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e How and with which FE to approximate the metric of a
Riemannian manifold?

e How to compute geodesics on such discrete, non-smooth
metrics?

e How to compute curvature quantities like Gauss curvature on
non-smooth metrics?
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Riemannian manifold (M, g)
Levi-Civita connection V
ng(Y7Z) = g(VXY,Z) +g(Y> VXZ)
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Riemannian manifold (M, g) ’
Levi-Civita connection V
Vxg(Y,Z)=g(VxY.,Z)+g(Y.VxZ)
e Approximation of g on a triangulation "
e Compute lengths and angles
e Regge calculus and finite elements 0.7
2.1 . . 1.3

1.5 4
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@ REGGE: General relativity without coordinates, Il Nuovo Cimento
(1955-1965), 19 (1961).
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e angle defect

@ REGGE: General relativity without coordinates, Il Nuovo Cimento
(1955-1965), 19 (1961).



WIEN

TECHNISCH_E
Regge calculus and elements UNIVERSITAT

=0l

e metric tensor

@ REGGE: General relativity without coordinates, Il Nuovo Cimento
(1955-1965), 19 (1961).

@ SORKIN: Time-evolution problem in Regge calculus, Phys. Rev. D
12 (1975). >
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=0l

e metric tensor

@ REGGE: General relativity without coordinates, Il Nuovo Cimento
(1955-1965), 19 (1961).

@ CHEEGER, MULLER, SCHRADER: On the curvature of piecewise

flat spaces, Communications in Mathematical Physics, 92(3) (1984). >
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e metric tensor (tangential-tangential continuous)

Regﬁ ={ee€ Pk(y RdXd) | [[tTe t]e = 0 for all edges E}

sym

H(curlcurl) = {e € L2(Q,RIX) | curl" curl(e) € H7H(Q, RGI=3)x(d=3)yy

sym

@ CHRISTIANSEN: On the linearization of Regge calculus, Numerische
Mathematik 119, 4 (2011).
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e metric tensor (tangential-tangential continuous)

Regf = {e € PX(7, ngxn‘lj) |[t"et]e = 0 for all edges E}
H(curlcurl) = {e € L2(Q,RIX) | curl" curl(e) € H7H(Q, RGI=3)x(d=3)yy

sym

@ CHRISTIANSEN: On the linearization of Regge calculus, Numerische
Mathematik 119, 4 (2011).

@ L1: Regge Finite Elements with Applications in Solid Mechanics and
Relativity, PhD thesis, University of Minnesota (2018). >
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e metric tensor (tangential-tangential continuous)

Regf = {e € PX(7, ngxn‘lj) |[t"et]e = 0 for all edges E}
H(curlcurl) = {e € L2(Q,RIX) | curl" curl(e) € H7H(Q, RGI=3)x(d=3)yy

sym

@ CHRISTIANSEN: On the linearization of Regge calculus, Numerische
Mathematik 119, 4 (2011).

@ N.: Mixed Finite Element Methods for Nonlinear Continuum
Mechanics and Shells, PhD thesis, TU Wien (2021). >
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Regﬁ ={e e PK7, R |[t"et]g = O for all edges E}

sym
A3
E
E '
A1 E; A2
PE = V/\j ® VA, tj—rSOE,-tj = C;5U, T, = Aj V/\J' ® VA
RE: C%(Q) — Regk canonical interpolant

/(g — RKg)et qdl = 0 for all g € PX(E)
E

/T(g—Rgg) : Qda =0 forall Q e P }(T,RY:) 6
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Rf: C%Q) — Regf

/(g — RKg)w qdl =0 for all g € PX(E)
E

/(g —RKg): Qe da=0 for all Q € P*"Y(F, TF ® TF)
F

/ (g —Rfg): Qrdx =0 for all Q7 € P*=2(T,R3*3)
-

Sym
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Geodesic curvature

r(g) = g(Vet,n) ”
n =t x v (for embedded surface) \_y‘

S
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Geodesic curvature

t(g) = g(Vit,n)

n =t x v (for embedded surface)

Christoffel symbols: vajak = FJ’-kE)/

1
ri(g) = §gk/ (0igj + 0jgn — Oigi) = &"'Tj(g)

VxY = (X0, Y  + X'YIT)ok

C -
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Geodesic curvature

t(g) = g(Vit,n)

n =t x v (for embedded surface)

Christoffel symbols: vajak = FJ’-kE)/

1
ri(g) = §gk/ (0igj + 0jgn — Oigi) = &"'Tj(g)

VxY = (X0, Y  + X'YIT)ok
Vdetg /.. . 4
r(8) = —=57- <8ft it rff)
tt
i =EEE 8

C -
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v : [a, b] = M is geodesic if V44 =0, i.e.

