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S cR?

e Surface S embedded in R3

/D
e Normal vector v : S — S? &
(p)

e Shape operator, Weingarten tensor, second fundamental

form Vv T”S
e Eigenvalues 0, k1, K2 %

Mean curvature H = 0.5(k1 + k2) = 0.5tr (V) = extrinsic curvature
Gauss curvature K = k1kp = det(Vv + v ® v) = intrinsic curvature

Intrinsic curvature is independent of the embedding (surrounding space)
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e Weingarten tensor Vv, v normal vector, well-defined for C! surfaces

Consider piecewise affine surface

Normal vector v is piecewise constant and jumps

How to define and approximate the Weingarten tensor? = Discrete differential geometry
Dihedral angle formula (from Steiner’s offset formula): Z ag |E|
Eecé

ﬁ STEINER: Uber parallele Flichen, Preuss. Akad. Wiss. (1840)

@ GRINSPUN, GINGOLD, REISMAN, ZORIN Computing discrete shape operators on general meshes, Computer
Graphics Forum (2006)
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e Weingarten tensor Vv, v normal vector, well-defined for C! surfaces

e Consider piecewise affine surface

e Normal vector v is piecewise constant and jumps

e How to define and approximate the Weingarten tensor? = Discrete differential geometry
e Dihedral angle formula (from Steiner’s offset formula): Z ag |E|

Ecé
How to define a generalized Weingarten tensor object? Combine FEM & DDG!

@ STEINER: Uber parallele Flichen, Preuss. Akad. Wiss. (1840)
@ GRINSPUN, GINGOLD, REISMAN, ZORIN Computing discrete shape operators on general meshes, Computer
Graphics Forum (2006)
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*sgn (v(, VR)

e Sobolev perspective: v ¢ H!, but v e L? oV
e Vv ¢ L2 itis a distribution (or measure) VL AVE
o Define distributional Weingarten tensor (W, = (Wu) - ;1) )’
Vi(W) = f Vv Wdx + Z f Fean(VL, VR) W, ds T =
Teo vy VRNe:(up vR) A
e Signed dihedral angle @:Sgn(uL,yR)=sgn(1/L 1r) X (v, vR) T, S To N VL&(LLTZ?, vR)
pr-vr >0 ML~1/R<MOL

YL
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DDG & FEM: Generalized Weingarten tensor UNIVERSITAT
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*sgn (v, VR)

e Sobolev perspective: v ¢ H!, but v e L? oV
e Vv ¢ L2 itis a distribution (or measure) VL AVE
o Define distributional Weingarten tensor (W, = (Wu) - ;1) )
Vi(W) = f Vv Wdx + Z f Fean(VL, VR) W, ds T =
foo VL RE L R i
o Signed dihedral angle @Esgn(VL,VR)=Sgn(1/L ) ¥ (v, vR) n 8 [ VL&(J[?, vR)
e Test function space pL-vr >0 1L VR <H0L
r={oe LQ(y Rg;ni) : (ov)|T =0, (GNH)‘TL = (Uuu)|TR} “RM
e Motivation: TDNNS method: VH(curl) c H(div div)* v "

> ...Hellan-Herrmann—Johnson space

@ PECHSTEIN, SCHOBERL: Tangential-Displacement and Normal-Normal-Stress Continuous Mixed Finite
Elements for Elasticity, M3AS (2011) 5
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Scalar-valued spaces (PK(T))

HY Q) = {ue L}(Q) | Vue [P(Q)]),

Lagh(%h) = P*(h) n C(Q) < HY(Q), /\i/
L2(Q) = {u: Q — R| u? integrable},

DG(Th) = PH(Th) < 12(Q)

Examples: Density, pressure, temperature

Finite elements: Lagrange (H', continuous),
discontinuous Galerkin (L2, discontinuous)
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Vector-valued spaces ( -

2(@)]7] curlo e [L2(Q)12073),

[ /
N = {0 € [PK)Y | [oe]F = 0} < Hi(cwrl, Q) / \g /
H(div, Q) = {o € [L2(Q)]9 | dive € [2(Q)},
~f{oel fnt,

Examples: Deformation, velocity, momentum
Finite elements: Nédélec (H(curl), tangential),
Raviart-Thomas/BDM (H(div), normal)
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<'— (T) me>
Tensor-valued spaces PK(T)  PH(T)
H(divdiv, Q) = {o € [L2(Q)]&5d [divdive e HT1(Q)},
My (Fh) = {o € [P"(%
H(curl curl, Q) [
Regj(7h) = {o € [P(Zn)]4Gsl | [tTotle = 0}

