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Navier-Stokes

u(x,t)... velocity
p(x,t)... pressure

@+(u.v)u—yAu+Vp:f

ot
div(u) =0
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e H' elements for velocity and pressure
AN

o P:=TYTp) N COQ)

%-v—{-(u-V)u-v—i—qu:Vv—div(v)de:O YveV
Q
/div(u)qu =0 VqeP
Q

e Only discrete divergence-freeness

/div(u)quzO Vge P % div(u)=0
Q

div(v) ¢ P
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e Velocity in H(div) := {u € [L2(Q)]" : div(u) € L%(Q)}
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e Velocity in W = {uc [N%(Ty)]": [u-n]r =0, VF € Fp}

e Raviart-Thomas and BDM elements

X
VoW
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e Pressure in Q := M¥[T3]

e There holds

div(H(div)) < L%(Q)
div(W) < Q@
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(Exact) sequence in continuous setting

Simply connected domains

ker(div) = range(curl)
div(f)=0 = 3JA:cwl(A)="
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De Rham complex part 1 m UNIERSITAT

HY —Y s H(ewl) -0 H(div) —2% (2
U U
dth

Wh, Qn

(Exact) sequence in continuous setting

Simply connected domains

ker(div) = range(curl)
div(f)=0 = 3JA:cwl(A)="

Mimic this sequence in discrete setting
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e Additional facet variables for tangential continuity
o Fi={ae[N"(Fu]": 4d-n=0}

S ZRENEN Ve



H(div)-conforming HDG m NNERSITT

WIEN

e Additional facet variables for tangential continuity
o F:={0c[NXFy]": G-n=0}
eV =WXxF

S ZRENN Ve

VIS
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e Polynomials on each triangle T

—/Auv

-

:/VUVV—/ @v
T o1 On

[§ LEHRENFELD Hybrid Discontinuous Galerkin methods for
solving incompressible flow problems. 2010
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e Polynomials on each triangle T
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e Consistency term for symmetry

[§ LEHRENFELD Hybrid Discontinuous Galerkin methods for
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e Polynomials on each triangle T

—/Auv
-

:/VUVV—/ @(V—V)
T 8T8nw

=(v—7)r

ou . ov . N .
—/TVUVV— 8T%(V—V)T—%(U—U)T+a(v—v),.(u—u)T

e Consistency term for symmetry

e Stability term, o = C(Q)k—h2

[§ LEHRENFELD Hybrid Discontinuous Galerkin methods for
solving incompressible flow problems. 2010
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e Incompressibility constraint

/ div(u)gdx =0
Q
e exact divergence-free solutions

/ div(u)gdx =0 Yq € Q= div(u) =0
Q
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e Up-winding technique for convection
e Glueing facet variable to upwind triangle

ur,



TECHNISCHE

Arbitrary Lagrangian Eulerian (ALE) description UNIVERSITAT

e Fluid problems in Eulerian form

e Fix mesh, particles move @. ’f}-‘ e -




TECHNISCHE

Arbitrary Lagrangian Eulerian (ALE) description UNIVERSITAT

e Fluid problems in Eulerian form
e Fix mesh, particles move @. ’f}-‘ e -

e Elasticity problems in Lagrangian
form

e |dentify mesh nodes with

particles, mesh “moves” "



Arbitrary Lagrangian Eulerian (ALE) description

e Fluid problems in Eulerian form
e Fix mesh, particles move
e Elasticity problems in Lagrangian
form
e |dentify mesh nodes with

particles, mesh “moves”

e ALE combines both

TECHNISCHE
UNIVERSITAT

WIEN
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o ® = id + d describes the movement of the domain

e Use chain rule and transformation theorem

gltj-v—i—(Vuu)-v—i—l/Vu : Vv —div(v)pdx =0
Q

/ div(u)gdx =0
Q
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o ® = id + d describes the movement of the domain

e Use chain rule and transformation theorem
ou
[J(& v+ (Vuu) - v+vVu: Vv —tr(Vv)p)oddx =0
Q
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o ® = id + d describes the movement of the domain
e Use chain rule and transformation theorem

/J —v+qu Yo Yo+ vVaFIVoF ! —tr(VOF 1p) =0

/ Jtr(VaF1Hg=0
Q

uod=ag, vod=79, ...