K+ 45Tk =0, k=1,....n

Geodesics are critical points of energy

:
EG) =3 [ &)1 ()
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7 : [a, b] = M is geodesic if V54 =0, i.e.
K+ 45Tk =0, k=1,....n
Geodesics are critical points of energy

:
EG) =3 [ &)1 ()

What to do for non-smooth g?
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7 : [a, b] = M is geodesic if V54 =0, i.e.
4+ 55Tk =0, k=1,...,n

Geodesics are critical points of energy

:
EG)= 3 [ &)1 (e () o

What to do for non-smooth g?

TN

V4

TN

V4
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Discrete local geodesic

Let g € Regk. A pw smooth v : [a, b] — 7 not intersecting
faces of dimension < (N — 2) is a local geodesic iff it satisfies the
geodesic equation in T and where v intersects a facet F

giyit =gz t,  gliim =—griial.
Its kinematic energy g;j"}/i’}/j is constant.

Update formula: 47 =4/ — (g,jwin_’fr)(n’+ +n') Ty

@ Lo Regge Finite Elements with Applications in Solid Mechanics and

Relativity, PhD thesis, University of Minnesota (2018). 10
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Convergence geodesic

Assume that gp, € Regﬁ is a family of Regge metrics fulfilling
g — ghllr < 3|lg7 Y|/ uniformly in h. Let v : [0, T] — M be
a smooth geodesic and ~, a family of geodesics with respect to
gh with the same initial conditions as . Then

() = n(t)] < C(llg — ghllwroe(zy + g — ghlle=),
[v(t) = vn(t)| < C(hllg — ghllwrce(z) + llg — ghllees)-

[ Lo Regge Finite Elements with Applications in Solid Mechanics and

Relativity, PhD thesis, University of Minnesota (2018). 10
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Convergence geodesic

Assume that gp, € Regﬁ is a family of Regge metrics fulfilling
g — ghllr < 3|lg7 Y|/ uniformly in h. Let v : [0, T] — M be
a smooth geodesic and ~, a family of geodesics with respect to
gh with the same initial conditions as . Then

”Y(t) - ’Yh(t)‘ < Chk|g‘Wk+1,oo,
Iv(t) — va(t)] < Ch* M g|prstoco.

[ Lo Regge Finite Elements with Applications in Solid Mechanics and

Relativity, PhD thesis, University of Minnesota (2018). 10
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E=FEan+V, V(q)=—lq|™"
Jacobi metric: g =2(E — V)§ = 2(E + |q|71)d

11
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Taking into account of relativistic effects (Mercury orbit)
Star mass M, particle mass m, total energy E < m

e 5 2Mm? dr? r2do?
ds = (E* —m* + p )((1_w)2+1_ﬂ)

r r

12



Distributional Gauss and scalar
curvature
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Riemann curvature tensor:

R(X,Y)Z = VxVyZ - VyVxZ - Vix.y|Z
RX,Y,Z, W) = g(R(X, Y)Z, W)
Riji = 0l jit — OjTiws + 5 Tjpr — rfkrfp/

13
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Riemann curvature tensor:

R(X,Y)Z = VxVyZ - VyVxZ - Vix.y|Z
RX,Y,Z, W) = g(R(X, Y)Z, W)
Riji = 0l jit — OjTiws + 5 Tjpr — rfkrfp/

e Gauss curvature

g(R(u,v)v,u)  Rio

K= =
lullgllvlg —g(u,v)>  detg

e Scalar curvature

S =g*g! Riu
13
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Riemann curvature tensor:

R(X,Y)Z = VxVyZ - VyVxZ — Vix.y|Z
RX,Y,Z, W) = g(R(X, Y)Z, W)
Riji = Ol jit — OjTiws + 5 Tjpr — rfkrfp/

e Ricci tensor
. b
R,IC,'J' = ga Raibj
e Einstein tensor

1
13
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Gauss—Bonnet
On manifold M:

