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(v vr)

e Change of normal vector measures curvature Vv

e How to define Vv for discrete surface?

ﬁ GRINSPUN, GINGOLD, REISMAN AND ZORIN: Computing discrete
shape operators on general meshes, Computer Graphics Forum 25, 3
(2006), pp. 547-556.
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(v vr)

e Change of normal vector measures curvature Vv

e How to define Vv for discrete surface?

e Distributional Weingarten tensor

(VU 0' g = / VI/|T odx + Z / //L VR O',U/z ds
TET, Ec&y

e Measure jump of normal vector
e Test function o symmetric, normal-normal continuous =

Hellan—Herrmann—Johnson finite elements

ﬁ N., SCHOBERL, STURM, Numerical shape optimization of
Canham-Helfrich-Evans bending energy, arXiv:2107.13794.



TECHNISCHE
Hellan—Herrmann—Johnson finite elements m UNIVERSITAT

HY(Q) = {u e L3(Q)| Vu € [L2(Q)]9}



TECHNISCHE
Hellan—Herrmann—Johnson finite elements m UNIVERSITAT

HY(Q) = {u e L3(Q)| Vu € [L2(Q)]9}
VK =PK(T) N C(Q)

N



TECHNISCHE
Hellan—Herrmann—Johnson finite elements m UNIVERSITAT

H(div) := {o € [L2(Q)]? | divo € L?(Q)}

N



TECHNISCHE
Hellan—Herrmann—Johnson finite elements m UNIVERSITAT

H(div) := {o € [L2(Q)]? | divo € L?(Q)}
BDM* := {o € [PX(7,)] | o, is continuous over elements}

NS




TECHNISCHE
Hellan—Herrmann—Johnson finite elements m UNIVERSITAT

H(divdiv) := {o € [L2(Q)]3:¢ | divdive € HH(Q)}

m

NS




TECHNISCHE
Hellan—Herrmann—Johnson finite elements m UNIVERSITAT

H(divdiv) := {o € [L2(Q)]3:¢ | divdive € HH(Q)}

m

Mf = {o € [PX(T) ;’yf;’ |nTon is continuous over elements}

SN SN 2R

@ A. PECHSTEIN AND J. SCHOBERL: The TDNNS method for
Reissner-Mindlin plates, J. Numer. Math. (2017) 137, pp. 713-740.
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error

Lifting of distributional Weingarten tensor
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Lifting of distributional Weingarten tensor

Find k € M,lf_l for 7, curving order k s.t. for all o € M,’f‘l

/ k:odx=(Vv,o)z
Th

Analysis technical but possible

ﬁ GOPALAKRISHNAN, N., SCHOBERL, WARDETZKY: Analysis of
curvature approximations via covariant curl and incompatibility for
Regge metrics, arXiv:2206.09343. 7
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Thin-walled structures

e Model of reduced dimensions

e Q={p(&)+20(¢): L cw,ze [-5,4]}

o X+ 20(8)) = ¢(X) +z (v + B) 0 §(X)
——

=Do¢
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e Model of reduced dimensions

o Q={p(&)+20(¢): Eew,z€ [-§,5]}
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t 3 R
W(u, )= Il + 5 IFTV (v o 0) = Vo3,

u...displacement of mid-surface
t...thickness
M ... material tensor

F=Vu+P=V¢, P=I1-0x0

1
E- %(FTF ~P)=3(Vu'Vu+Vu P+ PV)

7 X :
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WIEN

‘ 2
M

t t3 .
W(u, )= |EW)+ 54 IFTV(voe) - Vi

membrane energy
u...displacement of mid-surface
t...thickness

M ... material tensor

F=Vu+P=V¢, P=I1-0x0

1 1
E = E(FTF —P) = 5(vlﬁvu +Vu'P + PVu)
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t t3 .
W(u, )= §IIE(U)II?V: + QHFTV(V 0 ¢) — Vol

