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Intrinsic curvature on surfaces
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• First fundamental form, metric 


• Compute lengths and angles on the manifold
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∥v∥g = g(v, v), cos(α) = g(u, v)/(∥u∥g∥v∥g)
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• Gauss-Bonnet theorem

∫T
K ds + ∫∂T

κg ds +
3

∑
i=1

αi = 2π
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• Riemannian manifold  metric tensor


• Approximation  of  on a triangulation


• How to approximate ?


• How to compute discrete curvature? Convergence?

(Ω, g), Ω ⊂ ℝN, g

gh g

g

∥K(gh) − K(g)∥? ≤ 𝒪(h?)K(gh) = ?gh ∈ ?
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Distributions

•
Dirac deltas at jump   


• Theorie of Schwarz distributions 



• Restriction: we cannot multiply distributions      (Colombeau algebra)

f′￼(x) = f′￼L(x) + f′￼R(x) + ( fR(x0) − fL(x0))

=[[ f ]]

δx0

( f′￼)dist(Ψ) := − ∫Ω
f Ψ′￼dx = ∫ΩL

f′￼L Ψ dx + ∫ΩR

f′￼R Ψ dx + [[ f ]]Ψ(x0), Ψ ∈ C∞
0 (Ω)

δ1 ⋅ δ2

fL

fR
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Curvature of Regge metric
•     (sectional curvature)


• Riemann curvature tensor 


•

K = ℜ1212/ det(g) = ℜ(X, Y, Y, X)/∥X ∧ Y∥g

ℜ(X, Y, Z, W) = g(∇X ∇Y Z − ∇Y ∇X Z − ∇[X,Y]Z, W)
Levi-Civita connection ∇Xg(Y, Z) = g(∇XY, Z) + g(Y, ∇X Z)
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Distributional Gauss curvature Part 1
• Compute the geodesic curvature from both elements 
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Distributional Gauss curvature Part 1
• Compute the geodesic curvature from both elements 


•  changes sign


•  smooth 

κg = g(∇ττ, μ)

μ

g ⇒ [[κg]] = 0

(K ω)dist = ∑
T

KTωT + ∑
E

[[κg]]ωE δE

8

•  non-smooth  jump g ⇒ [[κg]]δE

• ωT = det g, ωE = g(τ, τ)



Distributional Gauss curvature Part 2
• Angle defect
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Berchenko-Kogan, Gawlik: Finite element approximation of the Levi-Civita connection and 
its curvature in two dimensions, FoCM, 2022.
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•

≠ 2π ⇒
∢V(g) δV

∢V(g) = ∑
T⊃V

∢T
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Example: Gauss curvature of surface

• Removing distributional terms yields reduced accuracy

(K ω)dist(uh) = ∑
T

∫T
K |T uhωT + ∑

E
∫E

[[κg]]uhωE + ∑
V

∢V(g) uh(V)
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Numerical analysis: integral representation
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(K ω)dist(uh) = ∑
T

∫T
K |T uhωT + ∑

E
∫E

[[κg]]uhωE + ∑
V

∢V(g) uh(V)

Gawlik: High-Order Approximation of Gaussian Curvature with Regge Finite Elements, SIAM J. Numer. Anal., 
2020.

• Highly nonlinear! How to analyze?
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• Integral representation of error: g(t) = g + t(gh − g), σ = g′￼(t) = gh − g

• Estimate integrand

• Highly nonlinear! How to analyze?



Convergence results
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Gawlik: High-Order Approximation of Gaussian Curvature with Regge Finite Elements, SIAM J. Numer. Anal., 
2020.

Theorem: Let , , and  be a sequence of Regge metrics 
approximating  optimally . Then there holds for the lifted 
Gauss curvature  for sufficiently small  

k ∈ ℕ0 g ∈ Hk+1(Ω) gh ∈ Regk
h

g ∥gh − g∥L2 ≤ Chk+1∥g∥Hk+1

Kh(gh) ∈ Vk+1
h h

∥Kh(gh) − K(g)∥H−1 ≤ Chk(∥g∥Hk+1 + ∥K(g)∥Hk−1) .
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Kh(gh) ∈ Vk+1
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∥Kh(gh) − K(g)∥H−1 ≤ Chk(∥g∥Hk+1 + ∥K(g)∥Hk−1) .