/M K(g) + /8  rlg)+ Y — (&) = 2w

1%

xm(Z)=ny —ng+nt

N
\v :
L/
Xv =2 xv =0

xm =1 14
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Gauss—Bonnet

On triangle T:

3
/T Kg) + /a o)+ Y = <) =2

XT:3—3+1:1

N X

14
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Gauss—Bonnet

On triangle T:

3
/T Kg) + /a o)+ Y = <) =2

XT:3—3+1:1

14
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Gauss—Bonnet

On triangle T:

3
/T Kg) + /a o)+ Y = <) =2

XT:3—3+1:1

& X

14
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Distributional densitized Gauss curvature

Let g € Regf(.7) and ¢ € V,c,’

<(Kw) g) Z KT ¥, 8 )+ Z KE((pvg)+ Z KV(‘Pag)

TeT Ec& vey

[§ BERCHENKO-KOGAN, GAWLIK: Finite element
approximation of the Levi-Civita connection and its curvature
in two dimensions, Found Comput Math (2022).
15
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Distributional densitized Gauss curvature
Let g € Regf(.7) and ¢ € V,c,’

<(Kw) g) Z KT ¥, 8 )+ Z KE((pvg)+ Z KV(‘P,g)

TeT Ec& vey

Kr(p.g) = / K(g) pwr

&)= [[x@lowe
2

T— > <@)eV)

T:VCT
=:Ov(g) (V) 15

Kv(p,g) =



. . . TECHNISCI_-{_E
Distributional Gauss curvature UNIVERSITAT

Distributional densitized Gauss curvature

Let g € Regf(.7) and ¢ € V,c,’

<(Kw) g) Z KT ¥, 8 )+ Z KE((pvg)+ Z KV(‘Pag)

TeT Ec& vey

K (%g)—/ K(g)pwr

/ k(g)]ewe
271'

= ) al(8)e(V) <z§(g)=afCC°5<tngt2>

TVeT I t1llgllt2]lg
=:0v(g) (V) 15

Kv(p,g) =
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Distributional scalar curvature (LSS

e Second fundamental form I(X, Y) = g(Vxn,Y)
2D 1I(t, t) = r(g)
e mean curvature H = tr(Il |F)

16
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e Second fundamental form I(X, Y) = g(Vxn,Y)
2D 1(, 1) = k(g)
e mean curvature H = tr(Il |F)

Distributional densitized scalar curvature

Let g € Regﬁ and p € V,‘;’

(Sere) =Y [ sewr+2 Y [IHowr

TeT Fez

+2Z/@E g)pwe

Ec&

[1 GawLIK, N.: Finite element approximation of scalar

curvature in arbitrary dimension, arXiv:2301.02159. 16
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WIEN

Convergence scalar curvature 2D

Let {gn}r>0 Regge metrics on shape-regular {74} p~0
triangulations of Q. Assume limp_,o [|gh — gl|1() = 0 and

G = suppso maxret, ||8hllwaee(r) < 00. Then

1(5w)(gn) — (Sw)(@)l11-> < C(1+ maxh7'llgn — gllL=(r)

+ max gy — &lwi=(n) lgh — &l
o2 = o2 gy + 7 #2lo2u

[1 GawLIk, N.: Finite element approximation of scalar
curvature in arbitrary dimension, arXiv:2301.02159. 17
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WIEN

Convergence scalar curvature 2D

Let {gn}h>0C Reg) optimal-order interpolants on shape-regular
{Th}h>o triangulations of Q. Assume limp,_o [|gh — gl () =0
and G = suppo maxte7; [|8hllwree(Ty < o0. Then

1(Sw)(en) — (Sw)(@)ll-2 < €+ gl ess

bol2 = llo1Bagqy + S Hlofucr)
Optimal- order mterpolant |Zhg — &lHm(T) < Chk " gl (T

[§ GawLIK, N.: Finite element approximation of scalar
curvature in arbitrary dimension, arXiv:2301.02159. 17
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Convergence scalar curvature N > 2

Assume additionally Co = supy-o maxreT, |gh|W2,<><>(T) < 00.