7\
1% [T ol = o, / N/
={oe[L? Q)]g;n‘]i\ curlcurlo € H71(Q)},
ft,

Examples: Strain, stress, metric
Finite elements: Regge (H(curlcurl), tt),
Hellan—Herrmann—Johnson (H(divdiv), nn)
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Lifting of distributional Weingarten tensor

Find k € X! for 7 with curving order k such that for all o € Tf*

J K:odx = %(a’) = Z J Vv :odx+ 2 f Fsgn (YL, VR) Oy ds.
Z Teg T gcévE

error

1074 [-8 |k — Ve k=1 ] & [k — Ve k=1 107 [Co— |k — Vrez k=1 E
—o— K — V| k=1 107° | Ik — Vs k=1 E —o— [ — Vet k=1

1 . L "
10° 10 10° 10% 10° 10 10° 102 10° 10 10° 7
ndof ndof ndof
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Example curvature approximation

Lifting of distributional Weingarten tensor

Find k € X! for 7 with curving order k such that for all o € Tf*

J K:odx = %(a’) = Z J Vv :odx+ 2 f Fsgn (YL, VR) Oy ds.
Z Teg T gcévE

error
error

—— |k = Vx| 1 k=2

] o 5~ Vol k=1

o |k = Ve k=1
—o— |k — Vex|2 k=2
| = Vil k=2

107 [ |k — Ve k=1

o k= Vvely k=1
—— |5 = Vvex|z k=2
5 = Vx| k=2

10° 10
ndof
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ndof

10

"
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Lifting of distributional Weingarten tensor
Find k € £} ' for 7 with curving order k such that for all o € £} "

J Vv :odx + ZJ Fsgn (YL, VR) Oy ds.

J Kk :odx = V(o)
7 TeT Ecé
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Lifting of distributional Weingarten tensor
Find k € Zk_l for .7 with curving order k such that for all o € Zk_l

ZJTV'o’dX—FEJ Xsen(VL, VR ) Oy ds.

TeT Ecé

e If 7 — S, does Kk — V7 )
e Dihedral angle <., (v, vr) is highly nonlinear % S/ ¥

e Approach: Parameterize ®(t) = &, + t(d, — ®;,) and

J K : crdx—Vl/
T

use integral representation of the error
1
d

~ ~ S
Vv(eg)— | Vv:odx = f EVU(O’) dt ﬂ Q
s 0
@,
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Lifting of distributional Weingarten tensor
Find k € Zk_l for .7 with curving order k such that for all o € Zk_l

Z J Vv :odx + EJ Fsgn (YL, VR) Oy ds.

TeT Ecé

If 7 — 8, does Kk — V7 )
e Dihedral angle <., (v, vr) is highly nonlinear % S/ ¥

J K : crdx—Vl/
T

Approach: Parameterize ®(t) = &, + t(®), — ) and

use integral representation of the error
1
d

~ ~ S
Vv(eg)— | Vv:odx = f EVU(O’) dt ﬂ Q
s 0
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Problem: Test function o depends on embedding ¢
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Lifting of distributional Weingarten tensor

Find k € Zk_l for .7 with curving order k such that for all o € Zk_l

Z J Vv :odx + EJ Fsgn (YL, VR) Oy ds.

TeT Ecé

e If 7 — S, does Kk — V7 )
e Dihedral angle <., (v, vr) is highly nonlinear % S/ ¥

J K : crdx—Vl/
T

e Approach: Parameterize ®(t) = &, + t(d, — ®;,) and
use integral representation of the error
1
d

~ ~ S
Vv(eg)— | Vv:odx = f EVU(O’) dt ﬂ Q
s 0
@,

e Problem: Test function o depends on embedding ¢

e Solution: Use fixed reference domain (Uhlenbeck trick)

e Then estimate integrand
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Evolution of quantities in direction X o ® = X := & (shape optimization techniques)

Lemma (linearization of geometric quantities)

