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S cR?

e Surface S embedded in R3

/D
e Normal vector v : S — S? &
(p)

e Shape operator, Weingarten tensor, second fundamental

form Vv T”S
e Eigenvalues 0, k1, K2 %

Mean curvature H = 0.5(k1 + k2) = 0.5tr (V) = extrinsic curvature
Gauss curvature K = k1kp = det(Vv + v ® v) = intrinsic curvature

Intrinsic curvature is independent of the embedding (surrounding space)
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e Weingarten tensor Vv, v normal vector, well-defined for C! surfaces

Consider piecewise affine surface

Normal vector v is piecewise constant and jumps

How to define and approximate the Weingarten tensor? = Discrete differential geometry
Dihedral angle formula (from Steiner’s offset formula): Z ag |E|
Eecé

ﬁ STEINER: Uber parallele Flichen, Preuss. Akad. Wiss. (1840)

@ GRINSPUN, GINGOLD, REISMAN, ZORIN Computing discrete shape operators on general meshes, Computer
Graphics Forum (2006)
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e Weingarten tensor Vv, v normal vector, well-defined for C! surfaces

e Consider piecewise affine surface

e Normal vector v is piecewise constant and jumps

e How to define and approximate the Weingarten tensor? = Discrete differential geometry
e Dihedral angle formula (from Steiner’s offset formula): Z ag |E|

Ecé
How to define a generalized Weingarten tensor object? Combine FEM & DDG!

@ STEINER: Uber parallele Flichen, Preuss. Akad. Wiss. (1840)
@ GRINSPUN, GINGOLD, REISMAN, ZORIN Computing discrete shape operators on general meshes, Computer
Graphics Forum (2006)
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*sgn (v(, VR)

e Sobolev perspective: v ¢ H!, but v e L? oV
e Vv ¢ L2 itis a distribution (or measure) VL AVE
o Define distributional Weingarten tensor (W, = (Wu) - ;1) )’
Vi(W) = f Vv Wdx + Z f Fean(VL, VR) W, ds T =
Teo vy VRNe:(up vR) A
e Signed dihedral angle @:Sgn(uL,yR)=sgn(1/L 1r) X (v, vR) T, S To N VL&(LLTZ?, vR)
pr-vr >0 ML~1/R<MOL

YL
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*sgn (v, VR)

e Sobolev perspective: v ¢ H!, but v e L? oV
e Vv ¢ L2 itis a distribution (or measure) VL AVE
o Define distributional Weingarten tensor (W, = (Wu) - ;1) )
Vi(W) = f Vv Wdx + Z f Fean(VL, VR) W, ds T =
foo VL RE L R i
o Signed dihedral angle @Esgn(VL,VR)=Sgn(1/L ) ¥ (v, vR) n 8 [ VL&(J[?, vR)
e Test function space pL-vr >0 1L VR <H0L
r={oe LQ(y Rg;ni) : (ov)|T =0, (GNH)‘TL = (Uuu)|TR} “RM
e Motivation: TDNNS method: VH(curl) c H(div div)* v "

> ...Hellan-Herrmann—Johnson space

@ PECHSTEIN, SCHOBERL: Tangential-Displacement and Normal-Normal-Stress Continuous Mixed Finite
Elements for Elasticity, M3AS (2011) 5
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Scalar-valued spaces (PK(T))

HY Q) = {ue L}(Q) | Vue [P(Q)]),

Lagh(%h) = P*(h) n C(Q) < HY(Q), /\i/
L2(Q) = {u: Q — R| u? integrable},

DG(Th) = PH(Th) < 12(Q)

Examples: Density, pressure, temperature

Finite elements: Lagrange (H', continuous),
discontinuous Galerkin (L2, discontinuous)



te element spaces

Vector-valued spaces

[L2()]7 ] curlo € [L2(Q)]%93},
Ny = {0 € [PX(Z0)]? | [oe]F = 0} < H(curl, Q),
[
[

Examples: Deformation, velocity, momentum
Finite elements: Nédélec (H(curl), tangential),
Raviart-Thomas/BDM (H(div), normal)
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PH(T) P )>
Tensor-valued spaces <’P'“(T> PH(T)

H(divdiv, {o e [L2(Q)]43d | divdive e HH(Q)},

0 - foe A
T4(%) = o € PN | T onl e = o, /\i/
H(curl curl, Q) = {o € [L? Q)]g;n‘]i\ curlcurlo € H71(Q)},

Regf;(h) = {0 € [P*(Zh)145 | [t ot]F = 0} W

sym

Examples: Strain, stress, metric
Finite elements: Regge (H(curlcurl), tt),
Hellan—Herrmann—Johnson (H(divdiv), nn)
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Lifting of distributional Weingarten tensor
Find k € £} ' for 7 with curving order k such that for all o € £} "

J Vv :odx + ZJ Fsgn (YL, VR) Oy ds.