1(Sw)(gh) = (Sw)(@) | H-2(2) < C(1 + max h72llgn — gllee(r

Bis m7§x h;— lgn — g|W1,oo(T))|||gh — g

1017 = 1032y + S 310 By + S Wl

[] GawLIK, N.: Finite element approximation of scalar
curvature in arbitrary dimension, arXiv:2301.02159.

18
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Convergence scalar curvature N > 2

Assume additionally C; = sup,-.q maxre7;, |ghlwa2.0 (1) < 0.

1(Sw)(gn) — (Sw)(8)ll-2() < € H*|g] e

for k > 0.

012 = 102y + S WlolZscry + S HlolEry

[§ GawLIK, N.: Finite element approximation of scalar
curvature in arbitrary dimension, arXiv:2301.02159.

18
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Lifting of distributional Gauss curvature

For g € Regf find Kj, € VJ such that for all ¢ € D

/ Knpw = (Kw)(g), ¢).
Q

Convergence Gauss curvature
limp_o [lgh — &ll o) = 0, limp—o h™tlog h™t||gh — gll12) = 0
1K — Kl < €~ (llgn — gllpz + inf [[K — upl2)
& b uhEVk

h

[§ Gawrik: High-Order Approximation of Gaussian Curvature
with Regge Finite Elements, SIAM J. Numer. Anal. (2020). 19
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Lifting of distributional Gauss curvature

For g € Regf find Kj, € VJ such that for all ¢ € D

/waz«Kw@x@.
Q

Convergence Gauss curvature

g € Regl opt-order interp, —1 </ < k —2, g > max{1, k — 2}

165 = Kll g < €57 (lg s + 1K)

[§ Gawwrik: High-Order Approximation of Gaussian Curvature
with Regge Finite Elements, SIAM J. Numer. Anal. (2020). 19



TECHNISCHE
Convergence result (Gauss curvature) m ey

Lifting of distributional Gauss curvature

For g € Regf find Kj, € VJ such that for all ¢ € D

/ Knpw = (Kw)(g), ¢).
Q

Convergence Gauss curvature

g € Regl opt-order interp, —1 </ < k —2, g > max{1, k — 2}

IKh — Kllg-1 < Ch(|g|m + |K|12)

[§ Gawwrik: High-Order Approximation of Gaussian Curvature
with Regge Finite Elements, SIAM J. Numer. Anal. (2020). 19



TECHNISCHE
Convergence result (Gauss curvature) m ey

Lifting of distributional Gauss curvature

For g € Regf find Kj, € V" such that for all p € V; !

/ Knpw = (Kw)(g), ¢).
Q

Convergence Gauss curvature

&gh € RegZ canonical interpolant, —1 </ < k-1

1Kn — Klly-1 < C hi(lglwre + |K]12)

[§ GOPALAKRISHNAN, N., SCHOBERL, WARDETZKY: Analysis
of curvature approximations via covariant curl and

incompatibility for Regge metrics, arXiv:2206.09343. 19
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Lifting of distributional Gauss curvature

k+1

For g € Regf find Kj, € V; AR

such that for all ¢ € f}h

/ Knpw = (Kw)(g), ¢).
Q

Convergence Gauss curvature

&gh € RegZ canonical interpolant, —1 </ < k-1

1Kh = Kllpy < Ch™" (gl wssnoe + K] 1)

[§ GOPALAKRISHNAN, N., SCHOBERL, WARDETZKY: Analysis
of curvature approximations via covariant curl and
incompatibility for Regge metrics, arXiv:2206.09343.

19
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WIEN

H~2-norm of sub-term

100 102 10% 10% 10° 10° 107
ndof

100 g 5
1071 g
1072

103

H~2-error

1074 ¢

10-°

—— k=0

ek = N s 1
- N 1 N
0% g=2 G I

——k=1 N

) ) . ) L o
10t 102 10° 10 10° 10° 10t 102 10® 10* 10° 10° 107 10°®
ndof ndof

2D 3D 20
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1
- E(X4 +y%

T2

2
(1@ Ocfof ) - leesy
OxfO,f 1+ (d,f)

81(1—x*)(1—y?)
(9+x3(x* = 3)? + y?(y? — 3)%)

K(g) =

21
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Optimal-order interpolant (g = k + 1)