%J = (divsX) o ® J surface determinant
jt (vod)=—((VsX)v)od surface normal
jt (o 0®) = (—2divs(X)o + 2sym(VsXo)) o HHJ test function

d
E(aﬂﬂ © CD) = (_2(VSX)TTUlLu) o®

p (Vsz/ o ®) (Z viVEX; — (VsX) Vsv + Vsv(VsX ) @v — VSX)> od

i=1

%({sgn(yb vR) 0 ®) = [(VsX)yu] o @ dihedral angle

F=VX, J=+/det(FTF), co® = J2F&6FT
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Theorem (Gopalakrishnan, N.)
There holds for o € ¥ and X = ¢

d ~
EVZ/(O') = a(®;0,X) + b(P; 0, X),

where with H,(X) = 2?21 hesse(X;)v;

a(P; 0, X) = Z JT —div(X)Vv: o — Z JE(VX)TT%:Sgn(VL,Z/R)o'W,

TeT Ee&
b(®;0,X) = —H,(X): 0o+ I(VX)uuleoup.
T;ﬂ L E;é“JE )

Bilinear form b(®; o, X) is closely related to the surface Hellan-Herrmann—Johnson method

@ WALKER: The Kirchhoff plate equation on surfaces: the surface Hellan-Herrmann—Johnson method, IMA
J. Numer. Anal. (2021) 10
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Perform all estimates on the reference domain: Transform bilinear forms back
Lemma (pull-back)

a(d;0,X) = Z J

ST (VXFDS e - )] J I3 (V2 X) - (F7) ¥sgn (v, vR) © ©6 44,
fes T Eeé £

b(®; 0, X) = ZJ 23] (Fy x F) (@)%,-—Z(%)%,)ra>;&

3
J HZ F1 X F2 (V )%,' — Jgnd(FTF);-ﬂ@fX;)‘ﬂ &ML
E

Ecé

Christoffel symbols of second kind: [ = 22:1 F;Z@ﬁ’:lv
5= Z? 1 vio <b@2q> pull-back of Weingarten tensor: Vgsv o ® = T
ocod=J" 2F0'FT vod — J_1F1><F2

Note: X = & = &), — &), = gives convergence "
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1. Vv(o) — f Vv:odx = J %VU(O‘) dt with ®(t) = &), + t(®, — b))
s 0
2. %%(a) — a(®; 0, (1)) + b(D; 0, B(1)) sum of the bilinear forms a and b
3. Estimate a(®(t); o, ®(t)) and b(®(t); o, (1)) | %sen (L, vR) [wre < B[Pl pyminisar.o

Theorem (Gopalakrishnan, N.)

Let (®p)p=0 € Lagﬁ be a family of embeddings such that |, — ®p[ 1. —0. Then there
holds

H% — VZ7||H71 < C(l aF r;_\a%x h;l by, — &DhHWmin{k,z},oo(f-))”d)h — &’h”Hl <C K.
€

ﬁ GOPALAKRISHNAN, N.: Analysis of generalized shape operator on surfaces (in preparation) 12
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1
1. Vv(o) — f Vv:odx = J %VU(O‘) dt with ®(t) = &), + t(®, — b))
s 0
2. %%(a) — a(®; 0, (1)) + b(D; 0, B(1)) sum of the bilinear forms a and b
3. Estimate a(®(t); o, ®(t)) and b(®(t); o, (1)) | %sen (L, vR) [wre < B[Pl pyminisar.o

Theorem (Gopalakrishnan, N.)

Let (®p)p=0 € Lagﬁ be a family of embeddings such that |, — ®p[ 1. —0. Then there

holds
Vv = Vo pr < C(1 + maxh?
TeT

) — &)hHWmin{k,z},oo(f'))”d)h - &)h”Hl <C hk.

Dihedral angle ¥sgn(v1, vR) always converges in H™!!

ﬁ GOPALAKRISHNAN, N.: Analysis of generalized shape operator on surfaces (in preparation) 12
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1. Vv(o) — f Vv:odx = J %VU(O’) dt with &(t) = &), + t(d), — b))
s 0

2. %%(a) = a(®; o, D(t)) + b(P; o, (1)) sum of the bilinear forms a and b

3. Estimate a(®(t); o, ®(t)) and b(®(t); o, (1)) | Esgn (VL VR) [wie < || pymini 2y

Theorem (Gopalakrishnan, N.)

Let (®p)p=0 € Lagﬁ be a family of embeddings such that |, — ®p[ 1. —0. Then there
holds

Vo — Vi|u—t < C(1 + max =29k — Bz o (1) @n — B < C hE.
€

Dihedral angle ¥sgn(v1, vR) always converges in H™!!
Theorem (Gopalakrishnan, N.)

