FEM meets Differential Geometry: Curvature approximation
with distributional finite elements

Michael Neunteufel (Portland State University)
Jay Gopalakrishnan (Portland State University)
Joachim Schéberl (TU Wien)

Max Wardetzky (University of Gottingen)

Portland State F W Austrian

UNIVERSITY Science Fund
Project J 4824-N

ENUMATH25, Heidelberg, Germany, September 5, 2025



Extrinsic & intrinsic curvature Portland State

UNIVERSITY

S cR?
e Surface S embedded in R3
/D
e Normal vector v : S — S? &
» | Q cR?
e Shape operator, Weingarten tensor, second fundamental g

form Vv ﬂ 7,8

e Eigenvalues 0, k1, Ko %
Mean curvature H = 0.5(k1 + k2) = 0.5tr (Vv) = extrinsic curvature
Gauss curvature K = k1kp = det(Vv + v ® v) = intrinsic curvature

Intrinsic curvature is independent of the embedding (surrounding space)



Extrinsic curvature



Weingarten tensor Portland State
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e Weingarten tensor Vv is classically well-defined for C? surfaces (C! and pw C?)
e Consider piecewise affine surface
e Normal vector v is piecewise constant and jumps
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Weingarten tensor Vv is classically well-defined for C? surfaces (C! and pw C?)
Consider piecewise affine surface

Normal vector v is piecewise constant and jumps
e How to define and approximate the Weingarten tensor?
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Weingarten tensor Vv is classically well-defined for C? surfaces (C! and pw C?)

Consider piecewise affine surface

Normal vector v is piecewise constant and jumps
e How to define and approximate the Weingarten tensor? = Discrete differential geometry

2 3
e Steiner's offset formula: Vol(B.(X)) = Vol(X)+e Area(aX)+%f HdA+% K dA
ox ox
Dihedral angle formula: Z ag |E|

Ecé

STEINER: Uber parallele Flichen, Preuss. Akad. Wiss. (1840)



Weingarten tensor Portland State
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Weingarten tensor Vv is classically well-defined for C? surfaces (C! and pw C?)
Consider piecewise affine surface

Normal vector v is piecewise constant and jumps

e How to define and approximate the Weingarten tensor? = Discrete differential geometry
2 3

e Steiner's offset formula: Vol(B.(X)) = Vol(X)+¢ Area(aX)+%f HdA+= K dA

ox 3 Jox
Dihedral angle formula: Z ag |E|

Eeé
How to define a generalized Weingarten tensor object? Combine FEM & DDG!

STEINER: Uber parallele Flichen, Preuss. Akad. Wiss. (1840)
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o Sobolev perspective: v ¢ H!, but v e [?
e Vv ¢ L2 itis a distribution (or measure) )

o Define distributional Weingarten tensor (W, = (Wu) - 1)

vy ( R
(Vv Wz = > f Vv : Wda+ ZJ X(vi,vr) Wy dl K
TegJT Eeé& E
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DDG & FEM Portland State

UNIVERSITY

o Sobolev perspective: v ¢ H!, but v e [?

e Vv ¢ L2 itis a distribution (or measure) )

Define distributional Weingarten tensor (W, = (W) - 1) (

VL VR
(Vv Wz = > f Vv : Wda+ ZJ X(vi,vr) Wy dl k
TegJT Eeé& E

e Test function space TN
2 3x3 " (’ -
Y ={oe (T, Ryn) : (ov)lr =0, (ouu)lr, = ()| 7x}
e Motivation: TDNNS method: VH(curl) ¢ H(divdiv)*

> ... Hellan-Herrmann—Johnson space

PECHSTEIN, SCHOBERL: Tangential-Displacement and Normal-Normal-Stress Continuous Mixed
Finite Elements for Elasticity, M3AS (2011) 4