—>

membrane energy

u...displacement of mid-surface
t...thickness W
M ... material tensor

F=Vu+P=Vop, P=1-7®0D T
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WIEN

t tGk .
W(u, ) = Sl E)lis+ - |F 70 0] -
t3 -
+ g Isym(FT V(70 ¢) = Vo) 3y membrane energy

u...displacement of mid-surface

t...thickness m

M ... material tensor

F=Vu+P=V¢, P=I1-9p®7p T
1 1 bending energy
E= E(FTF - P)= E(vuTvU +Vu' P+ PVu)

—>

Mt shearing energy
9
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e Lifted curvature difference K via three-field formulation
t3
£(0, 5 ) = I E(w)ha + 12H KRy = (F, )
—l—Z/ —(FTV(vo¢)— VD)) :odx

TETh

+ Z / I/L,VR <I(QL,QR))O'IQ/1 ds

Eecé&y

e Lagrange parameter o € M,’,‘ moment tensor

e Eliminate kM — two-field formulation in (u, o)

@ N., SCHOBERL: The Hellan-Herrmann—Johnson and TDNNS
method for linear and nonlinear shells, arXiv:2304.13806.

10



. . TECHNISCH_E
Formulation: Koiter shell UNIVERSITAT

Shell problem
Find u € [VF]® and & € Mt for (H, == 3_,(V2ui)vi)

t 6
£(s,0) =2 | E@)la — ol — (F,u)

== Z/ro-:(Hl,—i—(l—ﬁ-Z/)Vﬁ)dx

TeTh
= Z /(<I(V[_, l/R) = <I(ﬁL, IQR))O'ﬁﬁ ds
Ec&, E
Mixed saddle-point problem — indefinite stiffness matrix

El N., SCHOBERL: The Hellan—-Herrmann—Johnson method for
nonlinear shells, Comput. Struct. 225 (2019). 11
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Shell problem (Hybridization)

Find ue [V}?and o € M, " and o « W/ ! for

£(u,0) = L 1E)Ia — sl - {F, )

—I—Z/a (H, + (1 -2 -v)VD)dx

TETh

aF Z / VL; VR <I(VL) VR)){{U/W}} + Qg [U%Wﬂ ds

Ecé,

{{U b= (UMLML + UMRMR) [[Jﬂﬂﬂ =O0pp — Opgpg

[§ N., ScHOBERL: The Hellan-Herrmann—Johnson method for
nonlinear shells, Comput. Struct. 225 (2019). 12
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e Piola transformation

wos =Pl = SFi  F =V, J=det(F)

N
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e Piola transformation

o= Pli] = %Fﬁ F = V¢, J = det(F)

e Preserve normal-normal continuity

1
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¢
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e Piola transformation

1
UO¢:P[0]:jFﬁ F =V¢, J=| cof(F)|
e Preserve normal-normal continuity
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vy, VR
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e Normal-normal continuous moment o

e Preserve kinks
e Variation of L(u, o) in direction do
/(<I(1/L, I/R) — <I(191_, IQR))(SO'[M] ds ; 0
: |
: 16

= <I(VL, VR) — <I(191_, l’)R) =0
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e Use hierarchical shell model Yyo¢
e Additional shearing dofs v in H(curl) Dog
o 7ogp=vop+yod="Lcof(F)o+(FT4 e

Free of shear locking

ﬁ ECHTER, R. AND OESTERLE, B. AND BISCHOFF, M.: A
hierarchic family of isogeometric shell finite elements, Comput.
Methods Appl. Mech. Engrg (2013) 254, pp. 170-180.
17
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e Use hierarchical shell model Yyo¢
e Additional shearing dofs v in H(curl) Dog
o 7ogp=vop+yod="Lcof(F)o+(FT4 e
e Free of shear locking
. t tkG | . 6
L(u,0,7) = §||E(U)||?w + 13117 - pl!dllﬁrl
+ Z / (Ho+(1—7-D)VD—V7): odx
ez, T
+> / (<(v, vR) — (D1, DR) + [A1]) o' ds
Ec&y E

17
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hell t 2 6 2
Liy (v, o) = EHSym(VCOVU)HM - gHUHM—l

lin
+ Z (/TH,; : de—/aT(V”Tﬁ)ﬂo'ﬂﬁ ds)

