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Extrinsic curvature



Curvature types

• Surface S embedded in R3

• Normal vector ν : S Ñ S2

• Shape operator, Weingarten tensor, second fundamental

form ∇ν

• Eigenvalues 0, κ1, κ2 ν

Mean curvature H “ 0.5pκ1 ` κ2q “ 0.5 tr p∇νq ñ extrinsic curvature

Gauss curvature K “ κ1κ2 “ detp∇ν ` ν b νq ñ intrinsic curvature

Intrinsic curvature is independent of the embedding (surrounding space)
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Weingarten tensor (shape operator)

ν

νL

νR

TL TR ε

α

• Weingarten tensor ∇ν, ν normal vector, well-defined for C 1 surfaces

• Consider piecewise affine surface

• Normal vector ν is piecewise constant and jumps

• How to define and approximate the Weingarten tensor?

ñ Discrete differential geometry

• Dihedral angle formula (from Steiner’s offset formula):
ÿ

EPE̊

αE |E |

How to define a generalized Weingarten tensor object? Combine FEM & DDG!

Steiner: Über parallele Flächen, Preuss. Akad. Wiss. (1840)

Grinspun, Gingold, Reisman, Zorin Computing discrete shape operators on general meshes, Computer

Graphics Forum (2006)
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DDG & FEM: Generalized Weingarten tensor

• Sobolev perspective: ν R H1, but ν P L2

• ∇ν R L2, it is a distribution (or measure)

• Define distributional Weingarten tensor (Ψµµ “ pΨµq ¨ µ)

Ă∇νpΨq “
ÿ

TPT

ż

T

∇ν : Ψ dx `
ÿ

EPE̊

ż

E

?sgnpνL, νRqΨµµ ds

• Signed dihedral angle ?sgnpνL, νRq“sgnpνL ¨ µRq?pνL, νRq

• Test function space

Σ “ tσ P L2pT ,R3ˆ3
symq : pσνq|T “ 0, pσµµq|TL

“ pσµµq|TR
u

• Motivation: TDNNS method: ∇Hpcurlq Ă Hpdiv divq˚

Σ . . .Hellan–Herrmann–Johnson space

νL
νR

?sgnpνL, νR q

TL TR

TL TR

νL
νR

µL

?pνL, νR q

?pµL, νR q

µL ¨ νR ą 0

TL TR
νLνR

µL

?pνL, νR q

?pµL, νR q

µL ¨ νR ă 0

µLµR

νL

νR
τL

τR

TL TR

Pechstein, Schöberl: Tangential-Displacement and Normal-Normal-Stress Continuous Mixed Finite

Elements for Elasticity, M3AS (2011)
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Finite element spaces

Scalar-valued spaces

H1pΩq “ tu P L2pΩq |∇u P rL2pΩqsdu,

LagkhpThq “ Pk pThq X CpΩq Ă H1pΩq,

L2pΩq “ tu : Ω Ñ R | u2 integrableu,

DGk
hpThq “ Pk pThq Ă L2pΩq

tn

`

Pk
pTq

˘

Examples: Density, pressure, temperature

Finite elements: Lagrange (H1, continuous),

discontinuous Galerkin (L2, discontinuous)

6



Finite element spaces

Vector-valued spaces

Hpcurl,Ωq “ tσ P rL2pΩqsd | curlσ P rL2pΩqs2d´3u,

N k
II ,h “ tσ P rPk pThqsd | JσtKF “ 0u Ă Hpcurl,Ωq,

Hpdiv,Ωq “ tσ P rL2pΩqsd | divσ P L2pΩqu,

BDMk
h “ tσ P rPk pThqsd | JσnKF “ 0u Ă Hpdiv,Ωq tn

ˆ

Pk
pTq

Pk
pTq

˙

Examples: Deformation, velocity, momentum

Finite elements: Nédélec (Hpcurlq, tangential),

Raviart–Thomas/BDM (Hpdivq, normal)
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Finite element spaces