Example curvature approximation

Lifting of distributional Weingarten tensor

Find k € £} ' for 7 with curving order k such that for all o € £} "

f Kk:oda=(Vv,o)z.
T

o |5~ V|2 k=1

error

Portland State

o i~ Vielz k=1

error

o k- Vel k=1

-5
—o— | — Vvex |1 k=1 107% | —— |k — Ve k=1 0| [ — Vvex| g k=1

—o— [ — Vrex|iz k=2 106 |7 Is = Vrlie k=2 —o— [k — Vel k=2

5 = Vrex|p2 k=2 . 5 = Vx|l k=2 . 10-6 |5 = Vel k=2 .
10° 10 10° 10% 10° 10 10° 10? 10° 10 10°

ndof

ndof

ndof




Error analysis (integral representation) Portland State
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o If 7 — S, does kK — Vu?
e Dihedral angle (v, vg) is highly nonlinear

e Approach: Parameterize ®(t) = & + t(d;, — ®) and use
integral representation of the error

1
<VU,0’>9—J Vu:ada=f i(VVm')gdt
s o dt



Error analysis (integral representation) Portland State

UNIVERSITY

o If 7 — S, does kK — Vu?
Dihedral angle (v, vg) is highly nonlinear

Approach: Parameterize ®(t) = & + t(d;, — ®) and use
integral representation of the error

1
<VU70'>9—J VI/ZO'da=J i(VVm')gdt
s o dt

Problem: Test function o depends on embedding ¢
Y ={oel?*(7,R3) : (ov)|T =0,

Sym

(o'uu)|TL - (UN«/J)|TR}



Error analysis (integral representation) Portland State
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o If 7 — S, does kK — Vu? S 7
e Dihedral angle %(v.,vg) is highly nonlinear Q &
e Approach: Parameterize ®(t) = & + t(d;, — ®) and use

)

integral representation of the error ®
h

1
<VU70'>9—J Vu:ada=f i(VVm')gdt
s o dt

Q
e Problem: Test function o depends on embedding ®
e Solution: Use fixed reference domain (Uhlenbeck trick) L = {o € Lz(yaR:yxnsl) t (ov)|r =0,
e Then estimate integrand (o)1 = (o)1}



Linearization Portland State

UNIVERSITY

Theorem (Gopalakrishnan, N.)
There holds for o € ¥ and X = ¢

%<VU, o)y = a(d;,0,X) + b(P;0,X),

where with #,, = hesse(X);v;

a(b; o, X) = Z JT —div(X)Vv: o — Z JE(VX)TT%E(VL,VR)O'W,

TeT Ee&

b(®;0,X) = )] L ~Hy:io+ ), JEH(VX)VMHEUHM-

= Ee&
Bilinear form b(®; o, X) is closely related to the surface Hellan-Herrmann—Johnson method

@ WALKER: The Kirchhoff plate equation on surfaces: the surface Hellan—Herrmann—Johnson
method, IMA J. Numer. Anal. (2021)



Roadmap of the analysis Portland State
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1

1. (Vv,o)7 — f Vv:oda= J %<Vl/, 0) 7 (o(r)) dt with ®(t) = & + t(d, — ).
s 0

2. %(VM o)z = a(d; 0, d(t)) + b(d; o, (1)) sum of the bilinear forms a and b.

3. Estimate a(®(t); o, d(t)) and b(d(t); o, d(t))
Theorem (Gopalakrishnan, N.)

Suppose P, is a collection of embeddings such that ¢, = I,I;agké for k > 1. Let k), be the
lifted Weingarten tensor. Then

|&n — V|2 < Ch¥

Same convergence rate, but less computation/memory requirements as in

@ WALKER: Approximating the Shape Operator with the Surface Hellan—-Herrmann—Johnson
Element, SIAM J. Sci. Comput. (2024)



Application (Koiter/Kirchhoff-Love shell) Portland State
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t t3 .
W(u) = EHE(U)II% + QHFTV(VO ¢) — V|3

u . ..displacement of mid-surface
t...thickness

M ... material tensor
F=Vu+P=V¢, P=I1-p®0

E-= %(FTF —P) = %(VUTVU +Vu'P+ PVu)

7 X



Application (Koiter/Kirchhoff-Love shell) Portland State
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t t3 .
W(u) = SIE() 3+ 5 IFTV (o 9) = Vol3q

u...displacement of mid-surface membrane energy
t...thickness

M ... material tensor
F=Vu+P=V¢, P=I1-p®0

E-= %(FTF —P) = %(VUTVU +Vu'P+ PVu)

