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Continuum mechanics

Deformation ¢:Q—R3

Displacement u=o—id

Deformation gradient F:=Vo L

Cauchy-Green strain tensor C := F'F :Zu

Green strain tensor E:=1(C-1) ®(z)
Elasticity

W(a) = 3 IEIR — (F, )
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N MR L5
e Normal vector U

Tangent vector 7
Element normal vector i =0 x 7

o F=V:¢, J=|cof(F)|F
o vog=1cof(F)p
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t
W(u) = EHETT(U)H%\/I
t3 —_— o
+ ﬂHsym(F Viio @) — Vi

tGk

+ 5 IFT 7o 6| m

e Membrane energy —

e Bending energy

e Shearing energy
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t t3 .
W(u) = S Er(u)lig + 57 IF ' Vv = Vol

t3
+ 52 > l<vr, vr) — <0, 0r)llan.
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t t3 R
W(u) = 2| Exr(W)lifa + o |FT 9w — 923

t3 o
+ o2 > l<(vr vr) = <P, )l e
Ec&y

e Measure change of angles

t 6 N
L(u,0)= fHETT(u)II?w - 7||0||%,,f1 +(F'Vv - VD, o)

+ > (v, vr) — <(P1, D), 04)E
Ec&y

e o has physical meaning of moment

e Fourth order problem — second order problem
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Shell problem
Find u € [HY(S)]? and o € H(div div, §) for

t 6
£(5,0) =5 | Exr(0) iy = ol — ()

+ ) /Ta:(HV+(1—19-z/)V19)dx

TETh

+ Z /E(<1(VL7VR)—<I(19L,ﬁR))aM ds

Ee€&y,

H, = > (V?uj)v

[ N., ScHOBERL: The Hellan-Herrmann—Johnson method for
nonlinear shells, Comput. Struct. 225 (2019).
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Shell problem (Hybridization)
Find u € [HY(5)]3, o € H(div div, $)% and a € I(5) for

t 6
L(u,0) =5 Err ()i — gllGwa—l —({f,u)

+ ) /To':(H,,—l-(l—z')-Z/)Vz'))dx

TETh

+ 3 /E (w1, vR) — (1, ORI pup 1} + xalorpal ds

Ecé&y

1
Hopptt = 30000 + oprpe)  loppl = opp, — Tppin

[ N., SCHOBERL: The Hellan-Herrmann—Johnson method for

nonlinear shells, Comput. Struct. 225 (2019). 0
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HY(Q) = {u e L*(Q)| Vu € [L2(Q)]9}
Vi := NX(T5) N C(Q)

N
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H(div div) := {o € [LZ(Q)]gyfnd | div(div(c)) € HX(Q)}
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H(div div) := {o € [L2(Q)]Z | div(div(c)) € H1(Q)}

Mf = {o € [ﬂk(ﬂ,)]gyfnd |nTon is continuous over elements}

[} A. PECHSTEIN AND J. SCHOBERL: The TDNNS method for
Reissner-Mindlin plates, J. Numer. Math. (2017) 137, pp.
713-740.
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e Normal-normal continuous moment o

e Preserve kinks
e Variation of L(u, o) in direction do
/(<(VL, vr) — <(PL, Pr))00 4 ds = 0 l
E
= <I(VL5VR)_<Z(0L,QR) =0 —
j 13
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e Use hierarchical shell model Yo
e Additional shearing dofs « in H(curl) o
e Jop=vop+yop= %Cof(F)I?—I—(FT)T’Ay

e Free of shear locking

[§ ECHTER, R. AND OESTERLE, B. AND BISCHOFF, M.: A
hierarchic family of isogeometric shell finite elements, Comput.
Methods Appl. Mech. Engrg (2013) 254, pp. 170-180.

14
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e Use hierarchical shell model Yyo¢
e Additional shearing dofs v in H(curl) Do
e Fogp=vop+yod=1Lcof(F)o+(FT4 vee

e Free of shear locking

N t tkG . 6
L(u,0,7) = EHETT(“)H?\/I + 5 fo H2 - ;HUH%\rl

+ > /T(H,;Jr(l—f/q?)Vz?fVé):a-dx

TETh

+ Z /E(<Z(I//_7Z/R) — <I(9/_,ﬁR) + [[:,ﬁﬂ)dﬁﬁ ds

Ecé&y

14
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sne t cov 6
L, ) = 2 lsym(V ) [ = Sl
+ Y (/ Ha:adx—/ (Vu'9)pops ds)
Tt T oT
. 6 ow
cplate _ 2 . / 20 dx — P
hw o) =~ Glloliy + 30 (| Viwrode— | Sods)

TETh

15



. TECHNISCH_E
Kirchhoff-Love shell and plate m UNIVERSITAT

she t cov 6
Ly (u,0) = 5 lsym (Ve )i — t*3||0||fv,—1
+ Y (/ H; : adx—/ (Vu'9)pops ds)
o M aT
. 6 ow
Lre (o) = —— ol + /Vzw:adx—/ —~0pnp ds
B (w, ) = — 5 ol ZT( i [ Ghon )
o =Vw, l
div(div(V?w)) = f & '

div(div(e)) = f, x VAN

[ M. Comobi: The Hellan-Herrmann-Johnson method: some

new error estimates and postprocessing, Math. Comp. 52
(1989) pp. 17-29. 15
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. t v tkG . 6
LN, 0,7) = llsym(V R+ 1A = Sl
+ Z (/(Ha —VA): O'dX*/ (Vu" D) —A5)onn ds)
Ter, JT oT
ate ~ t/{G N 6
Lhe(w,a,9) = > 191° - glldllfv,—l
0
+ Z (/(vzwivf‘) : dei\/ ( VAV 7'3;7)0'/1/2(15)
T ot Of
TETh

[ A. PECHSTEIN AND J. SCHOBERL: The TDNNS method for
Reissner-Mindlin plates, J. Numer. Math. (2017) 137, pp.
713-740.

