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Intrinsic curvature on surfaces

. First fundamental form, metric g(-,-)=1(-,-) = (-, -

 Compute lengths and angles on the manifold
[vll, =+/8(v,v), cos(a) = g(u, v)/([lu]llIvIl,)
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Intrinsic curvature on surfaces

"/ TS
+ First fundamental form, metric g(-, ) =1(-,-) = (-, )| -
 Compute lengths and angles on the manifold /
Vil = v/g0 ), cos(@) = glu, /(llull VIl e
K, = OO

« (Geodesic curvature K, = g(V_z,u) ... acceleration on surface

« Gauss-Bonnet theorem
; o, u €Tl
[ de+J KgdS-I-ZOli:Z?Z'
T oT i=1 K\
K

From Wikipedia: Parallel transport
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Regge finite elements & metrics

J g(t,1)ds = [ g2, (t,1)ds =2
E E

8 =81UYV&

1.5
* Element-wise symmetric matrix of polynomials

e Pose interface conditions to connect them

Christiansen: On the linearization of Regge calculus, Numerische Mathematik, 2011.

Li: Finite Elements with Applications in Solid Mechanics and Relativity, PhD thesis, 2018.
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Distributions

/ fR\

L

Dirac deltas at jump  f'(x) = f (%) + fr(x) + (fr(xp) — fr.(xp)) Oy

—[£]

 Theorie of Schwarz distributions

(MNaisi(F) 1= = [ J ¥ dx = J

£ W dx + J frWdx+ [fT¥(), ¥ € CR(Q)
Q Q,

{2p

» Restriction: we cannot multiply distributions 9, - 9,  (Colombeau algebra)
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Curvature of Regge metric
o« K=Rpp/det(g) =R, Y, Y, X)/|IXAY|, (sectional curvature)

e Riemann curvature tensor

Levi-Civita connection Vyg(Y,Z) = g(VyY,Z) + g(Y,VyZ)
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Curvature of Regge metric
o« K=Rpp/det(g) =R, Y, Y, X)/|IXAY|, (sectional curvature)

e Riemann curvature tensor

Levi-Civita connection Vyg(Y,Z) = g(VyY,Z) + g(Y,VyZ)

ml]kl — alrjkl - 0]Flkl Fllpr + Fjlprp ka — gpqrjkq’ gpq — (g_l)pq

. _ 1
g, 1s only tt-continuous \szk — E(aigjl + 0,8 — 0,8;)

Multiplication of first-order distributional derivatives

*R(g;) is a nonlinear distribution!
V4



Distributional Gauss curvature Part 1
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Distributional Gauss curvature Part 1

» Compute the geodesic curvature from both elements «, = g(V._ 7, 1)

* /1 changes sign \
. g smooth = [[x, ]| = 0

« g non-smooth = jump [[K‘g]]5E

e wp=+/detg, wp =1/g(1, 1) &Q

(K ®)gise = 2 Krowor + Z [k, llog Oop
T E




Distributional Gauss curvature Part 2

=y >
g o8 %

Berchenko-Kogan, Gawlik: Finite element approximation of the Levi-Civita connection and
its curvature in two dimensions, FOCM, 2022.
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Distributional Gauss curvature Part 2

* Angle defect . l E ;

e Sum inner angles # 2m = curvature

A(g) oy
49 = ), <) —2n
;

1oV

112

Berchenko-Kogan, Gawlik: Finite element approximation of the Levi-Civita connection and
its curvature in two dimensions, FOCM, 2022. I
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Distributional Gauss curvature Part 2

* Angle defect . l E ;

e Sum inner angles # 2m = curvature

41(8) Oy
()= ) <i(e) - 2x

1oV
(K )iy = Z Ky, + Z [k, log 5 + Z 4,(2) 8y

1 tz

Berchenko-Kogan, Gawlik: Finite element approximation of the Levi-Civita connection and
its curvature in two dimensions, FOCM, 2022. I
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Distributional Gauss curvature o~