Tensor-valued spaces

Hpdivdiv,Ωq “ tσ P rL2pΩqsdˆd
sym |div div σ P H´1pΩqu,

Σk
hpThq “ tσ P rPk pThqsdˆd

sym | JnTσnKF “ 0u,

Hpcurl curl,Ωq “ tσ P rL2pΩqsdˆd
sym | curl curlσ P H´1pΩqu,

RegkhpThq “ tσ P rPk pThqsdˆd
sym | JtTσtKF “ 0u tn

ˆ

Pk
pTq Pk

pTq

Pk
pTq Pk

pTq

˙

Examples: Strain, stress, metric

Finite elements: Regge (Hpcurl curlq, tt),

Hellan–Herrmann–Johnson (Hpdivdivq, nn)

6



Lifted curvature & integral representation

Lifting of distributional Weingarten tensor

Find κ P Σk´1
h for T with curving order k such that for all σ P Σk´1

h
ż

T

κ : σ dx “ Ă∇νpσq “
ÿ

TPT

ż

T

∇ν : σ dx `
ÿ

EPE̊

ż

E

?sgnpνL, νRqσµµ ds.

• If T Ñ S, does κ Ñ ∇ν̄?

• Dihedral angle ?sgnpνL, νRq is highly nonlinear

• Approach: Parameterize Φptq “ Φ̄h ` tpΦh ´ Φ̄hq and

use integral representation of the error

Ă∇νpσq ´

ż

S
∇ν : σ dx “

ż 1

0

d

dt
Ă∇νpσq dt

• Problem: Test function σ depends on embedding Φ

• Solution: Use fixed reference domain (Uhlenbeck trick)

• Then estimate integrand

Φ̄h Φh

S T

Ω
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Linearization

Evolution of quantities in direction X ˝ Φ “ X̂ :“ 9Φ (shape optimization techniques)

Lemma (linearization of geometric quantities)

d

dt
J “ pdivSX q ˝ Φ J surface determinant

d

dt
pν ˝ Φq “ ´pp∇SX qTνq ˝ Φ surface normal

d

dt
pσ ˝ Φq “ p´2divSpX qσ ` 2symp∇SXσqq ˝ Φ HHJ test function

d

dt
pσµµ ˝ Φq “ p´2p∇SX qττσµµq ˝ Φ

d

dt
p∇Sν ˝ Φq “

˜

3
ÿ

i“1

νi∇2
SXi ´ p∇SX qT∇Sν ` ∇Sνpp∇SX

Tνq b ν ´ ∇SX q

¸

˝ Φ

d

dt
p?sgnpνL, νRq ˝ Φq “ Jp∇SX qνµK ˝ Φ dihedral angle

F “ ∇̂X̂ , J “
a

detpFTF q, σ ˝ Φ “ J´2F σ̂FT
8



Linearization

Theorem (Gopalakrishnan, N.)

There holds for σ P Σ and X “ 9Φ

d

dt
Ă∇νpσq “ apΦ;σ,X q ` bpΦ;σ,X q,

where with HνpX q “
ř3

i“1 hessepXi qνi

apΦ;σ,X q “
ÿ

TPT

ż

T

´divpX q∇ν : σ ´
ÿ

EPE̊

ż

E

p∇X qττ?sgnpνL, νRqσµµ,

bpΦ;σ,X q “
ÿ

TPT

ż

T

´HνpX q : σ `
ÿ

EPE̊

ż

E

Jp∇X qνµKEσµµ.

Bilinear form bpΦ;σ,X q is closely related to the surface Hellan–Herrmann–Johnson method

Walker: The Kirchhoff plate equation on surfaces: the surface Hellan–Herrmann–Johnson method, IMA

J. Numer. Anal. (2021) 9



Pull-back on reference domain

Perform all estimates on the reference domain: Transform bilinear forms back

Lemma (pull-back)

apΦ;σ,X q “
ÿ

T̂PT̂

ż

T̂

´J´1trp∇̂X̂F :qŜ : σ̂ ´
ÿ

ÊP
˚̂E

ż

Ê

J´3
bndp∇̂τ̂ X̂ q ¨ pF τ̂q?sgnpνL, νRq ˝ Φσ̂µ̂µ̂,

bpΦ;σ,X q “
ÿ

T̂PT̂

ż

T̂

´

3
ÿ

i“1

J´1pF1 ˆ F2q

˜

∇̂2X̂i ´

2
ÿ

α“1

p∇̂αX̂i qΓ
α

¸

: σ̂

`
ÿ

ÊP
˚̂E

ż

Ê

t
3

ÿ

i“1

J´1pF1 ˆ F2q ¨

´

∇̂µ̂X̂i ´ J2bndpFTF qτ̂ µ̂∇̂τ̂ X̂i

¯

|

E

σ̂µ̂µ̂

Christoffel symbols of second kind: Γαβγ “
ř3

ℓ“1 F
:

αℓ∇̂βFℓγ

Ŝ “
ř3

i“1 νi ˝ Φ∇̂2Φi pull-back of Weingarten tensor: ∇Sν ˝ Φ “ ´F :
T

ŜF :

σ ˝ Φ “ J´2F σ̂FT , ν ˝ Φ “ J´1F1 ˆ F2

Note: X̂ “ 9Φ “ Φh ´ Φ̄h ñ gives convergence
10



Error analysis (convergence results)

1. Ă∇νpσq ´

ż

S
∇ν : σ dx “

ż 1

0

d

dt
Ă∇νpσq dt with Φptq “ Φ̄h ` tpΦh ´ Φ̄hq

2.
d

dt
Ă∇νpσq “ apΦ;σ, 9Φptqq ` bpΦ;σ, 9Φptqq sum of the bilinear forms a and b

3. Estimate apΦptq;σ, 9Φptqq and bpΦptq;σ, 9Φptqq }?sgnpνL, νRq}W 1,8 ď h}Φ̄h}Wmintk,2u,8

Theorem (Gopalakrishnan, N.)

Let pΦhqhą0 P Lagkh be a family of embeddings such that }Φh ´ Φ̄h}W 1,8 Ñ0. Then there

holds
} Ă∇ν ´ ∇ν̄}H´1 ď C p1 ` max

T̂PT̂
h´1

T̂
}Φh ´ Φ̄h}Wmintk,2u,8pT̂q

q}Φh ´ Φ̄h}H1 ď C hk .

Dihedral angle ?sgnpνL, νRq always converges in H´1!

Theorem (Gopalakrishnan, N.)

Let pΦhqhą0 P Lagkh be a family of embeddings such that Φh “ ILagk

h Φ̄h for k ě 1. Let

κ P Σk´1
h be the lifted Weingarten tensor. Then }κ ´ ∇ν̄}H´1 ď C hk`1.

Gopalakrishnan, N.: Analysis of generalized shape operator on surfaces (in preparation) 11
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Shells



Koiter/Kirchhoff–Love shell

Wpuq “
t

2
}E puq}2M `

t3

24
}FT∇pν ˝ ϕq ´ ∇ν̂}2M

u . . . displacement of mid-surface

t . . . thickness

M . . .material tensor

F “ ∇u ` P “ ∇ϕ, P “ I ´ ν̂ b ν̂

E “
1

2
pFJF ´ Pq “

1

2
p∇uJ∇u ` ∇uJP ` P∇uq

t

membrane energy

bending energy

12
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FEM + DDG for Koiter/Kirchhoff–Love shell

Lifted shape operator:

ż

T

κ : Ψ dx “ Ă∇νpΨq :“
ÿ

TPT

ż

T

∇ν : Ψ dx `
ÿ

EPE̊

ż

E

?sgnpνL, νRqΨµµ ds

• Lifted curvature difference κdiff via three-field formulation

Lpu,κdiff ,σq “
t

2
}E puq}2M `

t3

12
}κdiff}2M ´ xf , uy

`
ÿ

TPT

ż

T

`

κdiff ´ pFT∇pν ˝ ϕq ´ ∇ν̂q
˘

: σ dx

´
ÿ

EPE

ż

E

p?sgnpνL, νRq ´ ?sgnpν̂L, ν̂Rqqσµ̂µ̂ ds

• Lagrange parameter σ P Σk
h moment tensor

• Eliminate κdiff Ñ two-field formulation in pu,σq

N., Schöberl: The Hellan–Herrmann–Johnson and TDNNS methods for linear and nonlinear shells,

Comput. Struct. (2024)

N., Schöberl: The Hellan–Herrmann–Johnson method for nonlinear shells, Comput. Struct. 225 (2019). 13



