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Force balance equation: —div(o) = f

u displacement

e(u) =0.5(Vu+VuT)
Ce = 2ue + Mtr(e)l
/(Ce €(du) dX—/Qf-(Sudx e o = Ce stress

Linear elasticity

Locking problems:
e )\ — oo (nearly) incompressible material

e Coercivity: ||e(u)|?. > cx||Vul[2,, cx — 0 for

deteriorating aspect ratio t “
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Nearly incompressible materials UNIVERSITAT

WIEN

/ Ce(u) : e(du) dx = / 2ue(u) : e(du) + Xdiv(u)div(du) dx
Q Q R/—/::p

e Define pressure p = Adiv(u) and rewrite as mixed (saddle point) problem

e Well-defined for A — oo (need for stable pairing of finite elements)

Find (u, p) € Uy x Qp s.t. for all (du,dp) € Up x Qn

Jo2me(u): e(du) +pdiv(du)dx = [of-dudx
Jq div(u)dp —1pépdx =0
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Q Q

e Define pressure p = Adiv(u) and rewrite as mixed (saddle point) problem

e Well-defined for A — oo (need for stable pairing of finite elements)

Find (u, p) € Up x Qp s.t. for all (du,dp) € Up x Qn
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/(Ce(u) s €(du) dx = / f-dudx  You
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WIEN

o Clo=¢(u)
Find o € [L*(Q)]3 and u € [HH(Q)]® s.t.
/ Clo:dodx— / do : e(u) dx =0 Voo
Q Q
—/a:e(éu)dx :—/f~5udx Vou
Q Q
(diver, u) -1 1 e u continuous, o discontinuous
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WIEN

e Clo=¢(u)

Find o € H(div, Q)%™ and u € [L?(Q)]® s.t.

/(Cfla:éo'der/divéohudx
Q Ja

/ divo - du dx
JQ

(dive, u) -1 e u continuous,

(dive, u),2 e u discontinuous,

=0 Voo

:f/f~5udx You
Q

o discontinuous

o normal continuous, on
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Mixed method linear elasticity UNIVERSITAT

WIEN

e Clo=¢(u)

Find o € H(divdiv, Q) and v € H(curl, Q) s.t.

/ Clo : b0 dx + (divée, u) =0 Yoo
Q
(dive, ou) = 7/ f-oudx You
Q
(diver, u) -1y e u continuous, o discontinuous
(dive, u) e 1 discontinuous, o normal continuous, on
(dive, u) p(curl)* x H(curl) e u tangential continuous, u - 7, o normal-normal continuous, n"on
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(Flnlte element) Spaces UNIVERSITAT

HY Q) ={uec *(Q)|Vue [L2(Q)]d}
LET) = PH(T) N C(Q)

H(curl, Q) = {o € [12(Q)]? | curlo € [L2(Q)]2¢3}
N ={o € [PX(F))° | [o+]F = 0}

H(div,Q) = {0 € [L>(Q)]? |dive € L*(Q)}
BDM* = {o € [P*(Zh)]? | [oalF = 0}
|
Y
2K

H(divdiv, Q) = {0 € [L3(Q)]2%¢ | divdive € H71(Q)}

sym

My(Z) = {o € [PX(Tn)lg | [n" onlF = 0}

sym
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TDNNS method for linear elasticity
Find o € H(divdiv, Q) and v € H(curl, Q) s.t.

/ Clo : do dx + (divée, u) =0 Voo
Q
(divo, u) = —/ f-dudx You
Q
(dive, u) == Z / divo - udx — Z /[[O'ntﬂut ds
ez, T Ece, V' E
= Z —/ o:Vudx+ Z /a‘,,,,[[u,,]]dS:—<0',Vu>
Tez, T Ece, ' E

e Robust for A\ — oo (with stabilization)

ﬁ A. PECHSTEIN, J. SCHOBERL: Tangential-displacement and normal-normal-stress
continuous mixed finite elements for elasticity (2011). 8
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Formulation (TDNNS) m UNIVERSITAT

TDNNS method for linear elasticity
Find o € H(divdiv, Q) and v € H(curl, Q) s.t.

/ Clo : do dx + (divée, u) =0 Voo
Q
(divo, u) = —/ f-dudx You
Q
(dive, u) == Z / divo - udx — Z /[[O'ntﬂut ds
ez, T Ece, V' E
= Z —/ o:Vudx+ Z /a‘,,,,[[u,,]]dS:—<0',Vu>
Tez, T Ece, ' E

e Robust for A\ — oo (with stabilization)
e Robust in aspect ratio

[4 A. PECHSTEIN, J. SCHOBERL: Anisotropic mixed finite elements for elasticity (2012).
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TDNNS method for linear elasticity
Find o € H(divdiv, Q) and v € H(curl, Q) s.t.