Let (®4)p=0 € Lagf be a family of embeddings such that &, = I,IjagkCTDh for k > 1. Let
k € X! be the lifted Weingarten tensor. Then |k — V|41 < C h*™L.

@ GOPALAKRISHNAN, N.: Analysis of generalized shape operator on surfaces (in preparation) 12
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Reduce 3D elasticity to 2D shell model

o Q={p() +20(6): Eew,ze [, 5]}
o D(X+20(€) = B(R) +zvo¢(R)
=X+u(X)

Kirchhoff-Love/Koiter shell

Insert @ in 3D elasticity and integrate over thickness, neglect

higher order terms O(t*) (asymptotical analysis)

13



Koiter/Kirchhoff-Love shell
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t t3 .
W(u) = SIEW) 3 + 57 IF V(v o 8) = Vol

u...displacement of mid-surface
t...thickness

M ...material tensor

F=Vu+P=Vo,
1 1
E= E(FTF -P) = 5(vuTvU +Vu'P+ PVu)

7 X

P=I1-70®%7D

14



Koiter/Kirchhoff-Love shell
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t 2 t3 T ~l12
Wb) = 5 |E(0) 4+ 5 [FTV(w 0 0) = Vil
-« —>
u...displacement of mid-surface membrane energy
t...thickness

M ...material tensor

F=Vu+P=Vo,
1 1
E= E(FTF -P) = 5(vuTvU +Vu'P+ PVu)

7 X

P=I1-70®%7D

14



Koiter/Kirchhoff-Love shell
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t s PTe, S
W) = SIE@IRq + 5 [FTV (0 0) = Vil
2 24
-« —>
u...displacement of mid-surface membrane energy
t...thickness

M ...material tensor

F=YVu+P=Vo,
1

1
E= E(FTF—P) = E(vuTvLurvuTPJeru) T
bending energy

14



FEM + DDG for Koiter/ m e

Lifted shape operator: J w:Wdx = Vz/ = J Vv :Wdx + Z J Fsgn(VL,vR) Wy, ds
7 TeT Eeé

e Lifted curvature difference k¥ via three-field formulation
t 3 dl
S|IE(u )HM+ 5k R = (Fw

+ 2 f (“M—(FTV(VO@—V:?)) Lo dx
TeT

- Z f {sgn VL7VR) {sgn(VLayR))o'ﬁﬂ ds
Ee&

L(u, x5, o)

e Lagrange parameter o € £ moment tensor
e Eliminate kM — two-field formulation in (u, o)
ﬁ N., SCHOBERL: The Hellan—Herrmann—Johnson and TDNNS methods for linear and nonlinear shells,

Comput. Struct. (2024)
a N., SCHOBERL: The Hellan—Herrmann—Johnson method for nonlinear shells, Comput. Struct. 225 (2019). 15
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Hybridization
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Displacement u Moment o
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Hybridization

L1

Morl
oney Quadrilateral (hybridized)
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W(U) - tiQEmem(u) + Ebend(u) - F u, f = t3f
Enforces Emem(u) = 0 in the limit t — 0

Emem(u) =0 = Emem(uh) =0

Lagh(7h) = P*(%h) n C(Q) = H{(Q)

T s I T

17
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e Pre-asymptotic regime

‘\ (7 )
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e Pre-asymptotic regime

error

10_6 1 HHH‘Z ‘ HHW‘S ‘ ““““47
10 10 10 10 18

nel
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1
p” E(“h)H%AI

19
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1
It ECun) By

e Reduced integration for quadrilateral meshes

19
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1
2

177 E (un) 17

e Reduced integration for quadrilateral meshes
e Regge interpolant for triangles

e Connection to MITC shell elements

@ N., SCHOBERL: Avoiding membrane locking with Regge interpolation, Comput. Methods Appl. Mech.
Engrg 373 (2021).

19
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; t 4
L(u, k" o) = EHIEE(U)H% + EH'%”H% —{f,u)

+ )] J (kM — (FTV(vo¢) — VD)) : o dx

Teg VT

- Z E({sgn(VhVR) - {sgn(i)h I)R))aﬁﬂ ds
Ee&

e Reduced integration for quadrilateral meshes
e Regge interpolant for triangles

e Connection to MITC shell elements

@ N., SCHOBERL: Avoiding membrane locking with Regge interpolation, Comput. Methods Appl. Mech.
Engrg 373 (2021).