J Kk :odx = V(o)
7 TeT Ecé
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Lifting of distributional Weingarten tensor
Find k € £} ' for 7 with curving order k such that for all o € £} "

J Vv :odx + ZJ Xsgn (YL, VR) Oy dS.

TeT Eeé&

e If 7 — S, does Kk — V7 )
e Dihedral angle <., (1, 7r) is highly nonlinear >< S/ ¥

e Approach: Parameterize ®(t) = &, + t(d, — ®;,) and

J k:odx = V(o)
T

use integral representation of the error
1
d

~ ~ S
Vv(eg)— | Vv:odx = f EVU(O’) dt ﬂ Q
s 0
@,
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Lifting of distributional Weingarten tensor
Find k € Zk_l for .7 with curving order k such that for all o € Zk_l

Z J Vv :odx + EJ Fsgn (YL, VR) Oy ds.
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If 7 — 8, does Kk — V7 )
e Dihedral angle <., (v, vr) is highly nonlinear % S/ ¥

J K : crdx—Vl/
T

Approach: Parameterize ®(t) = &, + t(®), — ) and

use integral representation of the error
1
d

~ ~ S
Vv(eg)— | Vv:odx = f EVU(O’) dt ﬂ Q
s 0
@,

Problem: Test function o depends on embedding ¢
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Lifting of distributional Weingarten tensor

Find k € Zk_l for .7 with curving order k such that for all o € Zk_l

Z J Vv :odx + EJ Fsgn (YL, VR) Oy ds.

TeT Ecé

e If 7 — S, does Kk — V7 )
e Dihedral angle <., (v, vr) is highly nonlinear % S/ ¥

J K : crdx—Vl/
T

e Approach: Parameterize ®(t) = &, + t(d, — ®;,) and
use integral representation of the error
1
d

~ ~ S
Vv(eg)— | Vv:odx = f EVU(O’) dt ﬂ Q
s 0
@,

e Problem: Test function o depends on embedding ¢

e Solution: Use fixed reference domain (Uhlenbeck trick)

e Then estimate integrand
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Evolution of quantities in direction X o ® = X =9 (shape optimization techniques)

Lemma (linearization of geometric quantities)

d
EJ = (divsX) o ® J surface determinant

jt (vod)=—((VsX) v)od surface normal

jt (0 0®) = (—2divs(X)o + 2sym(VsXo)) o ® HHJ test function

d
E(Uw 0®) = (=2(VsX)rrouu) o ®

- (Vsz/ o ®) (2 viVEX; — (VsX) ' Vsv + Vsv((VsX ) @v — VgX)) od

=i

%(%:Sgn(zq, vr) o ®) = [(VsX)yu] o ® dihedral angle

F=VX,J=+/det(FTF), co® = J2F6F" .
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Theorem (Gopalakrishnan, N.)
There holds for o € ¥ and X = ¢

d ~
EVZ/(O') = a(®;0,X) + b(P; 0, X),

where with H,(X) = 2?21 hesse(X;)v;

a(P; 0, X) = Z JT —div(X)Vv: o — Z JE(VX)TT%:Sgn(VL,Z/R)o'W,

TeT Ee&
b(®;0,X) = —H,(X): 0o+ I(VX)uuleoup.
T;ﬂ L E;é“JE )

Bilinear form b(®; o, X) is closely related to the surface Hellan-Herrmann—Johnson method