/ Clo : do dx + (divée, u) =0 Voo
Q

(divo, u) = —/ f-dudx You
Q

e Works for linear material law C
e Problem for nonlinear (not invertible) material law
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Formulation (TDNNS) m UNIVERSITAT

TDNNS method for linear elasticity
Find o € H(divdiv, Q) and v € H(curl, Q) s.t.

/ Clo : do dx + (divée, u) =0 Voo
Q

(divo, u) = —/ f-dudx You
Q

e Works for linear material law C
e Problem for nonlinear (not invertible) material law
e Hu-Washizu three-field principle
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Continuum mechanics (nonlinear) uNiv

Displacement u=%o —id

Deformation gradient F:=1+Vu

Cauchy-Green strain tensor C := F'F L
Green strain tensor E:=1(C-1) \Zu
Energy density W(C):R¥>3 5 R (I)(LE)
Stress tensor Y = 2%—‘/"

/ W(C(u)) — f - udx — min!
Q

Nonlinear elasticity

/26W—(C):FTV5udx:/f~6u Véu
o 0C Q

10
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Displacement u=%o —id

Deformation gradient F:=1+Vu

Cauchy-Green strain tensor C := F'F L
Green strain tensor E:=1(C-1) \Zu
Energy density W(C):R¥>3 5 R (I)(LE)
Stress tensor Y = 2%—‘/"

/ W(C(u)) — f - udx — min!
Q
—divP = f in Q + bc

Nonlinear elasticity

/26W—(C):FTV5udx:/f~6u Véu
o 0C Q

10
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Hu—Washizu principle UNIVERSITAT

WIEN

min / W(F(u)) —f-udx
Q

ueVy

@ N., PECHSTEIN, SCHOBERL: Three-field mixed finite element methods for nonlinear elasticity
Comput. Methods Appl. Mech. Engrg 382 (2021)
11
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WIEN

min /W(F)—f~udx
ueVy  Jo
F=F(u)

ﬁ N., PECHSTEIN, SCHOBERL: Three-field mixed finite element methods for nonlinear elasticity

Comput. Methods Appl. Mech. Engrg 382 (2021)
11



. . . TECHNISCHE
Hu—Washizu principle UNVERSITAT

ueVy

min /W(F)— f-udx
F=F(u) @

E(u,F,P):/QW(F)—f-udx—(F—(Vu+I),P>

Lifting distribution Vu to F € [L?]3*3
1% Piola—Kirchhoff stress tensor P (= FX) as Lagrange multiplier
¢ P=Pyp+ Pyew, Psym € H(divdiv), Psew € [L2352

o F= Fsym + Frew, Fsym € [L2]2y>:n31 Foew € [Lz]gé\?\,

ﬁ N., PECHSTEIN, SCHOBERL: Three-field mixed finite element methods for nonlinear elasticity

Comput. Methods Appl. Mech. Engrg 382 (2021)
11
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Numerical example: Cook’s Membrane UNIVERSITAT
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Numerical example: Cook’s Membrane
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Kirchhoff-Love plate (Hellan—-Herrmann—Johnson) NIVERSITAT

WIEN

Bi-harmonic plate problem would require C!-continuous finite elements

divdiv(CV?w) = f = w e H*(Q)

Rewrite as mixed method Jf
o=CVw, =wecHY(Q) yAN
divdive = f, = o € H(divdiv,Q)
Hellan—-Herrmann—Johnson method
Find w € H}(Q) and o € H(divdiv, Q) for the saddle point problem

>U

L(w, o) = 77||0'HC ey /vw d1vadx+/ (Vw), 0, ds — (f, w).
TeT, oT

@ M. Comobp1: The Hellan-Herrmann-Johnson method: some new error estimates and
postprocessing, Math. Comp. 52 (1989) pp. 17-29. 13



TECHNISCHE

Kirchhoff-Love plate (Hellan—-Herrmann—Johnson) NIVERSITAT

WIEN

Bi-harmonic plate problem would require C!-continuous finite elements

divdiv(CV?w) = f = w e H*(Q)

Rewrite as mixed method Jf

>U

o=CVw, =wecHY(Q) yAN
divdive = f, = o € H(divdiv,Q)
Hellan—-Herrmann—Johnson method
Find w € HY(Q) and o € H(divdiv, Q) s.t. for all (6w, do) € HY(Q) x H(divdiv, Q)

L(w,0) =— %Ho’H%-l — (dive, Vw) — (f, w).