19
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H(curl curl) := {o € [L2(Q)]2:? | curlcurlo € H(Q)}

sym

Regf = {c € [Pk(ﬂ)]gyxxg |[t"et]e = O for all edges E}

A3
E;
E '
AL E; 2
YE = V/\j O VA, tJT(pE/.tj = C,'5,‘j7 T = A V)\j O VA

CHRISTIANSEN: On the linearization of Regge calculus, Numerische Mathematik 119, 4 (2011).

ﬁ L1: Regge Finite Elements with Applications in Solid Mechanics and Relativity, PhD thesis, University of
Minnesota (2018).

ﬁ N.: Mixed Finite Element Methods For Nonlinear Continuum Mechanics And Shells, PhD thesis, TU Wien
(2021). 20
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H(curl curl) := {o € [L2(Q)]2:? | curlcurlo € H(Q)}

sym

Regy = {c € [P*(Th)] % | [tTe t]e = O for all edges E}
A3
E, \
AL E; 2
ve =VNOVA,  tlegt =iy, P1. = Ai VA O VA,
75 - C°(Q) — Regf canonical interpolant

f (g —Z5g)w qdl = 0 for all g e P*(E)
E

JT(g —Tkg): Qdx =0forall Qe P YT Rfyxnzl)
20
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error

1077 —e— (.01 B |

—— 0.001 |

1079 —+—0.0001 Wt ] TR AT
10! 10? 10° 10* 10! 10? 103 10*

nel nel 2



Numerics & Applications




WIEN

. . TECHNISCH_E
Example (cantilever bending) UNIVERSITAT

NGSolve

I  — C— I  — C—
2.618e+00 2.618e+00 2.6180+00 2.6180+00 2.618e+00 2.618e+00 2.6180+00 2.618e+00 2.618e+00 2.6180+80

—/—/

22
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e Normal-normal continuous moment o
e Preserve kinks

e Variation of £(u, o) in direction do

J- (Xsgn(VL, VR) = Fsgn (L, DR))00 5 ds 20 l
E

= {sgn(l/Lv VR) - {sgn(ﬁLa DR) =0
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Yo ko>
s o

. BARTELS, BONITO, HORNUNG, N., Babugka's paradox in a nonlinear bending-folding model, Interfaces
Free Bound. (2026). 24
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e Composite materials, blood vessels, etc. ‘ S ‘ B s

e Lagrange elements for elasticity and shell SN
B
displacement — easy to couple L‘I L‘

' e

i

@ PecuSTEIN, N., Direct coupling of continuum and shell elements in large deformation problems, Comput.
Methods Appl. Mech. Engrg. (2025)

25
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Application (cell membrane)

Canham—Helfrich—Evans energy: %1 bending elastic constant

) H = 0.5tr(Vv) mean curvature
W(S) = 25 JS(H — Ho)"ds 2Hy spontaneous curvature
Constraints: Q] = Vo, |S|= Ao
Functional: J(S) = W(S) + ca(|S] — Ao)? + cv(|Q] — Vo)?

s T T T T vk =2oblate
. <k = 2 prolate
25} :

XN

L L L L L L L
04 05 06 07 08 09 1
v

@ N., SCHOBERL, STURM, Numerical shape optimization of Canham-Helfrich-Evans bending energy, JoCP
(2023)

GANGL, STURM, N., SCHOBERL, Fully and Semi-Automated Shape Differentiation in NGSolve, Struct.

Multidiscip. Optim. (2021) 26
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Canham—Helfrich—Evans energy: %1 bending elastic constant

) H = 0.5tr(Vv) mean curvature
W(S) = 25 JS(H — Ho)"ds 2Hy spontaneous curvature
Constraints: Q] = Vo, |S|= Ao
Functional: J(S) = W(S) + ca(|S] — Ao)? + cv(|Q] — Vo)?

s T T T T [k =2oblate
. <k = 2 prolate

25} : .

XA

10 J

L L L L L L .
04 05 06 07 08 09 1
v

@ N., SCHOBERL, STURM, Numerical shape optimization of Canham-Helfrich-Evans bending energy, JoCP
(2023)

GANGL, STURM, N., SCHOBERL, Fully and Semi-Automated Shape Differentiation in NGSolve, Struct.