@ WALKER: The Kirchhoff plate equation on surfaces: the surface Hellan-Herrmann—Johnson method, IMA
J. Numer. Anal. (2021) 9
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Perform all estimates on the reference domain: Transform bilinear forms back
Lemma (pull-back)

a(d;0,X) = Z J

ST (VXFDS e - )] J I3 (V2 X) - (F7) ¥sgn (v, vR) © ©6 44,
fes T Eeé £

b(®; 0, X) = ZJ 23] (Fy x F) (@)%,-—Z(%)%,)ra>;&

3
J HZ F1 X F2 (V )%,' — Jgnd(FTF);-ﬂ@fX;)‘ﬂ &ML
E

Ecé

Christoffel symbols of second kind: [ = 22:1 F;Z@ﬁ’:lv
5= Z? 1 vio <b@2q> pull-back of Weingarten tensor: Vgsv o ® = T
ocod = J2F0'FT VO¢:J_1F1><F2

Note: X = & — by, — &Dh:gives convergence o0
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1. Vv(o) — f Vv:odx = J %VU(O‘) dt with ®(t) = &), + t(®, — b))
s 0
2. %%(a) — a(®; 0, (1)) + b(D; 0, B(1)) sum of the bilinear forms a and b
3. Estimate a(®(t); o, ®(t)) and b(®(t); o, (1)) | %sen (L, vR) [wre < B[Pl pyminisar.o

Theorem (Gopalakrishnan, N.)

Let (®p)p=0 € Lagﬁ be a family of embeddings such that |, — ®p[ 1. —0. Then there
holds

H% — VZ7||H71 < C(l aF r;_\a%x h;l by, — &DhHWmin{k,z},oo(f-))”d)h — &’h”Hl <C K.
€

ﬁ GOPALAKRISHNAN, N.: Analysis of generalized shape operator on surfaces (in preparation) 11
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1
1. Vv(o) — f Vv:odx = J %VU(O‘) dt with ®(t) = &), + t(®, — b))
s 0
2. %%(a) — a(®; 0, (1)) + b(D; 0, B(1)) sum of the bilinear forms a and b
3. Estimate a(®(t); o, ®(t)) and b(®(t); o, (1)) | %sen (L, vR) [wre < B[Pl pyminisar.o

Theorem (Gopalakrishnan, N.)

Let (®p)p=0 € Lagﬁ be a family of embeddings such that |, — ®p[ 1. —0. Then there

holds
Vv = Vo pr < C(1 + maxh?
TeT

) — &)hHWmin{k,z},oo(f'))”d)h - &)h”Hl <C hk.

Dihedral angle ¥sgn(v1, vR) always converges in H™!!

ﬁ GOPALAKRISHNAN, N.: Analysis of generalized shape operator on surfaces (in preparation) 11
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1

1. Vv(o) — f Vv:odx = J %VU(O’) dt with &(t) = &), + t(d), — b))
s 0

2. %%(a) = a(®; o, D(t)) + b(P; o, (1)) sum of the bilinear forms a and b

3. Estimate a(®(t); o, ®(t)) and b(®(t); o, (1)) | Esgn (VL VR) [wie < || pymini 2y

Theorem (Gopalakrishnan, N.)

Let (®p)p=0 € Lagﬁ be a family of embeddings such that |, — ®p[ 1. —0. Then there
holds

Vo — Vi|u—t < C(1 + max =29k — Bz o (1) @n — B < C hE.
€

Dihedral angle ¥sgn(v1, vR) always converges in H™!!
Theorem (Gopalakrishnan, N.)

Let (®4)p=0 € Lagf be a family of embeddings such that &, = I,IjagkCTDh for k > 1. Let
k € X! be the lifted Weingarten tensor. Then |k — V|41 < C h*™L.

@ GOPALAKRISHNAN, N.: Analysis of generalized shape operator on surfaces (in preparation) 11
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t t3 .
W(u) = SIEW) 3 + 57 IF V(v o 8) = Vol

u...displacement of mid-surface
t...thickness

M ...material tensor

F=Vu+P=Vo,
1 1
E= E(FTF -P) = 5(vuTvU +Vu'P+ PVu)

7 X

P=I1-70®%7D

12



Koiter/Kirchhoff-Love shell

TECHNISCH_E
UNIVERSITAT
WIEN
t 2 t3 T ~l12
Wb) = 5 |E(0) 4+ 5 [FTV(w 0 0) = Vil
-« —>
u...displacement of mid-surface membrane energy
t...thickness

M ...material tensor

F=Vu+P=Vo,
1 1
E= E(FTF -P) = 5(vuTvU +Vu'P+ PVu)