@ M. ComobI: The Hellan-Herrmann-Johnson method: some new error estimates and

postprocessing, Math. Comp. 52 (1989) pp. 17-29. "
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Kirchhoff-Love plate (Hellan—-Herrmann—Johnson) NIVERSITAT

WIEN

Bi-harmonic plate problem would require C!-continuous finite elements

divdiv(CV?w) = f = w e H*(Q)

Rewrite as mixed method Jf

>U

o=CVw, =wecHY(Q) yAN
divdive = f, = o € H(divdiv,Q)
Hellan—Herrmann—Johnson method
Find w € HY(Q) and o € H(divdiv, Q) s.t. for all (6w, do) € HY(Q) x H(divdiv, Q)
JoClo:dodx —(div(do),Vw) =0
—(dive’, Vow) = [ fowdx

ﬁ M. Comobp1: The Hellan-Herrmann-Johnson method: some new error estimates and
postprocessing, Math. Comp. 52 (1989) pp. 17-29. 13



TECHNISCHE

Reissner—Mindlin plate (TDNNS) UNIVERSITAT

WIEN

Ww.5) = 5 [ 1@ + 59w =517 b [ Fwax |
| U N
e thickness t, vertical deflection w, rotation j3 | Ff N
o limitt—-0 = B=Vw = Kirchhoff-Love plate B

o w e LK(Th) and B € [LK(Th)]? leads to locking as
Vw € H(curl, Q)

14
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Reissner—Mindlin plate (TDNNS) UNIVERSITAT

WIEN

W(w, ) = /|| NE + 2||Vw Ik6||2dx—/fwdx 3
[ U N
e thickness t, vertical deflection w, rotation j3 | Ff AN
o limitt—0 = A=Vw = Kirchhoff-Love plate Gy

w € LK(Th) and B € [LK(T4)]? leads to locking as
Vw € H(curl, Q)

MITC elements: Use interpolant into Nedéléc elements Ij{;

14
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Reissner—Mindlin plate (TDNNS) UNIVERSITAT

WIEN

W(w, B) = /II )E + 2IIVw 6\|2dx—/fwdx %

thickness t, vertical deflection w, rotation

limitt—0 = p[f=Vw = Kirchhoff-Love plate
w € LK(Th) and B € [LK(T4)]? leads to locking as
Vw € H(curl, Q)

e MITC elements: Use interpolant into Nedéléc elements Ij{;

e Use 3 € H(curl,Q) and TDNNS for V3 ¢ L2

TDNNS method for Reissner—Mindlin plate

Find (w, 8,0) € LK(Th) x NF71 x Mf1(9) for the Lagrangian

1 1
£(W75"’):_§HUH%4 dX—<diV0,5>+/Q§||VW—B||2dX—/wadx

@ A. PECHSTEIN, J. SCHOBERL: The TDNNS method for Reissner-Mindlin plates, J.
Numer. Math. (2017) 137, pp. 713-740. 14
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WIEN

TR AL
/J'R
e Normal vector v ‘

Tangent vector 7
Element normal vector p =v x 7

15
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WIEN

TR AL
/J'R
e Normal vector 1 ‘

Tangent vector 7

Element normal vector /i = 0 x 7

15



TECHNISCHE

Differential geometry NNERSITT

TR AMIL,
/J'R
e Normal vector U ‘

Tangent vector 7
Element normal vector /i =0 x 7

o F=V;p, J=1/det(F'F) /_\

15
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TR AMIL,
/J'R
e Normal vector U ‘

Tangent vector 7
Element normal vector /i =0 x 7

o F=V:0, J = | cof (F)|| /\

15
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Differential geometry WIEN

TR AL
/J'R
e Normal vector U ‘

Tangent vector 7
Element normal vector /i =0 x 7

e F=V;¢, J=| cof(F)|r
o vo¢=1cof(F)D /\
TO(j)_JlBFT

pog¢=vodxrod R

15
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Koiter/Kirchhoff-Love shell m UNIVERSITAT

WIEN

t t3 R
W(u) = EIIE(U)H%/H + QHFTV(V o ¢) — VD[

u...displacement of mid-surface
t...thickness

M. .. material tensor
F=Vu+P=Vo¢, P=1-pQ7D

1 1
E = 5(l—'TF - P)= 5(vuTvU +Vu'P + PVu)