Corollary: There holds for 1 ≤ l ≤ k
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h
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∥σ∥2
Hl

h
= ∑

T

∥σ∥2
Hl(T)



Convergence results
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Gopalakrishnan, N., Schöberl, Wardetzky: Analysis of curvature approximations via covariant curl and 
incompatibility for Regge metrics, SMAI J. Comput. Math., 2023.

Theorem: Let ,  with , and  the 
Regge interpolant. Then there holds for the lifted Gauss curvature  for 
sufficiently small  

k ∈ ℕ0 g ∈ Wk+1,∞(Ω) K(g) ∈ Hk(Ω) gh = ℐk
Regg
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Corollary: There holds for 1 ≤ l ≤ k
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One convergence rate more. It can further be increased depending on the choice of 
polynomial spaces.

Gopalakrishnan, N., Schöberl, Wardetzky: On the improved convergence of lifted distributional Gauss curvature 
from Regge elements, RINAM, 2024.
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Extensions

• Scalar curvature  (scalar-valued, any dimension)


• Einstein tensor  (matrix-valued, any dimension)


• Riemann curvature tensor

S = gijgklℜikjl

Gij = gklℜikjl − 0.5 S gij

ℜ(X, Y, Z, W) = g(∇X ∇Y Z − ∇Y ∇X Z − ∇[X,Y]Z, W)

16

Gawlik, N.: Finite element approximation of scalar curvature in arbitrary dimension, Comp. Math. (to appear)

Gawlik, N.: Finite element approximation of the Einstein tensor, arXiv:2310.18802.

Gopalakrishnan, N., Schöberl, Wardetzky: Generalizing Riemann curvature to Regge metrics, arXiv:2311.01603.



Extensions

• Scalar curvature  (scalar-valued, any dimension)


• Einstein tensor  (matrix-valued, any dimension)


• Riemann curvature tensor

S = gijgklℜikjl

Gij = gklℜikjl − 0.5 S gij

ℜ(X, Y, Z, W) = g(∇X ∇Y Z − ∇Y ∇X Z − ∇[X,Y]Z, W)

16

Gawlik, N.: Finite element approximation of scalar curvature in arbitrary dimension, Comp. Math. (to appear)

Gawlik, N.: Finite element approximation of the Einstein tensor, arXiv:2310.18802.

Gopalakrishnan, N., Schöberl, Wardetzky: Generalizing Riemann curvature to Regge metrics, arXiv:2311.01603.

• How can we define the Riemann curvature tensor from a Regge metric?



Distributional Riemann curvature tensor Part 1
• Angle defect in higher dimensions? Let  and consider edge  and face F


• 2D plane perpendicular to 


• Co-normal  pointing inward F and  normal of F span plane
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Distributional Riemann curvature tensor Part 2
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• Distributional Riemann curvature in any dimension



Convergence
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Theorem: Let , , and  be a sequence of Regge 
metrics such that  and . Then there 

holds for sufficiently small  


where

k ∈ ℕ0 g ∈ W2,∞(Ω) gh ∈ Regk
h

lim
h→0

∥gh − g∥L∞ = 0 sup
h>0
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T

∥gh∥W2,∞(T) < ∞

h
∥(ℜω)dist(gh) − (ℜω)(g)∥H−2 ≤ CCg ∥∥gh − g∥∥2,

∥∥σ∥∥2
2 = ∥σ∥2

L2 + h2∥σ∥2
H1

h
+ h4∥σ∥2

H2
h

Cg = {
1 + maxT(h−1

T ∥gh − g∥L∞(T)) + ∥g − gh∥W1,∞
h

, N = 2,

1 + maxT(h−2
T ∥gh − g∥L∞(T) + h−1

T ∥gh − g∥L∞(T)), N ≥ 3.
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Convergence for  for  and  for  (Gauss curvature)k ≥ 1 N ≥ 3 k ≥ 0 N = 2
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Summary & Outlook
• Regge finite elements for metric approximation 


• Distributional Gauss curvature


• Extensions to scalar curvature, Einstein tensor, and 
Riemann curvature tensor

• Finite elements for Einstein and Riemann curvature 
tensor


• Combine finite element numerical analysis with 
discrete differential geometry


• Long-term goal: Application to geometric flows and 
numerical relativity

By Event Horizon Telescope (EHT)
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