: /\

|
|
. Lagrange finite element space V,{f = {u, € PT) : u, is continuous

* Lagrange finite elements as test functions
(K @) gis(1y,) = 2 J K| wor + Z J [ xc, [l + Z <1y(g) (V)
T T E L 1%
e Letg, € Reg];l. Find the discrete L°-Riesz representative K, € V,{f“ such

that for all u, € V,+!
J Khuha) — (Ka))dlst(uh) .
§)
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Example: Gauss curvature of surface

Kolal) = Y |

T Y71

K| u0r + Z J [, g + Z <1y(8) uy (V)
E “E Vv
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Example: Gauss curvature of surface

NGSolve

 Removing distributional terms yields reduced accuracy

(K @) i) = Z J

T Y71

K| u,wr + Z J [l + Z <4(g) u, (V)
E “E %
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Numerical analysis: integral representation
(Kw)gi (1)) = Z J' K| u,wr + Z J [l + Z <4(g) u, (V)

T Y71

* Highly nonlinear! How to analyze?

Gawlik: High-Order Approximation of Gaussian Curvature with Regge Finite Elements, SIAM J. Numer. Anal.,
2020.
12
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* Highly nonlinear! How to analyze?

e Take variation (linearization)

d L
D, (Kw)lo] = P | _o(Kw)(g + to) = div,div, (S 0)w, S,0=0—tr(o)g

» Integral representation of error: g(f) = g+ (g, — g), 0 =g¢8'(t) =g, — &

1
<(Ka))dlst — Kﬁxa)ex, I/lh> — J <dng(t)dng(t)(Sg(t)ﬁ)a)g(t), l/lh> dt
0

Gawlik: High-Order Approximation of Gaussian Curvature with Regge Finite Elements, SIAM J. Numer. Anal.,
2020.
12



Numerical analysis: integral representation
(Kw)gi (1)) = Z J' K| u,wr + Z J [l + Z <4(g) u, (V)

T Y71

* Highly nonlinear! How to analyze?

e Take variation (linearization)

d L
D, (Kw)lo] = P | _o(Kw)(g + to) = div,div, (S 0)w, S,0=0—tr(o)g

» Integral representation of error: g(f) = g+ (g, — g), 0 =g¢8'(t) =g, — &

1
<(Ka))dlst - Kﬁxa)ex, I/lh> — J <dng(t)dng(t)(Sg(t)ﬁ)a)g(t), l/lh> dt
0
* Estimate integrand

| <divg(t)divg(t)(Sg(t)g)wg(t)’ ) | < Cllg — gull 2l |l g

Gawlik: High-Order Approximation of Gaussian Curvature with Regge Finite Elements, SIAM J. Numer. Anal.,
2020.
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Convergence results

Theorem: Let k € N, g € H*1(Q), and g, € Reg’,j be a sequence of Regge metrics

approximating g optimally ||g, — gll;2 < CA*"!||g|| ;jx+1. Then there holds for the lifted
Gauss curvature K, (g;,) € V,f“ for sufficiently small A

1K (81) — K@)l -1 < Ch(llgll gt + 1K(@) ]l i) -

Gawlik: High-Order Approximation of Gaussian Curvature with Regge Finite Elements, SIAM J. Numer. Anal.,
2020.
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Theorem: Let k € Nj, g € H"*(Q), and g, € Reg],j be a sequence of Regge metrics

approximating g optimally ||g, — gll;2 < CA*"!||g|| ;jx+1. Then there holds for the lifted
Gauss curvature K, (g;,) € V,{l‘“ for sufficiently small &

1K (81) — K@)l -1 < Ch(llgll gt + 1K(@) ]l i) -

Corollary: There holds for 1 <[ <k
1K, (g) — K@)l 2 < CR (gl s + 1K (@) o)
1K(81) — K@)l < Ch*" (I gll gt + 1K@ N ) -