7 X



Application (Koiter/Kirchhoff-Love shell) Portland State
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t t3 R
W(u) = EHE(U)II% + QHFTV(V 0 ¢) — V|34

u...displacement of mid-surface membrane energy
t...thickness

M ... material tensor

F=Vu+P=V¢, P=1-0Q0D @%

E-= %(FTF—P) = %(VUTVU-FVUTP-FPVU) T

7 X

bending energy



Application (Koiter/Kirchhoff-Love shell) Portland State
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o Lifted curvature difference k% via three-field formulation

dif] t t3 di
Ll 5 o) = SIEW) R+ 15" By~ (Fw)

+ 2 L (+"" = (FTV (v o ¢) — VD)) : o dx

TeT

+ Z f (x(vi,vr) — <(P1, ﬁR))Uﬂﬂ ds
EcsVE

e lagrange parameter o € Zﬁ moment tensor

e Eliminate k¥ — two-field formulation in (u, o)

N., SCHOBERL: The Hellan-Herrmann—Johnson and TDNNS methods for linear and nonlinear
shells, Comput. Struct. (2024)

10



Application (Koiter/Kirchhoff-Love shell) Portland State
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NGSolve

| e _I— I S
2.6180+80 2.618e+00 2.6180+00 2.6180+00 2.618e+00 2.618e+00 2.6180+00 2.618e+00 2.618e+00 2.6180+80

—/—/

11



Application (Koiter/Kirchhoff-Love shell) Portland State
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Application (Koiter/Kirchhoff-Love shell) Portland State
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13



Application (bending-folding model) Portland State
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BARTELS, BONITO, HORNUNG, N., Babuska's paradox in a nonlinear bending model,
arXiv:2503.17190 14



Application (cell membrane) Portland State
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251 + k =1 oblate 3t X‘ + k = 2 oblate
’ <k =1 prolate N xk = 2 prolate
25| . .
2 |- -
3 bo2) 1
1.5+ b
151 a
i 11 i
I I I I I I |
04 05 06 07 08 09 1
v
e ——— e R

@ N., SCHOBERL, STURM, Numerical shape optimization of Canham-Helfrich-Evans bending energy, JoCP (2023)
@ GANGL, STURM, N., SCHOBERL, Fully and Semi-Automated Shape Differentiation in NGSolve, Structural and

Multidisciplinary Optimization (2021) 15



Intrinsic curvature




Gauss-Bonnet theorem Portland State
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Gauss-Bonnet

J KdA+J kg ds+ . a; = 2mx(M) n
M oM -
K, = 00
e Gauss curvature K 1_2
e Geodesic curvature kg = g(V,7, 1) b"g =0
e External angle «; at corner points o eTs

o x(M) = #V — #E + #F Euler characteristic of M
For affine triangulation of surface: Angle defect

f KdA= > Oy, ©Oy=2r-> %y
7 ves TSV

16
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A

17
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e In 2D, the angle defect ©y at vertex V is given by v
ty to
Oy =2r— ) %y, *v
ToV

with the interior angle x|, is measured with g|r

17
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A

e In 2D, the angle defect ©y at vertex V is given by v
ty to
Oy =2r— ) %y, *v
ToV

with the interior angle x|, is measured with g|r
e N dimensions: generalized angle defect at & = {interior subsimplices of codimension 2}

E
Fy F_
HE E F
Fr F_ r 2
O — 27— Y arccos(g (", uE)) sk
ToE R
*L
Plane g-perpendicular to E F, 17




Regge space and finite elements Portland State
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e Regge's idea: Approximate metric by assigning squared lengths to edges 0.7

21 X @3

15

REGGE: General relativity without coordinates, /I Nuovo Cimento (1955-1965), (1961).

18



Regge space and finite elements Portland State
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e Regge's idea: Approximate metric by assigning squared lengths to edges

e With barycentric coordinates \’

g=—)> BPVNOVN : ,
; / Nl W

REGGE: General relativity without coordinates, /I Nuovo Cimento (1955-1965), (1961).