(Vyiu)o® = ViiF 1 F=1+Vd
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ALE for Taylor-Hood elements m UNIVERSITAT

o ® = id + d describes the movement of the domain
e Use chain rule and transformation theorem

/J —v+qu Yo Yo+ vVaFIVoF ! —tr(VOF 1p) =0
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e Piola-transformation to preserve normal-continuity

Pla] = %Fﬁ, F—1+Vd, J = det(F)
11
le(jFU)—JdIV(U)

e Second additional term from differentiating uo ® = = Fii

=

(VdF~! —tr(VdF 1)) P[a]
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/VU:VV—/ Vun(v — V),
T oT

/JVP[u]F_1VP[v]F_1—/ JondVP[u]F T n(P[v] = F~T0)r,
T oT

e SetDeformation() function in NGS-Py @

NGSolve
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e Stokes operator D, convection C, mass M
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o Nonlinear displacement dependency



TECHNISCHE
Time discretization first approach m UNIVERSITAT

Stokes operator D, convection C, mass M

Neglect pressure and facet variables

M(d)g;’ + D(d)u+ C(d,d,u) =0

Nonlinear displacement dependency

Use product rule to rewrite

0 0 '
5; (M(d)w) = = (M(d)) u+ D(d)u + C(d d, u)
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Time discretization first approach m UNIVERSITAT

Stokes operator D, convection C, mass M

Neglect pressure and facet variables

M(d)g;’ + D(d)u+ C(d,d,u) =0

Nonlinear displacement dependency

Use product rule to rewrite

0 0 '
5; (M(d)w) = = (M(d)) u+ D(d)u + C(d d, u)

Using RK-Methods (IMEX)
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. . . . TECHNISCHE
Time discretization (IMEX) m UNIVERSITAT

e Stokes operator D implicit, convection C explicit

e Different schemes depending on choice of integration rule and
difference quotient of

tn+1

e For second order scheme central difference quotient

dn — dnfl
(Mni1+7Dny1) (0" = u") = =7 <Dn+1”"+1 + G(———, U")>

T
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TECHNISCHE
Time discretization (implementation) m LIy

e SetDeformation() only for known deformation

e Differentiate all terms (e.g. VP[u]) @

e Extrapolate deformation at least linearly

dn+1 ~ dextr =2d" — dn—l

e For second order schemes quadratic extrapolation needed
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WIEN

e Given displacement

S5nx

da(x,y,t) = tsin(mt)x(2 — x)y(1 — y)sin(

S AR S e A A VA N e ey A A AN

S EAVAN NS = D TAVA A VAV QN

VAW, AV AL\ A TN /N

—RVAVAVAVES: = v MVAVAVAV S =2 25 |
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err = Huh(Tend) - Uexact||[_2(Q)

107! . —e—  direct 10-2 R —e— direct
AN —=— extrapolate S ---0(?)
1073
1072
5 100
= &
—3
10 L5
106
10-*
107! 1072 10— 101 102 1073

Time step 7 Time step 7
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Time discretization part 2 UNIVERSITAT

e Crank-Nicolson and Newton

M(u™t — u") + %A(u"+1 +u") 4+ 7Bp™ + g(C(u”H) +C(u") =0

BTy =0

e shifted Crank-Nicolson (§ := 1 +¢)

AOu™ + (1 —0)u™)
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Deformation d:Q - R3
Displacement d:=o—id
Deformation gradient F:=Vo

ﬁ
&/ ‘ZJQ_ 8
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Deformation d:Q - R3
Displacement d:=o—id
Deformation gradient F:=Vo

Cauchy-Green strain tensor C := FTF

[[®(x + Ax) — d(x)|>  AxTFTFAx
= + O(||Ax]])
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Deformation d:Q - R3
Displacement d:=o—id
Deformation gradient F:=Vo
Cauchy-Green strain tensor C :=FTF

Green strain tensor E = §(C —1)
Linearised strain tensor e(d) = 4(Vd" + Vd)

[9(x + Ax) — &(x)[[> _ AxTFTFAx
+O([|Ax][)
[ Ax[]? || Ax]]?

~ Z/Ed
D(x)
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Elast|C|ty UWI}IIIE\:\]ERSITAT

Deformation d:Q - R3
Displacement d:=o—id
Deformation gradient F:=Vo
Cauchy-Green strain tensor C :=FTF
Green strain tensor = %(C —1)
Linearised strain tensor e(d) = 4(Vd" + Vd)
Hook's Law Y = 2uE + Mr(E)/
[|®(x + Ax) — d(x )H2 AxTFTFAx
[ax]? laxe U

~ Z/Ed
D(x)
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Deformation d:Q - R3
Displacement d:=o—id
Deformation gradient F:=Vo
Cauchy-Green strain tensor C :=FTF
Green strain tensor = %(C —1)
Linearised strain tensor e(d) = 4(Vd" + Vd)
Hook's Law Y = 2uE + Mr(E)/
[|®(x + Ax) — d(x )H2 AxTFTFAx
+0O(l|ax]])
|| Ax][2 [|Ax][2
Elasticity