2 2
loliz, = D ol
T

Gawlik: High-Order Approximation of Gaussian Curvature with Regge Finite Elements, SIAM J. Numer. Anal.,
2020.
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Convergence results

Theorem: Let k € N, g € WH12(Q) with K(g) € HX(Q), and g, = j{;egg the
Regge interpolant. Then there holds for the lifted Gauss curvature K,(g;) € V]f“ for

sufficiently small & "
|1 K;,(gr) — K@ -1 < Ch™ (gl w0 + [ K(Q) | i) -

Corollary: There holdsfor | <[ <k
|1 K,(g,) — K@)l 2 < Chk(HgHWkH,oo + [ K(g) ‘Hk)a
1K(81) — K@)l < Ch (I gllyerro + K@) | 0) -

Gopalakrishnan, N., Schoberl, Wardetzky: Analysis of curvature approximations via covariant curl and
incompatibility for Regge metrics, SMAI J. Comput. Math., 2023.

Gopalakrishnan, N., Schoberl, Wardetzky: On the improved convergence of lifted distributional Gauss curvature
from Regge elements, RINAM, 2024. 14
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It can further be increased depending on the choice of
polynomial spaces.
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Numerical example: Gauss curvature

10~1
10—2
10-3
10—4
10~3
10~°
10~/

—— ||K — Kex| 2

o HK — KeXHH—1

_*%_HK’_'K%XHH—2 B

101 102

ndof

10°

k=20

Ll L1
104

—o— ||K — Kex|| 12
—o— ||K — Kex||H—1
—— ||K — Kex|| H—2

111

10! 102

15

10°
ndof

L1111 | L 1Lt
10* 10°

k=1

NGSolve

—o— ||K — Kex|| 2
—o— || K — Kex ||

— [|K = Kex|ln-2

101 102

103

ndof




Extensions

. Scalar curvature S = Y9 R ... scalar-valued, any dimension
g8 1kjl Y

- Einstein tensor G;; = gklfRikjl — 0.5§ g;; (matrix-valued, any dimension)

* Riemann curvature tensor RX,Y,Z, W) =g(VyVyZ—-V,VyZ -V xyZ, W)

Gawlik, N.: Finite element approximation of scalar curvature in arbitrary dimension, Comp. Math. (to appear)

Gawlik, N.: Finite element approximation of the Einstein tensor, arXiv:2310.18802.

Gopalakrishnan, N., Schoberl, Wardetzky: Generalizing R
16
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. Scalar curvature S = Y9 R ... scalar-valued, any dimension
g8 1kjl Y

- Einstein tensor G;; = gklfRikjl — 0.5§ g;; (matrix-valued, any dimension)

* Riemann curvature tensor R(X,Y,Z W) =g(VyVyZ—-V,VyZ -V xZ, W)

 How can we define the Riemann curvature tensor from a Regge metric?

Gawlik, N.: Finite element approximation of scalar curvature in arbitrary dimension, Comp. Math. (to appear)

Gawlik, N.: Finite element approximation of the Einstein tensor, arXiv:2310.18802.

Gopalakrishnan, N., Schdberl, Wardetzky: Generalizing Riemann curvature to Regge metrics, arXiv:2311.01603.
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Distributional Riemann curvature tensor Part 1

« Angle defect in higher dimensions? Let d = 3 and consider edge £ and face F

« 2D plane perpendicular to £

e Co-normal //tg pointing inward F and v, normal of F span plane
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Distributional Riemann curvature tensor Part 1

« Angle defect in higher dimensions? Let d = 3 and consider edge £ and face F

« 2D plane perpendicular to £

E
e Co-normal //tg pointing inward F and v, normal of F span plane
(~
» Consider 2 faces = Back in 2D Gauss angle defect setting VF
Vv
ti O
1 gr

(Rw)gi(A) = Z J (R, A) wr + Z J' <IE(8) A(p,v,v, p) wg
T E YE

T
17



Distributional Riemann curvature tensor Part 2

« R(X,v,,v,,x)is Gauss curvature in 2D plane spanned by X, /..