TeD,
6 8W
Eﬁfte(W7o’) - —;HO’HZ -1+ Z <[I_V2W Lodx - aT 87/}0-[)“& ds)
TeI,

18
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hell t 2 6 2
Liy (v, o) = EHSym(VCOVU)HM - gHUHM—l

lin
+ Z (/TH,; : de—/aT(V”Tﬁ)ﬂo'ﬂﬁ ds)

Tc9,
e wo) =~ Gloli+ Y ([ Pwioa [ SHopa)
t Te7, T oT 8”
A 7= V2W’ \f
divdivVew = f &
divdive = f, N 7ay

@ M. ComobI: The Hellan-Herrmann-Johnson method: some new
error estimates and postprocessing, Math. Comp. 52 (1989) pp.

17-29. 18
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Reissner—Mindlin shell and plate

she . t cov tkG N 6
£ (w,0,5) = Slsym(V ) + 57 A1 - ol
+ 3 (/(Hg—Vf):de—/ ((Vu"9)s %) ds)
Teg, T aT
late N tkG 6
i (w.o.3) =131 = Glleli
ow
+ (/ Viw — V4 :o’dx—/ — — Y 0'Md5>
Z _,_( ) 8T( au l) e

TeI,

ﬁ A. PECHSTEIN AND J. SCHOBERL: The TDNNS method for
Reissner-Mindlin plates, J. Numer. Math. (2017) 137, pp. 713-740.
19
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W(u) = t Emem(u) + 3 Epend(u) — f - u, F— 3f
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W(u) =t Emem(t) + Evend(u) — - u, f=t3f

Enforces Emem(t) = 0 in the limit t — 0
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Regf = {o ¢ [Pk(%)]gyfnd | tTot is continuous over elements}
H(curlcurl) := {o € [LQ(Q)]gde |curl (curl &) € [HH(Q))2I-3%2d=3)

m

ﬁ CHRISTIANSEN: On the linearization of Regge calculus, Numerische
Mathematik 119, 4 (2011), pp. 613-640.

@ L1: Regge Finite Elements with Applications in Solid Mechanics and

22
Relativity, PhD thesis, University of Minnesota (2018).
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Regf = {o ¢ [Pk(ﬂh)]gyx" | tTot is continuous over elements}

H(curlcurl) := {o € [Lz(r;Z)]gmed |curl (curl &) € [HH(Q))2I-3%2d=3)
P ‘ —
A ° R ° .1t o .. 1t
4 1t .. i

@ N.: Mixed Finite Element Methods For Nonlinear Continuum
Mechanics And Shells, PhD thesis, TU Wien (2021).

22
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Regﬁ ={e e PK7, R |[t"et]g = O for all edges E}

sym
A3
E> S
A E; Ao
e =VN OV,  test =, p1 = A VA O VA
RE : C%(Q) — Regk canonical interpolant

/(g — Rkg)it qdl = 0 for all g € PX(E)
E

/T(g — Rig): Qda=0 for all Q € P*"1(T,RZ3) N
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S ()l
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1
I E(un)] 3

e Reduced integration for quadrilateral meshes

24
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||IP E (un)a

e Reduced integration for quadrilateral meshes
e Regge interpolant for triangles

e Connection to MITC shell elements

[ N., SCHOBERL: Avoiding membrane locking with Regge
interpolation, Comput. Methods Appl. Mech. Engrg 373 (2021).

24
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NGSolve

—— — — —
e P per= =y 25100000 o=y pxaT= 2.6l = 26100000

27
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e Distributional curvature for bending energy
e Method for (non-)linear Koiter and Naghdi shells

e Hellan—-Herrmann—Johnson and Regge finite elements for
stress and strain/metric fields
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Summary & outlook uNNERSIAT

e Distributional curvature for bending energy
e Method for (non-)linear Koiter and Naghdi shells

e Hellan—-Herrmann—Johnson and Regge finite elements for
stress and strain/metric fields

e Coupling for 3D elasticity
e Computing high-precision reference values
e NGSolve Add-On
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