Multidiscip. Optim. (2021) 26
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Riemannian manifold and Regge finite elements m LIy

e Riemannian manifold (2, g)

Q c RN, g metric
e N = 2. Gaussian curvature K = (g, Dg, D?g)
e g C?3(Q,R2x2), then K is defined pointwise

sym
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e Riemannian manifold (2, g)

Q c RN, g metric
e N = 2. Gaussian curvature K = (g, Dg, D?g)
e g C?3(Q,R2x2), then K is defined pointwise

sym

@ Regge, General relativity without coordinates, |1l Nuovo Cimento (1955-1965), (1961).

ﬁ Sorkin, Time-evolution problem in Regge calculus, Phys. Rev. D 12 (1975).
27



Riemannian manifold and Regge finite elements

e Riemannian manifold (2, g)
Q c RN, g metric

e N = 2. Gaussian curvature K = (g, Dg, D?g)
g€ C?(Q,R2%2) then K is defined pointwise

sym

Regge: Approximate the metric by squared edge lengths

@ Regge, General relativity without coordinates, |l Nuovo Cimento (1955-1965), (1961).

@ Sorkin, Time-evolution problem in Regge calculus, Phys. Rev. D 12 (1975).

TECHNISCHE
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21 X @3

1.5
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Riemannian manifold and Regge finite elements UNIVERSITAT

WIEN

e Riemannian manifold (2, g) R O
Q c RN, g metric 2.1 1.3

e N = 2. Gaussian curvature K = (g, Dg, D?g) -

g€ C?(Q,R2%2) then K is defined pointwise

sym

1.5

Regge: Approximate the metric by squared edge lengths

Sorkin: gy tt continuous gy, 7, (t,t) = gu| 7. (t. t) but
gnlT.(t,n) # gn| 7, (t,n) and gu|7,(n, n) # gn| 74 (N, n)

@ Regge, General relativity without coordinates, |l Nuovo Cimento (1955-1965), (1961).
@ Sorkin, Time-evolution problem in Regge calculus, Phys. Rev. D 12 (1975).

27
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Riemannian manifold and Regge finite elements UNIVERSITAT

WIEN

e Riemannian manifold (2, g)

Q c RN, g metric 2.1 1.3

e N = 2. Gaussian curvature K = (g, Dg, D?g)
g€ C?(Q,R2%2) then K is defined pointwise

sym

1.5

Regge: Approximate the metric by squared edge lengths

Sorkin: gy tt continuous gy, 7, (t,t) = gu| 7. (t. t) but
gnlT.(t,n) # gn| 7, (t,n) and gu|7,(n, n) # gn| 74 (N, n)

Regge finite element space:
Regf = {g € Pk(ﬂ,RS’\;,an) : gn is tt-continuous}

@ Christiansen, On the linearization of Regge calculus, Numerische Mathematik, (2011).
@ Li, Regge Finite Elements with Applications in Solid Mechanics and Relativity, PhD thesis, University of
Minnesota (2018). 27
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Riemannian manifold and Regge finite elements UNIVERSITAT

WIEN

e Riemannian manifold (2, g)

Q c RN, g metric 2.1 1.3

e N = 2. Gaussian curvature K = (g, Dg, D?g)
g€ C?(Q,R2%2) then K is defined pointwise

sym

1.5

Regge: Approximate the metric by squared edge lengths

Sorkin: gy tt continuous gy, 7, (t,t) = gu| 7. (t. t) but
gnlT.(t,n) # gn| 7, (t,n) and gu|7,(n, n) # gn| 74 (N, n)

Regge finite element space:
Regf = {g € Pk(ﬂ,RS’\;,an) : gn is tt-continuous}

Question: Discrete curvature K, = (g, Dgy, D2g,,)?

@ Christiansen, On the linearization of Regge calculus, Numerische Mathematik, (2011).

@ Li, Regge Finite Elements with Applications in Solid Mechanics and Relativity, PhD thesis, University of
Minnesota (2018). 27



Generalized Gaussian curvature via Gauss—Bonnet

TECHNISCHE
UNIVERSITAT

WIEN

Gauss—Bonnet

f K wp dx +f kg Wam ds +Za,~ = 27x(M)
M oM F

e Gaussian curvature K

Geodesic curvature kg = g(V,7, )

Exterior angles «; at vertices
X(M) = #V — #E + #F Euler characteristic of M
e wy, wam volume forms on M, oM

