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Notation



Continuum mechanics

Deformation Φ : Ω→ R3

Displacement u := Φ− id

Deformation gradient F := ∇Φ

Cauchy-Green strain tensor C := FTF
Green strain tensor E := 1

2(C − I )

x

Φ(x)

u

Elasticity

W(u) =
1

2
‖E‖2M − 〈f , u〉
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Differential geometry

• Normal vector ν

Tangent vector τe

Element normal vector µ = ±ν × τe

µLµR

νL
νR

τe

TL TR

• F = ∇τ̂φ, J = ‖ cof(F )‖F

• ν ◦ φ = 1
J cof(F )ν̂

τe ◦ φ = 1
JB

F τ̂e
µ ◦ φ = ±ν × τe

φ

Ŝ S
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Thin-walled structures

t

ωξ

Ω x̂

ϕ

zβ

u

Ŝ

• Model of reduced dimensions

• Ω =
{
ϕ(ξ) + z ν̂(ξ) : ξ ∈ ω, z ∈

[
− t

2 ,
t
2

]}

• Φ(x̂ + z ν̂(ξ)) = φ(x̂) + z (x̂)
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Shell energy (Kirchhoff–Love)

W(u) =
t

2
‖E ττ (u)‖2M +

t3

24
‖FT∇(ν ◦ φ)−∇ν̂‖2M

• Membrane energy

• Bending energy

• Shearing energy

7



Shell energy (Kirchhoff–Love)

W(u) =
t

2
‖E ττ (u)‖2M +

t3

24
‖FT∇(ν ◦ φ)−∇ν̂‖2M

• Membrane energy

• Bending energy

• Shearing energy

7



Shell energy (Kirchhoff–Love)

W(u) =
t

2
‖E ττ (u)‖2M +

t3

24
‖FT∇(ν ◦ φ)−∇ν̂‖2M

• Membrane energy

• Bending energy

• Shearing energy

7



Shell energy (Kirchhoff–Love)

W(u) =
t

2
‖E ττ (u)‖2M +

t3

24
‖FT∇(ν ◦ φ)−∇ν̂‖2M

• Membrane energy

• Bending energy

• Shearing energy

7



Method and Shell Element



Moment tensor

W(u) =
t

2
‖E ττ (u)‖2M +

t3

24
‖FT∇ν −∇ν̂‖2M

+
t3

24

∑
Ê∈Êh

‖^(νL, νR)− ^(ν̂L, ν̂R)‖2M,Ê

• Measure change of angles

L(u,σ) =
t

2
‖Eττ (u)‖2M −

6

t3
‖σ‖2M−1 + 〈FT∇ν −∇ν̂,σ〉

+
∑
Ê∈Êh

〈^(νL, νR)− ^(ν̂L, ν̂R),σµ̂µ̂〉Ê

• σ has physical meaning of moment

• Fourth order problem → second order problem

8
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Ê∈Êh

‖^(νL, νR)− ^(ν̂L, ν̂R)‖2M,Ê
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• σ has physical meaning of moment

• Fourth order problem → second order problem

8



Moment tensor

W(u) =
t

2
‖E ττ (u)‖2M +

t3

24
‖FT∇ν −∇ν̂‖2M

+
t3

24

∑
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New formulation

Shell problem

Find u ∈ [H1(Ŝ)]3 and σ ∈ H(divdiv, Ŝ) for the saddle point

problem

L(u,σ) =
t

2
‖Eττ (u)‖2M −

6

t3
‖σ‖2M−1 + G (u,σ)− 〈f , u〉,

with

G (u,σ) =
∑
T̂∈T̂h

∫
T̂
σ : (Hν + (1− ν̂ · ν)∇ν̂) dx̂

−
∑
Ê∈Êh

∫
Ê

(^(νL, νR)− ^(ν̂L, ν̂R))σµ̂µ̂ dŝ.

Hν :=
∑

i (∇2ui )νi
9
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New formulation

Shell problem (Hybridization)

Find u ∈ [H1(Ŝ)]3, σ ∈ H(divdiv, Ŝ)dc and α ∈ Γ(Ŝ) for

L(u,σ) =
t

2
‖Eττ (u)‖2M −

6

t3
‖σ‖2M−1 + G (u,σ, α)− 〈f , u〉,

with

G (u,σ, α) =
∑
T̂∈T̂h

∫
T̂
σ : (Hν + (1− ν̂ · ν)∇ν̂) dx̂

−
∑
Ê∈Êh

∫
Ê

(^(νL, νR)− ^(ν̂L, ν̂R))
1

2
(σµ̂Lµ̂L + σµ̂R µ̂R ) dŝ

+

∫
Ê
αµ̂Jσµ̂µ̂K dŝ.

