, — ®) and use

® ),

integral representation of the error

%(0') — | Vviodx= —tVV(O') dt

Problem: Test function o depends on embedding ¢
Y ={oel?*(7,R3) : (ov)|T =0,

Sym

(‘T/uz)‘TL = (‘7/1/1)‘7/?}
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o If 7 — 8, does k — Vi? S 7
e Dihedral angle %(v.,vg) is highly nonlinear Q Q
e Approach: Parameterize ®(t) = ® + t(®;, — ®) and use
integral representation of the error S o,
~— l ~—
Vv(e)— | Vv:iodx=| —Vv(o)dt
s o dt
Q

e Problem: Test function o depends on embedding ®
e Solution: Use fixed reference domain (Uhlenbeck trick) L = {o € L2(37R2;n[31) t(ov)|lr =0,
e Then estimate integrand ()T = (Ouu)l T}
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1. Vu(o) — f Vv:odx = J %VU(O‘) dt with ®(t) = & + t(d), — d).
5 0

2. %%(a) = a(?; o, <D(t)) + b(CD;a',CiJ(t)) sum of the bilinear forms a and b.

3. Estimate a(®(t); o, ®(t)) and b(®(t); o, (1))

Theorem (Gopalakrishnan, N.)

Let (®p)n=0 € Lagﬁ be a family of embeddings such that |®, — ®| 1, —0. Then there holds
|Vv = Vot < Clldp — &1 < Ch-.

a GOPALAKRISHNAN, N.: Analysis of generalized shape operator on surfaces (in preparation)
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1. Vu(o) — f Vv:odx = J dt%(a) dt with ®(t) = & + t(d), — d).
S 0
2. %%(a) = a(®; o, D(t)) + b(P; o, (1)) sum of the bilinear forms a and b.

3. Estimate a(®(t); o, ®(t)) and b(®(t); o, (1))
Theorem (Gopalakrishnan, N.)
Let (®p)n=0 € Lagﬁ be a family of embeddings such that |®, — ®| 1, —0. Then there holds
|Vv = Vot < Clldp — &1 < Ch-.
Dihedral angle x(v.,vg) always converges in H~1!

Theorem (Gopalakrishnan, N.)

Let (®p)p=0 € Lagﬁ be a family of embeddings such that ¢, = I{jagkcﬁ for k > 1. Let
k € X! be the lifted Weingarten tensor. Then |k — V|41 < C h*™.

@ GOPALAKRISHNAN, N.: Analysis of generalized shape operator on surfaces (in preparation)
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Reduce 3D elasticity to 2D shell model

o Q={p() +20(6): Eew,ze [, 5]}
o D(X+20(€) = B(R) +zvo¢(R)
=X+u(X)

Kirchhoff-Love/Koiter shell

Insert @ in 3D elasticity and integrate over thickness, neglect

higher order terms O(t*) (asymptotical analysis)
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W(u) = SIEW) 3 + 57 IF V(v o 8) = Vol

u...displacement of mid-surface
t...thickness

M ...material tensor

F=Vu+P=Vo,
1 1
E= E(FTF -P) = 5(vuTvU +Vu'P+ PVu)

7 X

P=I1-70®%7D

10
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t s PTe, S
W) = SIE@IRq + 5 [FTV (0 0) = Vil
2 24
-« —>
u...displacement of mid-surface membrane energy
t...thickness

M ...material tensor

F=YVu+P=Vo,
1

1
E= E(FTF—P) = E(vuTvLurvuTPJeru) T
bending energy

10



FEM + DDG for Koiter/ m e

Lifted shape operator: J k:Wdx = Vz/ = J Vv :Wdx + Z J (vi,vr) W, ds
7 TeT Eeé

e Lifted curvature difference k¥ via three-field formulation
diff t 3 di
C(U7H‘”70)25||E( )HM+ 5k R = (Fw