Sum over triangulation .7

Y [ Kirwraxs ¥ | Inleveds+ 3 ov=2n

TeT Ee& Vey

Oy =27 — 2{5

oV

28
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Generalized Gaussian curvature via Gauss—Bonnet UNIVERSITAT

WIEN

Gauss—Bonnet

j K wpy dx +f kg Wam ds +Za,~ = 27x(M)
M oM F

e Gaussian curvature K

Geodesic curvature kg = g(V,7, )

Exterior angles «; at vertices
X(M) = #V — #E + #F Euler characteristic of M
e wy, wam volume forms on M, oM XV

Generalized Gaussian curvature

/K\c;(u) = 2 f Klruwr + 2 f [kgle uwe + Z ©v u(V), u € Lag, c H*
Teg 7T EesYE Vey

ﬁ Gopalakrishnan, Neunteufel, Schoberl, Wardetzky, Analysis of curvature approximations via covariant curl

and incompatibility for Regge metrics, SMAI J. Comput. Math. 9 (2023) 151-195. 28
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Generalized Riemann curvature tensor L

e Intermediate results: scalar curvature (RV), Einstein tensor (RV)

e Riemann curvature tensor in arbitrary dimension:
R(X, Y,Z, W) = g(VxVyZ — VyVXZ — V[X,Y]Z, W)

R\L;=ZT)K‘TwT+ZE)HI{g]]wE5E+ZV39v5V

l ! l
Rw =ZT:R|TWT+§[[”]]UJF6F +ZE:@EWE§E

(=)

Gawlik, Neunteufel, Finite element approximation of scalar curvature in arbitrary dimension, Math. Comp.
(2024).
Gawlik, Neunteufel, Finite element approximation of the Einstein tensor, IMA Numer. Anal. (2025).

=)

Gopalakrishnan, Neunteufel, Schéberl, Wardetzky, Generalizing Riemann curvature to Regge metrics,
arxiv:2311.01603 (2023). 2
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Generalized Riemann curvature tensor UNIVERSITAT
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e Intermediate results: scalar curvature (RV), Einstein tensor (RV)

E
e Riemann curvature tensor in arbitrary dimension: F,
R(X, Y,Z7 W) = g(VxVyZ — VyVXZ — V[X,Y]Z, W)
R\L;=ZK‘TwT+ZHI€g]]wE(SE+Zev(5V B
T E v r E .
l l l T NE+ E
R =Y Rlrwr + Y [Mwr s+ > O e o e
T F E
e Angle defect generalizes directly to higher dimensions Orthogonal surface to E

=

Gawlik, Neunteufel, Finite element approximation of scalar curvature in arbitrary dimension, Math. Comp.
(2024).

Gawlik, Neunteufel, Finite element approximation of the Einstein tensor, IMA Numer. Anal. (2025).

(I

Gopalakrishnan, Neunteufel, Schéberl, Wardetzky, Generalizing Riemann curvature to Regge metrics,

arxiv:2311.01603 (2023). 2
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Generalized Riemann curvature tensor UNIVERSITAT
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e Intermediate results: scalar curvature (RV), Einstein tensor (RV) E

e Riemann curvature tensor in arbitrary dimension: F,
R(X, Y,Z7 W) = g(VxVyZ — VyVXZ — V[X,Y]Z, W)

Kw =Y Klrwr + >[5l we oe + >0y dy A

T E % - -

l l l NE+ E

Rw=ZR|TWT+ZHIIH¢‘F(SF+Z@EME§E TE
T F E

e Angle defect generalizes directly to higher dimensions Orthogonal surface to E

o /I(X,Y)=—g(Vxv,Y) second fundamental form; 2D (¢, t) =k

@ Gawlik, Neunteufel, Finite element approximation of scalar curvature in arbitrary dimension, Math. Comp.
(2024).

@ Gawlik, Neunteufel, Finite element approximation of the Einstein tensor, IMA Numer. Anal. (2025).
@ Gopalakrishnan, Neunteufel, Schéberl, Wardetzky, Generalizing Riemann curvature to Regge metrics,

arxiv:2311.01603 (2023). 2



TECHNISCHE
Generalized Riemann curvature tensor m (S

Definition (generalized Riemann curvature tensor)

Rw(A) = > L<R, Awr + 4 Z} L<[[II]],A.,/,/.\p>wF +4 Z., L OF Ay WE.