SORKIN: Time-evolution problem in Regge calculus, Phys. Rev. D 12 (1975).

18



Regge space and finite elements Portland State
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e Regge's idea: Approximate metric by assigning squared lengths to edges
e With barycentric coordinates \’

g=—>.FVNoVN : ,
i#j ! Nl N

e g is piecewise constant and tangential-tangential continuous: for all interior facets F the
value g(X, Y) coincides from both elements for all tangential X, Y € X(F)
e Regge finite element space

Rf = {ge (T, RNy . g; e PX(7), g is tt-continuous}

sym

CHRISTIANSEN: On the linearization of Regge calculus, Numerische Mathematik, (2011).

L1: Regge Finite Elements with Applications in Solid Mechanics and Relativity, PhD thesis,
University of Minnesota (2018). 18



Regge space and finite elements Portland State
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e Regge's idea: Approximate metric by assigning squared lengths to edges

e With barycentric coordinates \’

g=—>.FVNoVN : ,
i#j ! Nl N

e g is piecewise constant and tangential-tangential continuous: for all interior facets F the
value g(X, Y) coincides from both elements for all tangential X, Y € X(F)
e Regge finite element space

Rf={ge L2(9,Rg,fn"’) . gj € PX(7), g is tt-continuous}

CHRISTIANSEN: On the linearization of Regge calculus, Numerische Mathematik, (2011).

N.: Mixed Finite Element Methods for Nonlinear Continuum Mechanics and Shells, PhD thesis,
TU Wien (2021). 18



Distributional Gauss curvature Portland State
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e volume forms wt = /detg

(Kw)distr=ZK|TwT+ +2@v5v
T v

19



Distributional Gauss curvature Portland State
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Compute the geodesic curvature from both elements

Hg = g(vtta n)

n changes sign

g smooth = k] =0

g tt-continuous = jump at edge [rg] 0F

volume forms wt = \/det g, wg = +/g(t, t)

(Kw)distr = Z K|TWT + Eﬂhgﬂ we O + Z@\/ Oy
T E 4

BERCHENKO-KOGAN, GAWLIK: Finite element approximation of the Levi-Civita connection and its curvature in two

dimensions, Found Comput Math (2022). 19



Extension to generalized Riemann curvature tensor Portland State
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R(X, Y,Z, W) = g('Rx’yZ, W) = g(VXVyZ — VyVXZ — V[)@y]Z, W)

Second fundamental form: For hypersurface F with g-normal v
nm(x,vY)=—g(Vxv,Y), X, Y e X(F)

Since the metric g and the g-normal v jumps across interior facets F € .%, the second
fundamental form jumps as well

Facet contribution: Jump of second fundamental form [[//]
e Motivation via Gauss-Bonnet theorem or mollification argument

20



Extension to generalized Riemann curvature tensor Portland State
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'R,(X, Y,Z, W) = g(’Rx,yZ, W) = g(VXVyZ — VyVXZ — V[)@y]Z, W)

e Second fundamental form: For hypersurface F with g-normal v
nm(x,vY)=—g(Vxv,Y), X, Y e X(F)

e Since the metric g and the g-normal v jumps across interior facets F € .%, the second
fundamental form jumps as well

e Facet contribution: Jump of second fundamental form [//]
e Motivation via Gauss-Bonnet theorem or mollification argument

Summary: The generalized Riemann curvature tensor has the following contributions
R|r oneach Te T

R(g) =< [l] oneach Fe.%

©f oneach Ee &
20



Generalized densitized Riemann curvature tensor Portland State
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Generalized Riemann curvature (Gopalakrishnan, N., Schoberl, Wardetzky)
Ru(A) =Y J (R, Aywr +4 ) f<[[ll]],AW.|p>w,.— +4) f OF Ay WE
Tez T Fes ecé E
Rew is actingon Ae A, wp volume form on D
A (X, Y)=AX, v, Y), Ao = Al v, v, ).