—div(FX) =g B(»)
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F=1+Vd E=3%C-1)
C=FTF Y = 2uE + Mr(E)/

Elastic wave

2

d .
Po ~ div(FY)=g
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Elastic wave equation UNIVERSITAT

F=1+Vd E=3%C-1)
C=FTF Y = 2uE + Atr(E)/

Elastic wave

d =u
pu—div(FY) =g

»
' 4

w’
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e H! elements for displacement and velocity
e Same polynomial order, V := [M*(7;)]" N [C%(Q)]"

Find (d,u) € V x V such that

6d-wdx=/u-wdx Vw e V
Q Ot Q

pau-vdx:—/(FZ):Vvdx YVveV
o Ot Q
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e Elasticity operator K and mass M

dn+1_dn _1 , il
T S

n+l _ ,n n+1 n
Ml d
T 2

)



. . . . TECHNISCH_E
Newmark time discretization UNVERSITAT

e Elasticity operator K and mass M

n+1 __qn n+1
d =d 2(u +u™)

—un dn+1+dn
M——"—=—Kk(=—%—)

e Eliminate d"! with first equation

"™ =" — MK (d" + 4(u +u"+1))
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Newmark time discretization m UNVERSITAT

e FElasticity operator K and mass M

dn+1 —d" + g (un + un—i—l)
Mun+1 —uyn B K(dn+1) 4 K(dn)
T N 2

e Eliminate d"*! with first equation

K(d"+Z (u" + u™1)) + K(d")

=y — Mt i
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Numerical example UNIVERSITAT

e Energy conservation important

o Neo-Hook's law
A
= %(/ - det(C)_ﬂ)C_1

2
Etot:Ekin+Epot:/|u2|—l-f'd—l-Z(d)dX
Q
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N
err = ; |En(t:)]

2
10 —e— newmark

NS --- o)

Error
—
S

w

107! 10-2 10-3
Time step 7

e Quadratic convergence rate
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e Displacement again in H', H := [M%(Q)]" N [C%(Q)]"

e Velocity in H(curl)-conforming space V

Find (d,u) € H x V such that
@-vdx :/u-vdx Vv eV
t Q

0

ou
/p-wdx——/(FZ):dex Ywe H
o Ot Q
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e Velocity is an one-form (Whitney forms)

e H(curl) natural space for one-forms
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The space H(curl) NIESTAL

o H(curl) := {u € [L2(Q)]" : curl(u) € [L*(Q)]"}
o V:={ue[NXT)]": [u-T]F =0, VF € Fp}

o Nédélec elements 1st and 2nd kind

VANEERVAN
VoW
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H Y, H(curl) —— H(div) _dv g2
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e (Exact) sequence in continuous setting
e Simply connected domains
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De Rham complex part 2 UNIVERSITAT

curl

H Y, H(curl) —— H(div) _dv g2

U U U U

curly

v div
Qr —— V4 W, — S,

e (Exact) sequence in continuous setting
e Simply connected domains

e Mimic this sequence in discrete setting
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\]

1
T, 2

ST

\1

“(u"tt —u") - WdX——/(F'H_%Z(C’H—;))ZVWdX Vw e H
Th



- . . . TECHNISCH_E
Time discretization UNIVERSITAT

WIEN

—

\]

1
T, 2

ST

\1

S(u"tt = ") de_—/(F”+éz(c"+é)):dex Yw e H
Th
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1 1
/ —(d"t —d") - vdx :/ E(U”H—l—u")'vdx VveV
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1
/ %(d”“—d”)wdx :/ E(U”H—l—u")'vdx VveV
Th Th

T

/l(u”+1—u")-wdx:—/(F”*éz(C’”é)):dex Vw e H
Th Th

Fred = (F(d™) + F(d")
1

Cn+% — %(C(dnJrl) + C(dn)) _ 5(ll_—T(dn+1)I_—(dn+1) + FT(dn)F(dn))

e Mix of midpoint and Crank-Nicolson
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100 —e— dynamicsstart

Error

1071 1072 1073
Time step 7

e Optimal convergence rate

e Better than Newmark
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/8d'Vd$ —/u-vds Yv eV

r ot r,

/8uA av-(u—10),ds 0 Yo eV
— 0y —av(u—0), =

r 8n
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Couplmg problem UNIVERSITAT