TeT Fes Eeé&

Theorem (convergence)
Let (gn)n=0 € Regﬁ with g, — g. Then, for k = 0 in 2-D or k > 1 in N-D,
|RwAg, — Rwhglli-2 < llgn — &ll2

@ Gopalakrishnan, Neunteufel, Schéberl, Wardetzky, Generalizing Riemann curvature to Regge metrics,
arxiv:2311.01603 (2023).
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Generalized Riemann curvature tensor m UNIVERSITAT

WIEN

Definition (generalized Riemann curvature tensor)

Ru(A) =Y f (R, Aywr +4 ) f([[ll]],A.,/,/.\p>wF +4). f OF Ay WE-
ez JT Feg F Ecé E

Theorem (convergence)

Let (gn)n=0 € Regﬁ with g, — g. Then, for k = 0 in 2-D or k > 1 in N-D,
|RwAg, — RwAgllu-> < llgn — &ll2 < O(W*) if lgh — Ellwee < (& weeo.

Result: Regge elements for approximating metrics and computing curvatures!

@ Gopalakrishnan, Neunteufel, Schéberl, Wardetzky, Generalizing Riemann curvature to Regge metrics,
arxiv:2311.01603 (2023).
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Generalized Riemann curvature tensor m UNIVERSITAT

WIEN

Definition (generalized Riemann curvature tensor)

Rw(A) = > L<R, Awr + 4 Z} L([[II]],A.,/,/. FYwr + 4 Z., L OF Ay WE.

TeT FeZ Eeé&
Theorem (convergence)

Let (gn)n=0 € Regﬁ with g, — g. Then, for k = 0 in 2-D or k > 1 in N-D,
|RwAg, — RwAgllu-> < llgn — &ll2 < O(W*) if lgh — Ellwee < (& weeo.
~

Vi
Result: Angle defects on surfaces always converge in H~2 to the Gaussian curvature!

@ Gopalakrishnan, Neunteufel, Schéberl, Wardetzky, Generalizing Riemann curvature to Regge metrics,
arxiv:2311.01603 (2023).

@ Gawlik, Neunteufel, Finite element approximation of scalar curvature in arbitrary dimension, Math. Comp.

(2024). 30



TECHNISCHE
Proof strategy UwTéYqERSITAT

1. Metric-independent test function U, A = A, (V)

2. Rewrite the error in integral representation:

1
— d —~— : _ —
Rihg, (U) — (Rwh)g(U) = | SRy (U) ot with g(t) = & + t(gh — 8).
0
3. Linearize to perform the numerical analysis:
%Mg(t)(u) =a(g;g,U)+ b(g; g, U) sum of bilinear forms a and b.

4. ldentify the generalized covariant incompatibility operator:
b(g;g,U) = —2Incg(A), with g = g» — & and A = Ag(U).

5. a(g; g, U) has no covariant derivatives of g (easier to estimate).

31
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Example: generalized Gaussian curvature m UNIVERSITAT

WIEN

L°-Riesz representation (lifting) of the generalized Gaussian curvature

Find K, € Lagf = H(Q) such that for all u, € Lagy

JQ Khupw = /K\c;(uh) = ZT:JT Klrupwr + ZE:fEﬂﬁgﬂ up We + ZV:@V up(V)

Convergence rate

If gn = Th g, Ky € Lagh™™, then | Kj — Kex|y—2 < O(h*F2).

1071 F g
1072 i S |
103 1 10 8
S 10E 15
o g 18 107°F 8 i
107 L’VAVAVAV
E 0
E A )
1 E I Iy N
ex ~ - ex
10-7 +“K7Kex“i-l 1 +HK—K€X‘H4 N
K= Kl e | 10710 | [K — Kexlws | 1 32

rinl Lol L4 il ol Lol
10! 102 103 104 10t 102 103 104 10°
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ummary WIEN

e DDG + FEM: Generalized shape operator (Weingarten tensor)
e Bending energy for shell model

e Regge elements for membrane locking

e Applications (coupling, origami, cell membranes)

e Intrinsic curvature approximation (Gauss, Riemann)

e Reissner—Mindlin/Naghdi shell

e Linear and nonlinear shell models

33
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ummary WIEN

e DDG + FEM: Generalized shape operator (Weingarten tensor)
e Bending energy for shell model

e Regge elements for membrane locking

e Applications (coupling, origami, cell membranes)

e Intrinsic curvature approximation (Gauss, Riemann)

e Reissner—Mindlin/Naghdi shell

e Linear and nonlinear shell models

Thank You for Your attention!
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