Test space A (has Riemann curvature tensor symmetries)

A={AeT*7) : A, |r is single-valued for all F €.%, and
A(X7 Y,Z, W) = _A(Y7Xa Za W) = _A(Xa Y, W,Z) = A(Za W7Xa Y)}
A={AeA: A, |F=00n0Q}

@ GOPALAKRISHNAN, N., SCHOBERL, WARDETZKY: Generalizing Riemann curvature to Regge
metrics, arXiv:2311.01603. 21



Specialization to other curvature quantities Portland State
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Gauss curvature: Kw J Kltvwr + Z f[[n]] VWwF + Z f Ofvwe

TeT

Scalar curvature: Sw f Slrvwr +2 Z J [H] vwe + 2 Z J OFvwE

TeT
Ricci curvature:

Ricw (o J (Ric|r,0)wT + Z J {M,olr + ovgle)we + Z J Ovw + 0pp) OFwE

TeT

Einstein tensor: Gw f (G|r,0)wT + Z J([[Ilﬂ olF)wr — Z J tr(o|g) O we
TeT

. BERCHENKO-KOGAN, GAWLIK: Finite element approximation of the Levi-Civita connection and its curvature in two
dimensions, Found Comput Math (2022).
GOPALAKRISHNAN, N., SCHOBERL, WARDETZKY: Analysis of curvature approximations via covariant curl and

incompatibility for Regge metrics, SMAI J. Comput. Math. (2023).
GAWLIK, N.: Finite element approximation of scalar curvature in arbitrary dimension, Math. Comp. (2024).

GAWLIK, N.: Finite element approximation of the Einstein tensor, IMA J. Numer. Anal. (2025). 22



Roadmap of the analysis Portland State
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1

— d — . _ _
1. Rwhg, (U) — (RwhA)g(U) = . ERwAg(t)(U) dt with g(t) = g + t(gn — &).
d — . . -
2. aRwAg(t)(U) =a(g; g, U)+ b(g;g,U) sum of the bilinear forms a and b.
3. b(g; &, U) = —2Incg(A), with & = gy — & and A = Ag(V).

e Analyze the adjoint: IrTcE(A) = (I/I;c\*/A)(g)
Then all spatial derivatives are applied on the test function A, not g.
* b(g; g, U) < G ellgn — ll2|Ull1e

4. a(g; g, U) has no spatial derivatives of g
e a=0in 2D, but a # 0 in higher dimensions
* a(g: &, V) < g zllgn — &2/ Ul

23



Convergence results Portland State
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Theorem (Gopalakrishnan, N., Schoberl, Wardetzky)

Suppose gy, is a collection of Regge metrics such that g, — g in L™ and g, is uniformly
bounded in W2 Then

IRwAg, — RwhAg|n-2 < Cggllen — &ll2-

Here,
o3 = X5 (lolecry + Hlolncr + Hlolecr))
TeT
Czz, = C 1+ max h_2+6év||gh — &l () + max h7tgh — &l wre (T
2.8 max h () + max hy (T
Corollary

If additionally ||gh — &|we= < h*t|g|lws,0 for 0 < t < s < k + 1 for some k > 1—6), then

|RwA,, — RwAg|y—2 < O(RFL).
24



Application (Gauss curvature approximation) Portland State
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NGSolve

TAVAVAND,

N A.i
X ' ‘ \
VAVAVAN) 'y 80

k=1 \i"'@"’

all terms no angle defect no geodesic curvature

R\(E(v) = Z Kltvwr + Z JE Opvwe + Z JF[[A]]vwF

Tez T Ecé FeF

25



Application (membrane locking in shells) Portland State
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W(U) = tEmem(U) + £ Ebend(u) —f- u, f = t3f

26



Application (membrane locking in shells) Portland State
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W(u) = t 2 Emem(t) + Evend(t) — f - u, f=1tf
Enforces Emem(u) = 0 in the limit t — 0

26



Application (membrane locking in shells) Portland State
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W(u) = t 2 Emem(t) + Evend(t) — f - u, f=tf
Enforces Emem(u) = 0 in the limit t — 0

Emem(t) =0 = Enem(us) =0

Ln(Th) = P(Th) 0 C(Q) = H(Q)