/u vds VYveV
0

r—av(u—10);ds VoeV

e v
|

e H(curl) testfunctions on solid and fluid interact!

e Wrong behavior on the interface, equations are not fulfilled
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Find (d,u) € H x V such that

%-vdx :/u-vdx VveV
Q Ot Q
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Find (d,u,p) € H x V x P such that
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Find (d,u,p) € H x V x P such that

od
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Find (d,u,p) € H x V x P such that

od
8t g dx —/u-qu Vge P
Q
8u
cvdx = [ p-vdx YveV
"ot Q
/p'wdx :—/(FZ):dex Ywe H
Q Q

P=7
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Find (d,u,p) € H x V x P such that

od
8t g dx —/u-qu Vge P
Q
8u
cvdx = [ p-vdx YveV
"ot Q
/p'wdx :—/(FZ):dex Ywe H
Q Q

P = H(curl, Q)*
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Find (d,u,p) € H x V x P such that

od
8t g dx —/u-qu Vge P
Q
8u
cvdx = [ p-vdx YveV
"ot Q
/p'wdx :—/(FZ):dex Ywe H
Q Q

P = H(curl, Q)*

p = H(curl)-TrialFunction() @
p = p.Operator(" dual™)

NGSolve
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The dual space H(CUI")A< uwr}lngRsnAT

e Facet and inner components
e Facet (V')

v»—>/ Vr - Qi ds {q} ... basis of MX(E)
E
e Inner (NV'):

Vi / V- Qg dx {qk} ... basis of RT;_»(T)
T

SymbolicBFI( p - v, element_boundary = True)
SymbolicBFI( p - v, element_boundary = False)
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/pau-vdx :/p-vdx YveV
r, Ot r
au ~TA —TA ~ A
—F 'V, —aF U (u—0);ds=0 VeV
r 8n

e Forces are interchanged over the interface
e Correct behavior

e Velocity in fluid in material coordinates
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Transformation to material coordinates m UNIVERSITAT

e Covariant transformation from global to material velocity

u=FTa, curl(F~Ta) = Plcurl(d)]

e Dual transformation for p

p=Fp
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Find (d, d,p) € H x V x V* such that

ZCZ-(Fq)dx :/0-qu Vge V*
Q Q
/pa(FTﬁ)-(FTV)dX:/ﬁ'VdX Vv eV
o Ot Q
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WIEN

Find (d, 0, p) € H x V9 x /"9 such that

8d - (Fq) dx :/ G- qdx Vg e Voo
Q
/ (F Ta)y-(F v)dX:/ﬁ~vdX Vv e Vo
61’ Q
/(Fﬁ)-wdx :—/(FZ):dex Yw e H
Q Q

e Static condensation for discontinuous & and p

e Further discretisation in 2d and 3d



TECHNISCHE

H(curl)-conforming discretization 3d UNIYERSITAT

WIEN

Find (d, d,p) € H x V x V* such that
d
a—-(Fq)dx :/ﬁ‘qu Vg e V*
Qﬁt

/ p(FTa-F Tv+F Ta-F Tv)dx
Q
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WIEN

Find (d, d,p) € H x V x V* such that

od
8—-(Fq)dx :/ﬁ‘qu Vge V*
Q Ot Q
/p(F_TfJ-F_Tv+s3'111(FTU-FTV)
Q
+ skew(F~Ta- F~Tv))dx = [ p-vdx VYveV
Q

/(Fﬁ)'w+(FZ):dex =0 Vw e H
Q
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WIEN

Find (d, d,p) € H x V x V* such that

d
a—-(Fq)dx :/ﬁ‘qu Vg e V*
q Ot Q
: 1 .
/p(F_Tﬁ-F_TvClCClL?-v
Q 2
+ —curl(d) x (F~7a) - v)dx = [ p-vdx YveV
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Find (d, d,p) € H x V x V* such that

d
gt-(Fq)dx :/ﬁ-qu Vge V*
Q Q

1
— speurl(d)rot(d) - v) dx = [ p-vdx VYveV
2J Q

/(Fﬁ)'W—F(FZ):dex =0 Vw e H
Q
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WIEN

1
/;, ; dn+1 dn) :/T T vq
h h
u" n+l _ ~n
/ C, 1u v—(,',;l(:27(:(:n_1 Unp -V
Th T

curl(upm)rot(um) - v

s v
2dt(C) Pm v WV

A

/mme+Fz)VW
Th

I
o
<C
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1
/ - dn+1 dn) :/ T vq
Tn T T
u" n+l _ ~n

/Clu v—(:,;l!(:n_1 Unp -V
Th 2T
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1
/ - dn+1 dn) :/ Um - q Vq
Tn T T
u" n+l _ ~n

/ C lu ¢ 1C < Cn_1 Um -V
Th 2T

mcurl(um)rot(um)-v = Than v Vv
/ + (FmZm) : Vw =0 Yw
Th



. . TECHNISCHE
Numerical experlment UNIVERSITAT

WIEN

—e— velmom
1071 --- 0(r?)