7 X

P=I1-70®%7D

12



Koiter/Kirchhoff-Love shell
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t s PTe, S
W) = SIE@IRq + 5 [FTV (0 0) = Vil
2 24
-« —>
u...displacement of mid-surface membrane energy
t...thickness

M ...material tensor

F=YVu+P=Vo,
1

1
E= E(FTF—P) = E(vuTvLurvuTPJeru) T
bending energy

12



FEM + DDG for Koiter/ m e

Lifted shape operator: J w:Wdx = Vz/ = J Vv :Wdx + Z J Fsgn(VL,vR) Wy, ds
7 TeT Eeé

e Lifted curvature difference k¥ via three-field formulation
t 3 dl
S|IE(u )HM+ 5k R = (Fw

+ 2 f (“M—(FTV(VO@—V:?)) Lo dx
TeT

- Z f {sgn VL7VR) {sgn(VLayR))o'ﬁﬂ ds
Ee&

L(u, x5, o)

e Lagrange parameter o € £ moment tensor
e Eliminate kM — two-field formulation in (u, o)
ﬁ N., SCHOBERL: The Hellan—Herrmann—Johnson and TDNNS methods for linear and nonlinear shells,

Comput. Struct. (2024)
a N., SCHOBERL: The Hellan—Herrmann—Johnson method for nonlinear shells, Comput. Struct. 225 (2019). 13
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W(U) = Z'Emem(u) + t3 Ebend(U) —f-u, f=t3Ff

14
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Enforces Emem(u) = 0 in the limit t — 0
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Membrane Iocking UNIVERSITAT
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W(u) =t ?Emem(t) + Evena () — fou, f=t3f
Enforces Emem(u) = 0 in the limit t — 0
Emem(u) =0 =» Emem(Uh) =0

Lagh(Zh) = P*(Jh) n C(Q) = HY(Q)

IENANANENENEN RSN SN SN Ny

£(u w9, 0) = 2175 E (W) + 51— ()

+ ) J (k" — (FTV(vo¢) — VD)) : o dx
TeT
@ N., SCHOBERL: Avoiding membrane locking

+ Z J Fegn (VL VR) — Fsgn (D1, DR))orpp ds with Regge interpolation, Comput. Methods
Ee& Appl. Mech. Engrg 373 (2021). 14
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E 10° ¢
E 1071
ER
1 s
; 3 5107
oy 1074 o) E - o(h?)
10-4 |8 |5 — Ve k=1 ] 8 K — Viep k=1 ] 107" | o i — Voeis k=1 E
o |k — Vel k=1 107° | |5 — Vi k=1 E 1-s |1 Vol k=1 ]
10°° E 10-6 é
TR i 10°° i
103 10* 10° 102 10° 10 10° 102 10° 10* 10°
ndof ndof ndof

|k — V||y-1 < ChHH!

15



TECHNISCHE
Curvature approximation UNIVERSITAT

WIEN

MR
aw

\
R

W
N

100 L
E 1071 g
§ 102
5 5
3 S 1073
O(h?) ™~ s E 4 ) ]
104 |8 |h— Vel k=1 ] | I Ve k=1 E 107 | |k — Ve k=1
—— |k — Vx|t k=1 107° [ |k — Vex|y1 k=1 E 10-5 —— || — Vx| 1 1
105 |~ |k — Vvexliz k=2 1 o] Vel k=2 ] 07 e k= Vs k=
T Vel k=2 Tk Vel k=2 ] s Vel k=2)
10° 10* 10° 10% 10° 10* 10° 10? 10% 10* 10°
ndof ndof ndof

|k — V||y-1 < ChHH!

15
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error

1072

1073

1074

pseudosphere, k = 1 pseudosphere, k = 3

TTTTT
G,

TTTTT T T TT T T 17
1

Ao el

~.~.@.r,..>...~Q *O(/g‘ -

102

10° 10* 10° 10° 10*
ndof ndof

—@—  (2lifted, can. - ©— (2 lifted, L% avg. —M— H™1 lifted, can.

— B= H L ifted, 12 avg. —A— H™1 generalized, can. — A= H™1 generalized, 12 avg.