10t 4
w0k
WL
3 10 .
Cr02p el
- Sl - 7 3
107 S K~ el e O K K 1 K Kl 94
K Kl | g < o K~ Kol
4 4 10 -
07— | K — Kell2 | ) ——|[K = Kesllis | ) ) 107 | [K — Kexlr-2 ) >
10! 10? 10° 10% 10! 10° 10° 10* 10° 10! 10% 10° 10* 10°
ndof ndof ndof
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WIEN

Canonical interpolant

1071 E E
L 1072 1
102fF % E| 1030 ]
1073 ° 1 1074 1
S 104F 18 5 107 1
s 5 1070 1%
10°°F El
-9
10 [S K~ Kudlz 1K Kl 1 YRR
10-7 |2 I1K = Kexllp —o— ||K — Kexllpy—1 —o ||K — K|y SN
— 1K — Kexllti—2 . . 1070 | ——||K = Kexlu-2 | | . - 10712 |~ 1K — Kexll-2 i ;
10! 102 10° 10* 10! 102 10° 10* 10° 10! 102 10° 10 10°
ndof ndof ndof
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(Kw)(g Z/ wwr+2/[[ff g)lowet+ > Ov(g)e(V)

TeT Ec& vey

23
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(Kw)(g Z/ wwr+2/[[ff g)lowet+ > Ov(g)e(V)

TeT Ec& vey

e Observation: (Sgo =0 —trg(o) g

9 (Kw)(g + t0))]emo =

)
1. .
p” 3 divgdivg(Sgo) we

(dngA),' = 8JA,J — er,Ak_/ — FJ’jA,k

23
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Vo
E Eo
Hellan—Herrmann—Johnson method ;

Vi

Vo E;
: [onel v,

n

(divdivSe, up) = Z / divdivSe up dx — Z /[[(diVSU),, + Ve(on)unds
T E

TeT Ec&

3 S lowlTun(v)

vey TOV

[ M. Comobr: The Hellan-Herrmann-Johnson method: some
new error estimates and postprocessing, Math. Comp. (1989). ,,



TECHNISCHE
Idea of proofs: Integral representation m UNIVERSITAT

Vo
E Eo
Hellan—Herrmann—Johnson method ;

Vi

Vo E;
: [onel v,

n

(divdivSe, up) = Z / divdivSe up dx — Z /[[(diVSU),, + Ve(on)unds
T E

TeT Ec&

3 S lowlTun(v)

vey TOV
G(t)=gn+tlg —gn) on=G'(t) =g —gn

(K& ) = (K e 4} = 5 [ {aiveodivoSaolon).un) de

@ GAwLIK: High-Order Approximation of Gaussian Curvature with

Regge Finite Elements, SIAM J. Numer. Anal. (2020). 24
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Vo
E Eo
Hellan—Herrmann—Johnson method ;

Vi

Vo E;
: [onel v,

n

(divdivSe, up) = Z / divdivSe up dx — Z /[[(diVSU),, + Ve(on)unds
T E

TeT Ec&

3 S lowlTun(v)

vey TOV
G(t)=gn+tlg —gn) on=G'(t) =g —gn

L[ .
<(Kw)(g)v uh> - <(Kw)(gh)7 uh> = 5/ <d1VGh(t)d1VGh(f)SGh(f)(Uh)’ uh> dt
0
Show [(dive,(t)dive,(s)Se,(e)(n), un)l < Ch™"lgh — gl llunllre

@ GAwLIK: High-Order Approximation of Gaussian Curvature with

Regge Finite Elements, SIAM J. Numer. Anal. (2020). 24



TECHNISCHE
Integral representation scalar curvature m (LSS

{(5w)(a(8)),u) = (divgdivgSyo, ) — an(; 0, u)
I=01-Hg
agion) = 3 /| Gapwr+ 3 [ oleur
- | (@cele.le)ue

[ GawLIK, N.: Finite element approximation of scalar
curvature in arbitrary dimension, arXiv:2301.02159.