Error

107! 1072 1073
Time step 7



WIEN

. . TECHNISCHE
Numerical experlment UNIVERSITAT

—e— velmom
1071 --- 0(r?)

Error

107! 1072 1073
Time step 7

e Again quadratic convergence rate in time
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e Deformations are not expected to be enormous
e Lagrangian form is satisfying

e No further transformations needed




Coupling
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e Velocity and displacement continuous over [,

e Forces are in equilibrium

/\/Iau+Du+C(u):/a,’;ds
ot r

0%d
M— = >
52 + K(d) /r, o, ds



., . TECHNISCH_E
Interface conditions UNNVERSITAT

e Velocity and displacement continuous over [,

e Forces are in equilibrium

M@+Du+ C(u) :/ of ds
r

..z/a,fds%—/af,ds
I I



., . TECHNISCH_E
Interface conditions UNNVERSITAT

e Velocity and displacement continuous over [,

e Forces are in equilibrium

M@+Du+ C(u) :/ of ds
r

..:/ads+/ dSAO
r ry

e Monolithic approach
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e Continuity of displacement and tangential continuity of
velocity fulfilled

d*=df, us=uf on Iy

e Normal continuity by Lagrange multiplier

Ids
/ (uf = ) =0 VYA€ L)
r ()t
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domain
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[ J(%o +VOaFHa — dYo+vVaFIVoF Tt — tr(VOF1)p) =0
Q

[ Jtr(VaF1Hg=0
Q

e Extend the information d® from the interface to the fluid
domain

I's

Qs
Iy

Fin Qf 1—‘out

I';
QS

T's
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e Solve a simple Poisson problem for a given d°

—Adf =0, inQf
df =0, ondQ
df =d° onT,

—div(e(df)) =0, inQf
df =0, ondQ
df =d°, onT,

e Elements get pressed through @
e Equations not “stiff” enough
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e Use space-dependent coefficients
h(X)~t = y/|dist(X)[2 + ¢

0. BUde+d0 2.500e-62 5. Bude-82 7. 500e-02 1.6ode-01
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e Use space-dependent coefficients

h(X)~1 = \/|dist(X)|2 + ¢

e Elements are pressed through the boundary @

e A-priori knowledge of “singularities” is needed
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e Penalize the volume, J := det(/ + Vd?)

/ %]quz dx — min!
Qf

\

df =0, ondQ Macss
df =d° onT,

e Works quite good

e Nonlinear @
e Sometimes compressed very strong (integration
points)
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TECHNISCHE

Deformation extension UNIVERSITAT

WIEN

e Combination of both gives the best results @
e Important for stability

N(u, %) = h(%)(E + det(C)"2 — 1)
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e Solve with Newton’'s method



. TECHNISCHE
Solvmg the system UNVERSITAT

Put everything together in huge “bilinear” form

Extrapolate deformation for SetDeformation()

Solve with Newton's method

At the moment direct solver @



Numerical example
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Qsol id
Tin O: Tou
e g Q ftuia !

Iy

e Parabolic inflow

e Quantity of interest: y-displacement of A

[ TUurREK AND HRON Proposal for numerical benchmarking of
fluid-structure interaction between an elastic object and
laminar incompressible flow. 2006
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Video

.608e+00 5.508e-01 1.100e+00 1.656e+00 2.2000+00
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Benchmark (Turek/Hron) UNNVERSITAT

Coarsest mesh level in benchmark
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e Uniform h refinement
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2 —o— Turek
0,3 —a— HDG-VM
0,4

1073

Error

10* 10°
ndof

e Uniform h refinement

e Faster convergence with p refinement
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UNIVERSITAT
Sum mary WIEN

ALE for H(div)-conforming HDG Navier-Stokes

New spatial discretization for elastic wave equation

Coupling of both equations

Deformation extension
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Preconditioner, faster solvers

Improved deformation extension

Splitting methods



TECHNISCHE
Current work M UNIVERSITAT

WIEN

Appropriate time discretization for elastic wave equation

Preconditioner, faster solvers

Improved deformation extension

Splitting methods

THANK YOU FOR YOUR ATTENTION!
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