 Jump of geodesic curvature g
[PRX, vy, vy, X1 = [I6, 1 = X, X1 8+

» Second fundamental form I(X, Y) = g(VyY,v) = — g(Y, V1)

18



Distributional Riemann curvature tensor Part 2

« R(X,v,,v,,x)is Gauss curvature in 2D plane spanned by X, /..

F
 Jump of geodesic curvature T_ 8-
[[ER(X, | Z8y 7 X)]] — [[Kg]] — [[”(X, X)]] v I, 84
» Second fundamental form I(X, Y) = g(VyY,v) = — g(Y, V1)
e Polarization formula for symmetric quadratic functions F

[RX, vy, vy, V] = TEX, V)] 1
S_ .
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Distributional Riemann curvature tensor Part 2

« R(X,v,,v,,x)is Gauss curvature in 2D plane spanned by X, /..

F
Jump of geodesic curvature T_ 8-
[[ER(X, | Z8y 7 X)]] — [[Kg]] — [[”(X, X)]] v I, 84
Second fundamental form I(X, Y) = g(VyY,v) = — g(¥, V1)
Polarization formula for symmetric quadratic functions s

[RX, vy, vy, V] = TEX, V)] 1
S_ .

Distributional Riemann curvature in any dimension

(mw)dist(A)z ZJ <mT9A>a)T+ZJ' <[[”H9A(°9U9V9°)>wF+Z[ <):E(g) A(,u,y,l/,,u)a)E
T F YF EF YL

T

18



Convergence

Theorem: Let k € N, g € W%%2(Q), and g, € Reg’]fl be a sequence of Regge

metrics such that lim [|g;, — g||;~ = 0 and sup max || g, || 2.7y < 0. Then there
h—0 >0 T

holds for sufficiently small A

[CR®)gis(81) — (Ro)(@)| g < CC, lllg, — &llll:

where

- { I+ maxy(h7 I8, — gll o) + 118 = gull w1 N=2,
g —

I + max(hr°|lg, — 8l ey + A7 118 — &ll L) N > 3.

2 2 2 2 4 2
llalill; = llelly. + ~%llelly, + h7llolly,

Gopalakrishnan, N., Schoberl, Wardetzky: Generalizing Riemann curvature to Regge metrics, arXiv:2311.01603.
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Convergence

Theorem: Let k € N, g € W%%2(Q), and g, € Reg’]fl be a sequence of Regge
metrics such that lim [|g;, — g||;~ = 0 and sup max || g, || 2.7y < 0. Then there

h—0 >0 T
holds for sufficiently small A

|(CR®)gis(8r) — (R) (@)= < CC, lll gy, — i

where

- { I+ maxy(h7 I8, — gll o) + 118 = gull w1
g —

1 + maXT(hszgh — 8HL<><>(T) + hfll\gh — g”LOO(T))a

2 2 2 2 4 2
llalill; = llelly. + ~%llelly, + h7llolly,

Convergence fork > 1 for N > 3and k > O for N = 2 (Gaus

‘29

N =2,
N > 3.

s curvature)

Gopalakrishnan, N., Schoberl, Wardetzky: Generalizing Riemann curvature to K

19

egge metrics, arXiv:2311.01603.



Summary & Outlook {‘:A & N

* Regge finite elements for metric approximation

* Distributional Gauss curvature
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Riemann curvature tensor




Summary & Outlook {v:; #El \
* Regge finite elements for metric approximation K
* Distributional Gauss curvature

e Extensions to scalar curvature, Einstein tensor, and @ %

Riemann curvature tensor

* Finite elements for Einstein and Riemann curvature @ i 7§

tensor

 Combine finite element numerical analysis with
discrete differential geometry

* |Long-term goal: Application to geometric flows and
numerical relativity

By Event Horizon Telescope (EHT)
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