25
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{(5w)(a(8)),u) = (divgdivgSyo, ) — an(; 0, u)
I=01-Hg
an(g: 7, u) = 7;/T<G,U>uw+éﬁ<ﬂnﬂF,a\F>uwF
_;;ga/t_<eEg’E7U‘E>UWE

leads to distributional Einstein tensor for u =1

[ GawLIK, N.: Finite element approximation of scalar
curvature in arbitrary dimension, arXiv:2301.02159.
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Orthogonality properties of canonical interpolant m UNIVERSITAT

Alternative representation: (divgdivgSgo, up) = —(incg o, up)
/(0 — REo)e qdl = 0 for all g € PX(E)
E

/T(a — Rfo): qgda=0 for all g € PK71(T,R**?)

(inc(o — Rfo), up) = 0 for all up € VT

[§ GOPALAKRISHNAN, N., SCHOBERL, WARDETZKY: Analysis
of curvature approximations via covariant curl and
incompatibility for Regge metrics, arXiv:2206.09343.
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Alternative representation: (divgdivgSgo, up) = —(incg o, up)
/(0 — REo)e qdl = 0 for all g € PX(E)
E

/T(a — Rfo): qgda=0 for all g € PK71(T,R**?)
(inc(o — Rfo), up) = 0 for all up € VT

[(incg (0 — Rfa), up)| < Cllo — Rfa|l||uplp for all up € VETL

[§ GOPALAKRISHNAN, N., SCHOBERL, WARDETZKY: Analysis
of curvature approximations via covariant curl and
incompatibility for Regge metrics, arXiv:2206.09343.
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TECHNISCHE
Extension of Gauss curvature to 3D and nD m UNIVERSITAT

e Riemann curvature tensor Rjj has 6 independent entries
e Curvature operator Q : M — A% (M) ® A*(M)

(Qlunv),wAz)=(R(u,v)z,w) for all u,v,w,z € X(M)
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Extension of Gauss curvature to 3D and nD m UNIVERSITAT

e Riemann curvature tensor Rjj has 6 independent entries
e Curvature operator Q : M — A% (M) ® A*(M)

(Qlunv),wAz)=(R(u,v)z,w) for all u,v,w,z € X(M)

e No Gauss—Bonnet theorem in 3D

27



. . . . TECHNISCH_E
Distributional Riemann curvature UNVERSITAT

B fourth order tensor with same (skew-)symmetries as R

(Ro)(g), B) = 3 /T (R Byuwr+ /F (1], By )

TeT FeF

+Z/6E(g)BnVnVWE
E

Ecé&
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Distributional Riemann curvature UNVERSITAT

B fourth order tensor with same (skew-)symmetries as R

(Ro)(g), B) = 3 /T (R Byuwr+ /F (1], By )

TeT FeZ
+%AGE(g)Bnunqu
In 3D: V € Regf
(@)@ V) =3 /T @ Vywr+ Y /F (0], (n & n) x V)wr

TeT Fe7

+ Z ©k(g) Viete wE
Ecs’E

L
(Ax BYI = eI Ay By,
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. . . . TECHNISCH_E
Distributional Riemann curvature UNVERSITAT

B fourth order tensor with same (skew-)symmetries as R

(Ro)(g), B) = 3 /T (R Byuwr+ /F (1], By )

TeT FeF

+Z/6E(g)BnVnVWE
E

Ec&
In 3D: V € Regf

(@)@ V) =3 /T @ Vywr+ Y /F (0], (n & n) x V)wr

TeT Fe7
+ Z ©k(g) Viete wE
Ecs’E
(A x B)’j = w%siklgjm”AkmB/n

. T
Analysis: WIP -



TECHNISCHE

Numerical example (Curvature operator 3D) UNIVERSITAT

=
d‘ El
‘ E
<
——k=1
TR ] 10-3 S el TR
100 102 10° 10* 105 10° 107 10t 102 10® 10* 10° 10° 107
ndof ndof
optimal-order interpolant canonical interpolant
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e Regge finite elements approximating metrics

e Approximation of geodesics and curvature quantities

30



TECHNISCHE
UNIVERSITAT
Sum mary WIEN

Regge finite elements approximating metrics

e Approximation of geodesics and curvature quantities

Analysis of distributional Riemann curvature tensor

Analysis of Einstein tensor

Application to general relativity (Einstein field equation)
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July 9-11, Portland, Oregon Portland State

UNIVERSITY

www.ngsolve.org

www.youtube.com/@NGSolve @

NGSolve

Registration open!

Thank You for Your attention!
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