Membrane locking

Wpuq “ t Emempuq ` t3 Ebendpuq ´ f ¨ u, f “ t3 f̃

Enforces Emempuq “ 0 in the limit t Ñ 0

Emempuq “ 0 œ Emempuhq “ 0

LagkhpThq “ PkpThq X C pΩq Ă H1pΩq

Lpu,κdiff ,σq “
t

2
}Ik´1

R Epuq}
2
M `

t3

12
}κdiff

}
2
M ´ xf , uy

`
ÿ

TPT

ż

T

`

κdiff
´ pFT∇pν ˝ ϕq ´ ∇ν̂q

˘

: σ dx

`
ÿ

EPE

ż

E

p?sgnpνL, νRq ´ ?sgnpν̂L, ν̂Rqqσµ̂µ̂ ds
N., Schöberl: Avoiding membrane locking
with Regge interpolation, Comput. Methods

Appl. Mech. Engrg 373 (2021).
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Membrane locking

Wpuq “ t´2Emempuq ` Ebendpuq ´ f̃ ¨ u, f “ t3 f̃
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Numerics & Applications
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Curvature approximation
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Example (cantilever bending)
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Structures with kinks and branched shells

• Normal-normal continuous moment σ

• Preserve kinks

• Variation of Lpu,σq in direction δσ

ż

E

p?sgnpνL, νRq ´ ?sgnpν̂L, ν̂Rqqδσµ̂µ̂ ds
!

“ 0

ñ ?sgnpνL, νRq ´ ?sgnpν̂L, ν̂Rq “ 0

18



Application (bending-folding model)

Bartels, Bonito, Hornung, N., Babuška’s paradox in a nonlinear bending-folding model, Interfaces

Free Bound. (2026). 19



Application (cell membrane)

Canham–Helfrich–Evans energy:

WpSq “ 2κb

ż

S
pH ´ H0q2 ds

κb bending elastic constant

H “ 0.5 trp∇νq mean curvature

2H0 spontaneous curvature

Constraints: |Ω| “ V0, |S| “ A0

Functional: J pSq “ WpSq ` cAp|S| ´ A0q2 ` cV p|Ω| ´ V0q2

0.4 0.5 0.6 0.7 0.8 0.9 1

1

1.5

2

2.5

3

v

E
∗

k = 2 oblate
k = 2 prolate

N., Schöberl, Sturm, Numerical shape optimization of Canham-Helfrich-Evans bending energy, JoCP

(2023)

Gangl, Sturm, N., Schöberl, Fully and Semi-Automated Shape Differentiation in NGSolve, Structural

and Multidisciplinary Optimization (2021) 20
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Summary & Outlook

• DDG + FEM: Generalized shape operator (Weingarten tensor)

• Bending energy for shell model

• Applications (origami, cell membranes)

• Extension to higher dimensional hypersurfaces

• Extension to submanifolds embedded in Riemannian manifolds

Thank You for Your attention!
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Regge elements & interpolation operator

Hpcurl curlq :“ tσ P rL2pΩqs2ˆ2
sym | curl curlσ P H´1pΩqu

Regkh :“ tε P rPkpThqsdˆd
sym | JtJε tKE “ 0 for all edges Eu

λ1 λ2

λ3

E1
E2

E3

φEi “ ∇λj d ∇λk , tJ
j φEi tj “ ciδij , φTi “ λi ∇λj d ∇λk

Christiansen: On the linearization of Regge calculus, Numerische Mathematik 119, 4 (2011).

Li: Regge Finite Elements with Applications in Solid Mechanics and Relativity, PhD thesis, University of

Minnesota (2018).

N.: Mixed Finite Element Methods For Nonlinear Continuum Mechanics And Shells, PhD thesis, TU Wien

(2021). 23



Regge elements & interpolation operator

Hpcurl curlq :“ tσ P rL2pΩqs2ˆ2
sym | curl curlσ P H´1pΩqu

Regkh :“ tε P rPkpThqsdˆd
sym | JtJε tKE “ 0 for all edges Eu

λ1 λ2

λ3

E1
E2

E3

φEi “ ∇λj d ∇λk , tJ
j φEi tj “ ciδij , φTi “ λi ∇λj d ∇λk

Ik
R : C 0pΩq Ñ Regkh canonical interpolant

ż

E

pg ´ Ik
Rgqtt q dl “ 0 for all q P PkpE q

ż

T

pg ´ Ik
Rgq : Q dx “ 0 for all Q P Pk´1pT ,R2ˆ2

symq
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