7 X

16
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Koiter/Kirchhoff-Love shell UNIERSITAT

WIEN

t t3 R
W) = SIEWE + 2 IFTV(vo 6) - VoI,

u...displacement of mid-surface

membrane energy
t...thickness
M. .. material tensor

F=Vu+P=V¢, P=I1-0x@0

1 1
E = 5(l—'TF - P)= 5(vuTvU +Vu'P + PVu)

7 X

16
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Koiter/Kirchhoff-Love shell UNIERSITAT

WIEN

t t3 .
W(u) = SIEW)IE + 5, IF TV (v o 0) — Vol

u...displacement of mid-surface
membrane energy
t...thickness

M. .. material tensor

F=Vu+P=V¢, P=1-0®D m
1 1
[ E(FTF—P): E(VUTVu-l—VuTP—l—PVu) T

bending energy

16



Naghdi/Reissner—Mindlin shell TECHNISCHE

UNIVERSITAT
WIEN

membrane energy

S

7 ... shearing T
- vy
V=

.. director
v A0

G .. .shearing modulus

t N
W(u,7) = 5 IIE(u )HM+ IINH(F V(70 0)) = Vol

tk G
+

HFTﬁooH2

bending energy

k =5/6...shear correction factor

shearing energy



TECHNISCHE

Distributional curvature lifting for Koiter shell UNIVERSITAT

WIEN

o

e Lifted curvature difference k4 via three-field formulation

diff t t3 diff diff P
ﬁ(u,n‘”,a)=§IIE(U)|I§/H+EIIH”IH§4—<f,U>+ > /T(H”[—(FTV(VO@—VV))10dX
TeT,

+ Z A(q(VL7VR)*<(ﬁL,ﬁR))Uﬁﬂ ds

Ecé&y
e Lagrange parameter o € M} (J},) moment tensor
e Eliminate k% — two-field formulation in (u, o)

ﬁ N., SCHOBERL: The Hellan—-Herrmann—Johnson and TDNNS method for linear and nonlinear

shells, arXiv:2304.13806. 18
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Formulation: Koiter shell UNIVERSITAT

WIEN

Shell problem
Find u € [LK(Z3)]} and & € MfY(F3) for (H,, = Y2,(V2u;)vi)

t 6
L(u, o) =5 |E()l} = Zlloli — (f u)

+ /TU:(HV+(1719ou)V19)dX

TeZ,

+ Z /E(<I(VL,VR)—<I(ﬁL,ﬁR))aM ds

Ecé&y
Use hybridization to eliminate o — recover minimization problem
@ N., SCHOBERL: The Hellan—Herrmann—Johnson method for nonlinear shells, Comput. Struct. 225

(2019).
19
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Shell element (KOitel’) UNIVERSITAT

WIEN

® ? @
//l\\ 1]
!




TECHNISCHE

Extension to nonlinear Naghdi shells iy

e Use hierarchical shell model Vo
e Additional shearing dofs ~ in H(curl) vog
° 170@2):71"”2§'+7c"75 vogo

[vop+vyod]l
Free of shear locking

21
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Extension to nonlinear Naghdi shells iy

e Use hierarchical shell model vod
e Additional shearing dofs ~ in H(curl) vog
.I;Od):I/O()Jr”,O('):%CO]C(F)I?—F(FT)T’I)\/ vog

Free of shear locking

@ ECHTER, R. AND OESTERLE, B. AND BISCHOFF, M.: A hierarchic family of isogeometric shell
finite elements, Comput. Methods Appl. Mech. Engrg (2013) 254, pp. 170-180. 21



TECHNISCHE

Extension to nonlinear Naghdi shells iy

e Use hierarchical shell model yoé
e Additional shearing dofs ~ in H(curl) vog
s Vop=vop+yop="1cof(F)o+ (F)T4 vog

Free of shear locking

A t tkG | 6 S )
E(u70'77): §||E(U)||I2M1+ 2 HT’HQ—FHUHﬁﬂ—l‘i_ Z / (H17+(1_]/'V)VV—V"/,) :O'dX
Tez,” T
+ Z / (<(vi,vr) — (D1, DR) + [74]) opp ds
E

Ecé&y

@ ECHTER, R. AND OESTERLE, B. AND BISCHOFF, M.: A hierarchic family of isogeometric shell
finite elements, Comput. Methods Appl. Mech. Engrg (2013) 254, pp. 170-180. 21
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- - . TECHN|SC|.‘|.E
Linearization UNIVERSITAT

WIEN

e Linearize to get Reissner—-Mindlin and Kirchhoff-Love shell method

e For plates: Recover TDNNS for Reissner-Mindlin plate and Hellan—-Herrmann—Johnson
method for Kirchhoff-Love plate

ﬁ N., SCHOBERL: The Hellan—-Herrmann—Johnson and TDNNS method for linear and nonlinear
shells, arXiv:2304.13806.