26



Application (membrane locking in shells) Portland State
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W(u) = t 2 Emem(t) + Evend(t) — f - u, f=1tf
Enforces Emem(u) = 0 in the limit t — 0

Emem(t) =0 = Enem(us) =0

Ln(Th) = P(Th) 0 C(Q) = H(Q)

26



Application (membrane locking in shells) Portland State
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100 |
101 F .
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error

10-3 % 7
07

109 F *

——10-1 1
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10! 10? 10° 10*
nel
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Application (membrane locking in shells) Portland State
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100k |
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102

error

103 ,
i ] e Pre-asymptotic regime

107% [~ 101 4

RN Lo el o
10! 10? 10° 10*
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error

e Pre-asymptotic regime
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Application (membrane locking in shells) Portland State
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error

e Pre-asymptotic regime

RN Lo il Lo
10! 10? 10° 10*
nel

27



Application (membrane locking in shells) Portland State
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1
S E@niR

28



Application (membrane locking in shells) Portland State
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1
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e Reduced integration for quadrilateral meshes

28



Application (membrane locking in shells) Portland State
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1
SITLEn)IE

e Reduced integration for quadrilateral meshes
e Regge interpolant for triangles

e Connection to MITC shell elements

N., SCHOBERL: Avoiding membrane locking with Regge interpolation, Comput. Methods Appl.
Mech. Engrg 373 (2021).

28



Application (membrane locking in shells) Portland State
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100
r 10-1 | i
10! E
102 F 1073 | |
8 r 8
= -3 =
g 10 E El 5] 1075 - N
——10"! ——10"!
10— 10 | 10
e 10-2 1 1077 |—e—102 1
107° | 1073 1073
——107* i 1072 |——10"* 1
10—6 Ll Lol Ll o ol il 1l
10! 10? 10° 10* 10! 10? 103 10*
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NGSolve add-on package for differential geometry support

Co-/contravariant coordinate expressions and Christoffel symbols are error prone

Framework to handle differential geometry objects in efficient manner
GitHub (WIP): https://github.com/MichaelNeunteufel/NGSDiffGeo
e Documentation & tutorials: https://michaelneunteufel.github.io/NGSDiffGeo/

import ngsdiffgeo as dg
mf = dg.RiemannianManifold (metric)

X = dg.VectorField (CF((xx*y, y)))

alpha = dg.OneForm(CF((sin(x), y*%2)))

A = dg.TensorField (CF((y, x, sin(x), y*x2), dims=(2, 2)), "00")
B = dg.TensorProduct(alpha, X)

© 0 N o O A W N e

mf.InnerProduct (A, B)
10| mf. CovDeriv (A)

30


https://github.com/MichaelNeunteufel/NGSDiffGeo
https://michaelneunteufel.github.io/NGSDiffGeo/

Summary Portland State
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Combining DDG and distributional FEM for extrinsic & intrinsic curvature

Definition of generalized Weingarten tensor

Definition of generalized Riemann curvature tensor (Gauss, scalar, Ricci, Einstein)

Numerical analysis with integral representation

Uhlenbeck trick for test functions

31
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Combining DDG and distributional FEM for extrinsic & intrinsic curvature

Definition of generalized Weingarten tensor

Definition of generalized Riemann curvature tensor (Gauss, scalar, Ricci, Einstein)

Numerical analysis with integral representation

Uhlenbeck trick for test functions

Applications to geometric flows and numerical relativity
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Summary Portland State

UNIVERSITY

Combining DDG and distributional FEM for extrinsic & intrinsic curvature

Definition of generalized Weingarten tensor

Definition of generalized Riemann curvature tensor (Gauss, scalar, Ricci, Einstein)

Numerical analysis with integral representation

Uhlenbeck trick for test functions

Applications to geometric flows and numerical relativity

Thank You for Your attention!

31
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incompatibility for Regge metrics, SMAI J. Comput. Math. (2023).
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Metric independent test space Portland State
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We use an approach inspired by the Uhlenbeck trick: Define the metric independent test space

U={UeAN"2(T7)ON"2(T) : UXy,...,Xn_2,Y1,..., Yn_2) is single-valued
onall Fe.Z forall Xyi,... Xn_2, Yi,..., Yn_2 € X(F)}

Lemma

Themap A, U — A, U — «©* U'is a bijection.