+ 2 f (“M—(FTV(VO@—V:?)) Lo dx
TeT

+ Z J ({(VLal/R) - %:(19[_71,)}?))0'/1‘& ds
Ee&

e Lagrange parameter o € £ moment tensor
e Eliminate k¥ — two-field formulation in (u, o)

ﬁ N., SCHOBERL: The Hellan—Herrmann—Johnson and TDNNS methods for linear and nonlinear shells,

Comput. Struct. (2024)
a N., SCHOBERL: The Hellan—Herrmann—Johnson method for nonlinear shells, Comput. Struct. 225 (2019). 11
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Hybridization
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Morl
oney Quadrilaterial (hybridized)
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e Pre-asymptotic regime
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e Reduced integration for quadrilateral meshes
e Regge interpolant for triangles

e Connection to MITC shell elements

@ N., SCHOBERL: Avoiding membrane locking with Regge interpolation, Comput. Methods Appl. Mech.
Engrg 373 (2021).

15
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H(curl curl) := {o € [L2(Q)]2:? | curlcurlo € H(Q)}

sym

Regf = {c € [Pk(ﬂ)]gyxxg |[t"et]e = O for all edges E}

A3
E;
E '
AL E; 2
YE = V/\j O VA, tJT(pE/.tj = C,'5,‘j7 T = A V)\j O VA

CHRISTIANSEN: On the linearization of Regge calculus, Numerische Mathematik 119, 4 (2011).

ﬁ L1: Regge Finite Elements with Applications in Solid Mechanics and Relativity, PhD thesis, University of
Minnesota (2018).

ﬁ N.: Mixed Finite Element Methods For Nonlinear Continuum Mechanics And Shells, PhD thesis, TU Wien
(2021). 16
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H(curl curl) := {o € [L2(Q)]2:? | curlcurlo € H(Q)}

sym

Regy = {c € [P*(Th)] % | [tTe t]e = O for all edges E}
A3
E, \
AL E; 2
ve =VNOVA,  tlegt =iy, P1. = Ai VA O VA,
75 - C°(Q) — Regf canonical interpolant

f (g —Z5g)w qdl = 0 for all g e P*(E)
E

JT(g —Tkg): Qdx =0forall Qe P YT Rfyxnzl)
16
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—/—/
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e Normal-normal continuous moment o
e Preserve kinks

e Variation of £(u, o) in direction do

J (?i(I/L’ Z/R) — %i(l?L, ZA/R))(SO'[”Q ds L 0 = {(VL, VR) — %i(ﬁL, I?R) =0 l
E

19
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. BARTELS, BONITO, HORNUNG, N., Babugka's paradox in a nonlinear bending-folding model, Interfaces
and Free Boundaries (accepted) (2026). 20
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e Composite materials, blood vessels, etc. ‘ S ‘ B s

e Lagrange elements for elasticity and shell SN
B
displacement — easy to couple L‘I L‘

' e

i

@ PecuSTEIN, N., Direct coupling of continuum and shell elements in large deformation problems, Comput.
Methods Appl. Mech. Engrg. (2025)

21
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Canham—Helfrich—Evans energy: %1 bending elastic constant

) H = 0.5tr(Vv) mean curvature
W(S) = 25 JS(H — Ho)"ds 2Hy spontaneous curvature
Constraints: Q] = Vo, |S|= Ao

Functional: J(S) = W(S) + ca(|S| — Ao)? + cv(|Q] — Wo)?

s T T T T vk =2oblate
. «k = 2 prolate

25} : .

XN

10 J

L L L L L L L
04 05 06 07 08 09 1
v

@ N., SCHOBERL, STURM, Numerical shape optimization of Canham-Helfrich-Evans bending energy, JoCP
(2023)

GANGL, STURM, N., SCHOBERL, Fully and Semi-Automated Shape Differentiation in NGSolve, Structural

and Multidisciplinary Optimization (2021) 22
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Thank You for Your attention!
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