Vv = Vs < CH*, |k — V| < Ch*

1077

16
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error

pseudosphere, k = 1

pseudosphere, k = 3

1072

1073

1074

)

C%zé'.m

Ll Lo \\710—7

102

10° 10*
ndof

10°

10° 10*
ndof

—o—

12 lifted, can.

- o-

— B= H L ifted, 12 avg. —A— H™1 generalized, can. — A= H™1 generalized, 12 avg.

12 lifted, L2 avg.

—— H~ 1 lifted, can.

|Vv = Vi < CHE,

| — Vg1 < ChE

16
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NGSolve

I  — C— I  — C—
2.618e+00 2.618e+00 2.6180+00 2.6180+00 2.618e+00 2.618e+00 2.6180+00 2.618e+00 2.618e+00 2.6180+80

—/—/

17
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e Normal-normal continuous moment o
e Preserve kinks

e Variation of £(u, o) in direction do

J- (Xsgn(VL, VR) = Fsgn (L, DR))00 5 ds 20 l
E

= {sgn(l/Lv VR) - {sgn(ﬁLa DR) =0
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Yo ko>
s o

. BARTELS, BONITO, HORNUNG, N., Babugka's paradox in a nonlinear bending-folding model, Interfaces
Free Bound. (2026). 19
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Canham—Helfrich—Evans energy: %1 bending elastic constant

) H = 0.5tr(Vv) mean curvature
W(S) = 25 JS(H — Ho)"ds 2Hy spontaneous curvature
Constraints: Q] = Vo, |S|= Ao

Functional: J(S) = W(S) + ca(|S| — Ao)? + cv(|Q] — Wo)?

s T T T T vk =2oblate
. «k = 2 prolate

25} : .

XN

10 J

L L L L L L L
04 05 06 07 08 09 1
v

@ N., SCHOBERL, STURM, Numerical shape optimization of Canham-Helfrich-Evans bending energy, JoCP
(2023)

GANGL, STURM, N., SCHOBERL, Fully and Semi-Automated Shape Differentiation in NGSolve, Structural

and Multidisciplinary Optimization (2021) 20
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) H = 0.5tr(Vv) mean curvature
W(S) = 25 JS(H — Ho)"ds 2Hy spontaneous curvature
Constraints: Q] = Vo, |S|= Ao

Functional: J(S) = W(S) + ca(|S| — Ao)? + cv(|Q] — Wo)?

T T T [ k=2oblate
. <k = 2 prolate

25 : .

XA

L L L L L L .
04 05 06 07 08 09 1
v

@ N., SCHOBERL, STURM, Numerical shape optimization of Canham-Helfrich-Evans bending energy, JoCP
(2023)

GANGL, STURM, N., SCHOBERL, Fully and Semi-Automated Shape Differentiation in NGSolve, Structural

and Multidisciplinary Optimization (2021) 20
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DDG + FEM: Generalized shape operator (Weingarten tensor)

Bending energy for shell model

Applications (origami, cell membranes)

e Extension to higher dimensional hypersurfaces

e Extension to submanifolds embedded in Riemannian manifolds

21
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DDG + FEM: Generalized shape operator (Weingarten tensor)

Bending energy for shell model

Applications (origami, cell membranes)

e Extension to higher dimensional hypersurfaces

e Extension to submanifolds embedded in Riemannian manifolds

Thank You for Your attention!

21
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H(curl curl) := {o € [L3(Q)]2:? | curlcurlo € H™1(Q)}

sym

Regf = {c € [Pk(ﬂ)]gyxxg |[t"et]e = O for all edges E}

A3
E;
E '
AL E; 2
YE = V/\j O VA, tJT(pE/.tj = C,'5,‘j7 T = A V)\j O VA

CHRISTIANSEN: On the linearization of Regge calculus, Numerische Mathematik 119, 4 (2011).
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Regge elements & interpolation operator m UNIVERSITAT

WIEN

H(curl curl) := {o € [L3(Q)]2:? | curlcurlo € H™1(Q)}

sym

Regy = {c € [P*(Th)] &% | [tTe t]e = 0 for all edges E}
A3
E, |
A1 E; 2
ve =VNOVA,  tlegt =iy, P1. = Ai VA O VA,
75 - C°(Q) — Regf canonical interpolant

f (g —Z5g)w qdl = 0 for all g e P*(E)
E

JT(g —Tkg): Qdx =0forall Qe P YT Rfyxnzl)
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