Define RwA,(U) = Rw(A,4(U)) for g-independent U € U. Then we have
—— g —
Rah g (U) — (RwA)z(U) = L S Ruhg (o (U) dt.

We can proceed computing and estimating the right-hand side.
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Incompatibility operator

Define for smooth 2-tensor ¢ the incompatibility operator Inc : 72 — T* by
(Inco)(X,Y,Z,W) = L—ll[(v%,,za)(x, W) + (Vxwo)(Y,2)
= (Viyo)(Z, W) = (V¥ wo) (X, 2)].
In 2D and 3D Inc can be related to the standard incompatibility operator inc = curl " curl.

Lemma (linearization Riemann curvature tensor)
For t-independent vector fields X, Y, Z, W € X(T) there holds

. 1 . 1. .
R(X,Y,Z,W) = —E(Incg)(X, Y,Z, W)+ 5 [ERxyZ,W)—g(RxyW,2Z)].

Generalized incompatibility operator
For tt-continuous o, a generalized Inc can be defined as

Inca J {Inco, Aywt + Z -+ Z

TeT FeZ Ecé
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Lemma
Let 0 :=g(t), Ae A, (SA)(X,Y,Z, W)= A(X,Z,Y,W) swaps second with third
argument. There holds
A(X7 Y,Z, W) = _tr(U)A(X7 Y,Z, W) + A(U(Xa ,)ﬁ’ Y)Z7 W) + A(X,O’(Y, ,)ﬁ,z’ W)
+ A(Xa Ya U(Za ')ﬁ’ W) + A(X7 Yv Z,O’(W, )ﬁ)a
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Lemma
Let 0 :=g(t), Ae A, (SA)(X,Y,Z, W)= A(X,Z,Y,W) swaps second with third
argument. There holds

AX,Y,Z,W) = —tr(0)AX, Y, Z, W) + Alc(X, ), Y, Z, W) + A(X,o(Y, ), Z, W)
+AX, Y, 0(Z,)F, W)+ AX, Y, Z,a0(W, ),
& (R Aywr) = (XT%0, S(A) + R(o(, ), ), A) — 2tr(o)R, Ao
%(<[[//]]7 A |Fywr) = %<[[(0(V7 v) —tr(a|e))ll + 2(Vea)(v,)|r — (Vuo)|els Avu-lF) wE,
d

1
I(GEAMVVH WE) = _5( Z [[U<Vv M)]]E + tr(0|E)eE)AHV’/# WE-
FoE

35



Evolution of distributional Riemann curvature Portland State

UNIVERSITY

Proposition

Let 0 := & and A € A with corresponding U = Aéle € U. Then there holds

aRwAg(U) = a(g;o,U) + b(g; o, U),

(g0 U) = 3, [ (R0, Agl) = 50(0 KR, Ag U)oy
TegJT

— Z JF (tr(o|p)M, (AgU)wu-ley — [ : olF : (AgU)an.|F)wr

FeZ

— 7 Z fE tr(o]e)Oe(AgU) vy we

Ee&
[1] : ole : (AgU)ww. = [H]5(ol P (Ag U)o
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Proposition
Let 0 := & and A € A with corresponding U = Aéle € U. Then there holds

aRwAg(U) = a(g;o,U) + b(g; o, U),

b(g;o, U) =2 Z f<v2a, SAUywr
TegJT

+2 ) _[F<[[U(Va v+ (Vea) (W, )lr + VE(o(v,)lF = (Vuo)le], (AgU)w | F)wr
Feg

2% [ X o mlE e Dmmwe:

Eeé& FoE

35



	Extrinsic curvature
	Intrinsic curvature

	anm6: 
	6.0: 
	anm5: 
	5.0: 
	anm4: 
	4.0: 
	anm3: 
	3.0: 
	anm2: 
	2.0: 
	anm1: 
	1.0: 
	anm0: 
	0.0: 