10



Finite element spaces

V k
h := Πk(T̂h) ∩ C 0(Ŝh)

Σk
h := {σ ∈ [Πk(T̂h)]2×2sym | Jσµ̂µ̂K = 0}

Γk
h := {α ∈ [Πk(T̂h)]2| Jαµ̂K = 0}

A. Pechstein and J. Schöberl:

The TDNNS method for

Reissner-Mindlin plates, J. Numer.

Math. (2017) 137, pp. 713-740.
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Mapping to the surface

• Piola transformation

u ◦ φ = P[û] =
1

J
F û F = ∇x̂φ, J =

∫

• Preserve normal-normal continuity

σ ◦ φ =
1

J2
F σ̂FT

φ

12
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Relation to HHJ



Hellan–Herrmann–Johnson method

• Discretization method for 4th order

elliptic problems

div(div(∇2u)) = f ⇒ u ∈ H2(Ω)

σ = ∇2u,

⇒ u ∈

div(div(σ)) = f ,

⇒ σ ∈ H(divdiv,Ω)

f

14
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Hellan–Herrmann–Johnson method

Hellan–Herrmann–Johnson

Find u ∈ H1(Ω) and σ ∈ H(divdiv,Ω) for the saddle point

problem

L(u,σ) =− 1

2
‖σ‖2 +

∑
T∈Th

∫
T
∇u · div(σ) dx −

∫
∂T

(∇u)τσµτ ds

− 〈f , u〉.

M. Comodi: The Hellan-Herrmann-Johnson method: some

new error estimates and postprocessing, Math. Comp. 52

(1989) pp. 17-29.
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Hellan–Herrmann–Johnson method

Hellan–Herrmann–Johnson

Find u ∈ H1(Ω) and σ ∈ H(divdiv,Ω) for the saddle point

problem

L(u,σ) =− 1

2
‖σ‖2 +

∑
T∈Th

∫
T
∇u · div(σ) dx −

∫
∂T

(∇u)τσµτ ds

− 〈f , u〉.

Linearization

If the undeformed configuration is a flat plane and f works

orthogonal on it, the HHJ method is the linearization of the

bending energy of our method.
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Kinks



Computational aspects

∫
Ê

(^(νL, νR)− ^(ν̂L, ν̂R))σµ̂µ̂

∫
∂T̂

(^({ν}

n

, µ)− ^({ν̂}, µ̂))σµ̂µ̂

{ν}

n

:=
1

‖νL

n

+ νR

n

‖
(νL

n

+ νR

n

)

µ

{ν}

{ν}
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Computational aspects

∫
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∫
∂T̂

(^({ν}n, µ)− ^({ν̂}, µ̂))σµ̂µ̂

{ν}n :=
1

‖νLn + νRn‖
(νL

n + νR
n)

µ

{ν}
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Computational aspects

∫
Ê

(^(νL, νR)− ^(ν̂L, ν̂R))σµ̂µ̂

∫
∂T̂

(^({ν}n, µ)− ^({ν̂}, µ̂))σµ̂µ̂

{ν}n := P⊥τe ({ν}n)

µ

{ν}

{ν}n
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Algorithm

Final algorithm

For given un compute

{ν}n = Av(un).

Then find u ∈ [H1(Ŝ)]3 and σ ∈ H(divdiv, Ŝ) for

L{ν}n(u,σ) =
t

2
‖Eττ (u)‖2M −

6

t3
‖σ‖2M−1 + G{ν}n(u,σ)− 〈f , u〉,

with

G{ν}n(u,σ) =
∑
T̂∈T̂h

∫
T̂
σ : (Hν + (1− ν̂ · ν)∇ν̂) dx̂

−
∫
∂T̂

(^(P⊥τe ({ν}n), µ)− ^({ν̂}, µ̂))σµ̂µ̂ dŝ.

17



Structures with kinks

• Normal-normal continuous moment σ

• Preserve kinks

• Variation of L(u,σ) in direction δσ∫
Ê

(^(νL, νR)− ^(ν̂L, ν̂R))δσµ̂µ̂ dŝ
!