16



Membrane locking




. TECHNISCHE
Membrane Iocklng UWI}IIIE\:qERSITAT

W(u) = t Emem(u) + t3 Epend(u) — f - u

17



. TECHNISCHE
Membrane Iocklng UWI}IIIE\:qERSITAT

1 -
W(u) = ?Emem(u) + Epend(u) — f - u

e Enforces Epem(u) = 0 in the limit ¢ — 0

17



. TECHNISCHE
Membrane Iocklng UWF}IIIE\{\IERSITAT

1 .
W(u) = EEmem(u) + Epend(u) — f - u

e Enforces Epem(u) = 0 in the limit ¢ — 0

Vi, = N(T5) N C(Q) € HY(Q) 17



. TECHNISCHE
Membrane Iocklng UWF}IIIE\{\IERSITAT

1 .
W(u) = EEmem(u) + Epend(u) — f - u

e Enforces Epem(u) = 0 in the limit ¢ — 0

Emem(U) =0 »# Emem(uh) =0

Vi, = N(T5) N C(Q) € HY(Q) 17



. TECHNISCHE
Membrane Iocklng UWF}IIIE\{\IERSITAT

1 .
W(u) = EEmem(u) + Epend(u) — f - u

e Enforces Epem(u) = 0 in the limit ¢ — 0

Emem(U) =0 »# Emem(uh) =0




TECHNISCHE

UNIVERSITAT

(2]}
.|
<
(]
(]
o
S
G
=
L
2
=
o
5]
2
S
(]
=3
>
I

71

ARRRRR

N

I
= H4 ©
E =

B
E 4°
£ =

o
= 4 ©
£ =
r |

=1 -

e =

£ + —

| It It I It It
o ~ & ®» = 1o o
= | | i i T
— (=1 [=1 o o (= =1
- =2 =2 =2 o= o=
10110

18

nel



TECHNISCHE
UNIVERSITAT

(2]}
.|
<
(]
(]
o
S
G
=
=
2
=
k=)
5]
2
S
(]
=3
>
I

71

ARRRRR N

=

il
Uttt
el

g,

Ime

o0
()
—
2
=
O
s}
[e
€
>
(2]
iy
]
=
[a
[ ]

2

—— 10"

1077 | ——10""

106

18

103 10*
nel

10?

10!



18

TECHNISCHE
UNIVERSITAT

Ime

71

ARRRRR N

=

e Pre-asymptotic reg

il
1107
gl

g,

(2]
©
=
5}
)
0
b
G
=
=
3
=
2
o
2
S
o
=
>
I




18

TECHNISCHE
UNIVERSITAT

Ime

71

ARRRRR N

=

e Pre-asymptotic reg

il
Uttt
)

g,

(2]
©
=
5}
)
0
b
G
=
=
3
=
2
o
2
S
o
=
>
I




TECHNISCHE
Regge elements UNNERSITT

Regﬁ ={o € [ﬂk(ﬁ,)]gyﬁd | tT ot is continuous over elements}

H(curl curl) :={o € [L2(Q)]gyfnd |curl (curl )7 € [H1(Q)]243729-3)

@ CHRISTIANSEN: On the linearization of Regge calculus, Numerische
Mathematik 119, 4 (2011), pp. 613-640.

@ L1: Regge Finite Elements with Applications in Solid Mechanics and
Relativity, PhD thesis, University of Minnesota (2018). 19
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1
I Ecr(un)

e Reduced integration for quadrilateral meshes

20
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1
ST Ere(un)lh

e Reduced integration for quadrilateral meshes
e Regge interpolant for triangles
e Connection to MITC shell elements
[ N., SCHOBERL: Avoiding membrane locking with Regge

interpolation, Comput. Methods Appl. Mech. Engrg 373
(2021).

20
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NGSolve

—— — — —
e P per= =y 25100000 o=y pxaT= 2.6l = 26100000

23
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e Hellan—Herrmann—Johnson method for nonlinear Koiter shells
e TDNNS method for nonlinear Naghdi shells
e Regge interpolation avoids membrane locking

[ N., ScHOBERL: The Hellan-Herrmann—Johnson method for
nonlinear shells, Comput. Struct. 225 (2019).

[] N., SCHOBERL: Avoiding membrane locking with Regge
interpolation, Comput. Methods Appl. Mech. Engrg. 373
(2021).

[1 N.: Mixed Finite Element Methods For Nonlinear Continuum

Mechanics And Shells, PhD thesis, TU Wien (2021).
26
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e NGSolve Add-on
e Computing high-precision reference values
e Multiphysics

[ N., ScHOBERL: The Hellan-Herrmann—Johnson method for
nonlinear shells, Comput. Struct. 225 (2019).

[] N., SCHOBERL: Avoiding membrane locking with Regge
interpolation, Comput. Methods Appl. Mech. Engrg. 373
(2021).

[1 N.: Mixed Finite Element Methods For Nonlinear Continuum

Mechanics And Shells, PhD thesis, TU Wien (2021).
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WIEN

e NGSolve Add-on
e Computing high-precision reference values
e Multiphysics

Thank You for Your attention!

[ N., ScHOBERL: The Hellan-Herrmann—Johnson method for
nonlinear shells, Comput. Struct. 225 (2019).

[] N., SCHOBERL: Avoiding membrane locking with Regge
interpolation, Comput. Methods Appl. Mech. Engrg. 373
(2021).

[1 N.: Mixed Finite Element Methods For Nonlinear Continuum

Mechanics And Shells, PhD thesis, TU Wien (2021).
26
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