23
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Membrane Iocking UNIVERSITAT

WIEN

W(U): tEmem(U)+t3 Ebend(u)ff-~u7 f=1t3f

24
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WIEN

W(IJ) = t72Emem(u) -+ Ebend(u) — F u, f = t3f
Enforces Emem(u) = 0 in the limit t — 0

24
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Membrane Iocking UNIVERSITAT

WIEN

W(IJ) = t72Emem(u) -+ Ebend(u) — F u, f = t3f
Enforces Emem(u) = 0 in the limit t — 0

Emem(u) =0 % Epem(up) =0

L(Th) = P*(Th) N C(Q) € HY(Q)

24
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Membrane Iocklng UNIVERSITAT

WIEN

W(IJ) = t72Emem(u) -+ Ebend(u) — F u, f = t3f
Enforces Emem(u) = 0 in the limit t — 0

Emem(u) =0 % Epem(up) =0

L(Th) = P*(Th) N C(Q) € HY(Q)

24
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TECHNISCHE
Regge elements UNIVERSITAT

H(curleurl) := {o € [L2(S'Z)]§yxnz1 | curlcurle € HH(Q)}
Regf = {c € [Pk(%)]gyff |[t"et]e = 0 for all edges E}

A3
E
E» q
A1 E; 2
e =VN OV,  toet=cdy, P71, = A VA © VA

ﬁ CHRISTIANSEN: On the linearization of Regge calculus, Numerische Mathematik 119, 4 (2011).

ﬁ L1: Regge Finite Elements with Applications in Solid Mechanics and Relativity, PhD thesis,
University of Minnesota (2018).

ﬁ N.: Mixed Finite Element Methods For Nonlinear Continuum Mechanics And Shells, PhD thesis,
TU Wien (2021). 26
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H(curl curl) := {0 € [L3(Q)]2X?| curlcurlo € H}(Q)}

sym

Regf == {e € [Pk(%)]gyff |[t"et]e = 0 for all edges E}
A3
E» \
AL E; 2
pE = VN OV,  tegt = iy, P71, = A VA © VA
Rf - C°(Q) — Regj canonical interpolant

/(g —Rfg)e qdl = 0 for all g € PX(E)
E

/T(g —Rfg): Qda=0forall Qe Pkil(T,Rg‘;ﬁ)
26
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e Reduced integration for quadrilateral meshes
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e Reduced integration for quadrilateral meshes
e Regge interpolant for triangles

e Connection to MITC shell elements

ﬁ N., SCHOBERL: Avoiding membrane locking with Regge interpolation, Comput. Methods Appl.
Mech. Engrg 373 (2021).
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NGSolve

N R e N N S
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e Robust mixed methods for continuum mechanics
e Locking-free mixed methods for (nonlinear) plates & shells

e Hellan—Herrmann—Johnson and Regge finite elements for stress and strain/metric fields
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TECHNISCHE
Summary & outlook UNIVERSITAT

WIEN

e Robust mixed methods for continuum mechanics
e Locking-free mixed methods for (nonlinear) plates & shells

e Hellan—Herrmann—Johnson and Regge finite elements for stress and strain/metric fields

e Coupling for 3D elasticity (A. Pechstein, M. Krommer; JKU Linz)
e NGSolve Add-On

e Extension to Cosserat elasticity, plates, and shells

32
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@ N., PECHSTEIN, SCHOBERL: Three-field mixed finite element methods for nonlinear elasticity
Comput. Methods Appl. Mech. Engrg 382 (2021)

@ N., SCHOBERL: The Hellan-Herrmann—Johnson and TDNNS method for linear and nonlinear
shells, arXiv:2304.13806.

N., SCHOBERL: The Hellan—-Herrmann—Johnson method for nonlinear shells, Comput. Struct. 225
(2019).

ﬁ N., SCHOBERL: Avoiding membrane locking with Regge interpolation, Comput. Methods Appl.
Mech. Engrg 373 (2021).

N.: Mixed Finite Element Methods For Nonlinear Continuum Mechanics And Shells, PhD thesis,
TU Wien (2021).

Thank You for Your attention!
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