= 0

⇒ ^(νL, νR)− ^(ν̂L, ν̂R) = 0

18
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Ê

(^(νL, νR)− ^(ν̂L, ν̂R))δσµ̂µ̂ dŝ
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Membrane locking



Membrane locking

1

t2
‖E ττ (uh)‖2M

• Reduced integration for quadrilateral meshes

• Regge interpolant for triangles

19
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Membrane locking
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Hyperboloid with free ends
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Numerical Examples



Cantilever subjected to end moment
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• E = 1.2× 106

ν = 0

L = 12

W = 1

t = 0.1

M = 50π3
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Cantilever subjected to end moment
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Cantilever subjected to end moment
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Cantilever subjected to end moment
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Hemispherical Shell
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Z-Section Cantilever

P

P

A

• P = 6× 105

E = 2.1× 1011

ν = 0.3

t = 0.1

L = 10

W = 2

H = 1

• Membrane stress Σxx at point A

p1 p3

8x6 −0.7620× 108 −1.0929× 108

32x15 −1.0777× 108 −1.0933× 108

64x30 −1.0989× 108 −1.0933× 108

ref −1.08× 108 26



T-Section Cantilever
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• P = 2× 103

E = 6× 106

ν = 0

t = 0.1

L = 1

W = 1

H = 1
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T-Section Cantilever

L

W

H

P

A

27



Summary

• Kirchhoff–Love shell element

• Moment tensor

• Kinks without extra treatment

• Generalization of HHJ to shells

• Possible extension to Reissner–Mindlin shells

Thank you for your attention!
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M. Neunteufel and J. Schöberl: Avoiding Membrane

Locking with Regge Interpolation,

http://arxiv.org/abs/1907.06232

29

http://arxiv.org/abs/1904.04714
http://arxiv.org/abs/1907.06232

	Notation
	Method and Shell Element
	Relation to HHJ
	Kinks
	Membrane locking
	Numerical Examples

	anm7: 
	7.10: 
	7.9: 
	7.8: 
	7.7: 
	7.6: 
	7.5: 
	7.4: 
	7.3: 
	7.2: 
	7.1: 
	7.0: 
	anm6: 
	6.17: 
	6.16: 
	6.15: 
	6.14: 
	6.13: 
	6.12: 
	6.11: 
	6.10: 
	6.9: 
	6.8: 
	6.7: 
	6.6: 
	6.5: 
	6.4: 
	6.3: 
	6.2: 
	6.1: 
	6.0: 
	anm5: 
	5.0: 
	anm4: 
	4.136: 
	4.135: 
	4.134: 
	4.133: 
	4.132: 
	4.131: 
	4.130: 
	4.129: 
	4.128: 
	4.127: 
	4.126: 
	4.125: 
	4.124: 
	4.123: 
	4.122: 
	4.121: 
	4.120: 
	4.119: 
	4.118: 
	4.117: 
	4.116: 
	4.115: 
	4.114: 
	4.113: 
	4.112: 
	4.111: 
	4.110: 
	4.109: 
	4.108: 
	4.107: 
	4.106: 
	4.105: 
	4.104: 
	4.103: 
	4.102: 
	4.101: 
	4.100: 
	4.99: 
	4.98: 
	4.97: 
	4.96: 
	4.95: 
	4.94: 
	4.93: 
	4.92: 
	4.91: 
	4.90: 
	4.89: 
	4.88: 
	4.87: 
	4.86: 
	4.85: 
	4.84: 
	4.83: 
	4.82: 
	4.81: 
	4.80: 
	4.79: 
	4.78: 
	4.77: 
	4.76: 
	4.75: 
	4.74: 
	4.73: 
	4.72: 
	4.71: 
	4.70: 
	4.69: 
	4.68: 
	4.67: 
	4.66: 
	4.65: 
	4.64: 
	4.63: 
	4.62: 
	4.61: 
	4.60: 
	4.59: 
	4.58: 
	4.57: 
	4.56: 
	4.55: 
	4.54: 
	4.53: 
	4.52: 
	4.51: 
	4.50: 
	4.49: 
	4.48: 
	4.47: 
	4.46: 
	4.45: 
	4.44: 
	4.43: 
	4.42: 
	4.41: 
	4.40: 
	4.39: 
	4.38: 
	4.37: 
	4.36: 
	4.35: 
	4.34: 
	4.33: 
	4.32: 
	4.31: 
	4.30: 
	4.29: 
	4.28: 
	4.27: 
	4.26: 
	4.25: 
	4.24: 
	4.23: 
	4.22: 
	4.21: 
	4.20: 
	4.19: 
	4.18: 
	4.17: 
	4.16: 
	4.15: 
	4.14: 
	4.13: 
	4.12: 
	4.11: 
	4.10: 
	4.9: 
	4.8: 
	4.7: 
	4.6: 
	4.5: 
	4.4: 
	4.3: 
	4.2: 
	4.1: 
	4.0: 
	anm3: 
	3.136: 
	3.135: 
	3.134: 
	3.133: 
	3.132: 
	3.131: 
	3.130: 
	3.129: 
	3.128: 
	3.127: 
	3.126: 
	3.125: 
	3.124: 
	3.123: 
	3.122: 
	3.121: 
	3.120: 
	3.119: 
	3.118: 
	3.117: 
	3.116: 
	3.115: 
	3.114: 
	3.113: 
	3.112: 
	3.111: 
	3.110: 
	3.109: 
	3.108: 
	3.107: 
	3.106: 
	3.105: 
	3.104: 
	3.103: 
	3.102: 
	3.101: 
	3.100: 
	3.99: 
	3.98: 
	3.97: 
	3.96: 
	3.95: 
	3.94: 
	3.93: 
	3.92: 
	3.91: 
	3.90: 
	3.89: 
	3.88: 
	3.87: 
	3.86: 
	3.85: 
	3.84: 
	3.83: 
	3.82: 
	3.81: 
	3.80: 
	3.79: 
	3.78: 
	3.77: 
	3.76: 
	3.75: 
	3.74: 
	3.73: 
	3.72: 
	3.71: 
	3.70: 
	3.69: 
	3.68: 
	3.67: 
	3.66: 
	3.65: 
	3.64: 
	3.63: 
	3.62: 
	3.61: 
	3.60: 
	3.59: 
	3.58: 
	3.57: 
	3.56: 
	3.55: 
	3.54: 
	3.53: 
	3.52: 
	3.51: 
	3.50: 
	3.49: 
	3.48: 
	3.47: 
	3.46: 
	3.45: 
	3.44: 
	3.43: 
	3.42: 
	3.41: 
	3.40: 
	3.39: 
	3.38: 
	3.37: 
	3.36: 
	3.35: 
	3.34: 
	3.33: 
	3.32: 
	3.31: 
	3.30: 
	3.29: 
	3.28: 
	3.27: 
	3.26: 
	3.25: 
	3.24: 
	3.23: 
	3.22: 
	3.21: 
	3.20: 
	3.19: 
	3.18: 
	3.17: 
	3.16: 
	3.15: 
	3.14: 
	3.13: 
	3.12: 
	3.11: 
	3.10: 
	3.9: 
	3.8: 
	3.7: 
	3.6: 
	3.5: 
	3.4: 
	3.3: 
	3.2: 
	3.1: 
	3.0: 
	anm2: 
	2.19: 
	2.18: 
	2.17: 
	2.16: 
	2.15: 
	2.14: 
	2.13: 
	2.12: 
	2.11: 
	2.10: 
	2.9: 
	2.8: 
	2.7: 
	2.6: 
	2.5: 
	2.4: 
	2.3: 
	2.2: 
	2.1: 
	2.0: 
	anm1: 
	1.19: 
	1.18: 
	1.17: 
	1.16: 
	1.15: 
	1.14: 
	1.13: 
	1.12: 
	1.11: 
	1.10: 
	1.9: 
	1.8: 
	1.7: 
	1.6: 
	1.5: 
	1.4: 
	1.3: 
	1.2: 
	1.1: 
	1.0: 
	anm0: 
	0.59: 
	0.58: 
	0.57: 
	0.56: 
	0.55: 
	0.54: 
	0.53: 
	0.52: 
	0.51: 
	0.50: 
	0.49: 
	0.48: 
	0.47: 
	0.46: 
	0.45: 
	0.44: 
	0.43: 
	0.42: 
	0.41: 
	0.40: 
	0.39: 
	0.38: 
	0.37: 
	0.36: 
	0.35: 
	0.34: 
	0.33: 
	0.32: 
	0.31: 
	0.30: 
	0.29: 
	0.28: 
	0.27: 
	0.26: 
	0.25: 
	0.24: 
	0.23: 
	0.22: 
	0.21: 
	0.20: 
	0.19: 
	0.18: 
	0.17: 
	0.16: 
	0.15: 
	0.14: 
	0.13: 
	0.12: 
	0.11: 
	0.10: 
	0.9: 
	0.8: 
	0.7: 
	0.6: 
	0.5: 
	0.4: 
	0.3: 
	0.2: 
	0.1: 
	0.0: 


