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Deformation ¢:Q—R3
Displacement u:=o—id T
Deformation gradient F:=1+Vu
Cauchy-Green strain tensor € :=F F =1+ Vu+VuT +Vu'Vu \_Zu
Green strain tensor E:=1C-1)=LVu+Vu" +Vu'Vu) d(x)
Linearized strain e :=sym(Vu) = 5(Vu+Vu')

Elasticity

1 .
W(u) = 51 Elfs — {F. u) — mip|
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Reduce 3D elasticity to 2D shell model

Q= {p(&) +20(¢): Ecwze -4 5]}

(% +20(¢)) = @ +z (v +7) 0 9(X)
=R+u(X) =Dog¢

Reissner-Mindlin/Naghdi shell
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Reduce 3D elasticity to 2D shell model

Q= {p(&) +20(¢): Ecwze [-§5]}

(R +z0(8)) = @ +zv0¢(R)
=&+u(R)

Kirchhoff-Love/Koiter shell

Insert ® in 3D elasticity and integrate over thickness, neglect

higher order terms O(t*) (asymptotical analysis)
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t t3 .
W(u) = §IIE(U)III2W + QIIFTV(V o ¢) — V|

u...displacement of mid-surface
t...thickness

M. .. material tensor
F=Vu+P=Vo¢, P=1-pQ7D

E-= %(FTF - P)= %(vaw Vu' P+ PVu)
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t t3 .
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t t3 ‘ .
W(u) = SIE(u)llfs + 5, IF V(o) = Vo,
membrane energy

u...displacement of mid-surface

t...thickness
M. .. material tensor

F=Vu+P=V¢, P=1-0x0D T

1 1
E = §(FTF - P)= E(VUTVU +Vu' P+ PVu) bending energy

7 X
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t t3 o N
W(u,v) = §||E(U)||§41 + ﬁllsym(’:TV(V 0 ¢)) — Vo

tk G
+ =2 IFT70 g

... shearing @%

. Rl ... director
v+l

G . ..shearing modulus

membrane energy

R

bending energy
k =5/6...shear correction factor

shearing energy
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TR AML
KR
e Normal vector ¥ , n
Tangent vector # VL
Element normal vector i =0 x 7
[ F:V7¢¢,J:||C0f(F)||F ¢



Discrete differential geometry Portland §I£.tf?

TR ML
MrR
e Normal vector © ‘

VL

YR
Tangent vector 7
Element normal vector i = x 7

° F:V7¢¢,J:||C0f(F)||F /—\

e vog¢=1Lcof(F)D v
TO(b:ﬁF’?'
Hod=vopxTod

Ay
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Discrete differential geometry Portland §I£.tf?

TR AML,
KR ’
e Normal vector © n

A 14
Tangent vector 7 L

Element normal vector i =¥ x 7

[ F:V7¢¢,J:||C0f(F)||F ¢

e vog¢=1Lcof(F)D
To¢:ﬁF7A' /—\

pod¢=vodxTop

3>
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<Wvr,vR)

e Change of normal vector measures curvature Vv (/ o

e How to define Vv for discrete surface?

GRINSPUN, GINGOLD, REISMAN, ZORIN: Computing discrete shape operators on general
meshes, Computer Graphics Forum (2006). 11
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<Wvr,vR)

e Change of normal vector measures curvature Vv (/ o

e How to define Vv for discrete surface?

Sobolev perspective: v ¢ H!, but v € L2
Vv ¢ L2, it is a distribution (or measure)
Define distributional Weingarten tensor (W, = (W) - 1)

(Vv, W) 7 = /vu Wda+ /<I(VL,1/R v, d

TeT Ecgint

Test function W symmetric, normal-normal continuous = Hellan—Herrmann—Johnson

finite elements

N., SCHOBERL, STURM, Numerical shape optimization of Canham-Helfrich-Evans bending
energy, J. Comput. Phys. (2023). 11
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Lagrange finite elements:
HYQ) = {u € L2(Q) | Vu € [L(Q))) A

Ly(Th) =P (Th) N C(Q) € HY(Q)

12
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Lagrange finite elements:
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|
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Lagrange finite elements:

HY(Q) = {u € L3(Q) | Vu € [L2(Q)]}

Ly(Th) =P (Th) N C(Q) € HY(Q)

Nédélec finite elements:

H(curl, Q) = {o € [L3(Q)]? | curlo € [L2(Q)]*73)
Nii = {o € [P*(Fn)] | [o-]F = 0} € H(curl, Q)

Raviart-Thomas/Brezzi-Douglas-Marini elements:
H(div, Q) = {0 € [L3(Q)]? | dive € L3(Q)}
|
v
m

BDM* = {5 € [P*(Z)1? | [oa]F = 0} C H(div,Q)

Hellan-Herrmann-Johnson finite elements:
H(divdiv, Q) = {0 € [L2(Q)]L5] | divdive € H1(Q)}

m

My(Zh) = {o € [PX(TIG [ [nTon]F = 0}

12



Example curvature approximation

Lifting of distributional Weingarten tensor

Portland State

Find k € X5 ! for 7 with curving order k such that for all o € X!

/ K:oda=(Vv,o)z.
4

error

error

o(h
o lr — Vw2 k=1 & [l5 = Vveliz k=1 " 107" e fn— Vit k=1
—o—[|r = Vx| k=1 107 o || — Vit [ y1 k=1 Joos | 1K= Vetalls k= 1
—— ||k — Vel k=2 10-6| [[r— Vvexllz k=2 —— ||k — Vvellp k=2
—— |6 = Voexl|p2 k=2 ‘ |l = Vreslls k=2 ‘ 10-8 | lIk = Vverlls k=2 ‘
10° 10* 10° 10? 10° 10 10° 10? 10° 10* 10°
ndof ndof ndof
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Lifting of distributional Weingarten tensor

Find k € Zﬁ_l for 7 with curving order k such that for all o € Zﬁ_l

/ K:oda=(Vv,o)7.
T

e Numerical analysis: WIP

@ GOPALAKRISHNAN, N.: Analysis of generalized shape operator on surfaces (in preparation)

13
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Canham—Helfrich—Evans energy: %1 bending elastic constant

H mean curvature

_ 2
W(S) = 2’%/("’ — Ho) ds 2Hy spontaneous curvature

S
Constraints:

O vlw

A
Ql =V S| =A Vo <
|| 0, || 05 0_6ﬁ

Functional:
unctiona T(8) = W(S) + ca(|S| — Ao)? + cv (19| — Vo)?

H =0.5tr(Vv)

N., SCHOBERL, STURM, Numerical shape optimization of Canham-Helfrich-Evans bending
energy, J. Comput. Phys. (2023)

GANGL, STURM, N., SCHOBERL, Fully and Semi-Automated Shape Differentiation in NGSolve,
Structural and Multidisciplinary Optimization (2021)

14
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251 + k =1 oblate 3k X‘ + k = 2 oblate

' xk =1 prolate . xk = 2 prolate

25| . |
o i

a Bo2f ]
1.5 B

15 B

1| i

I

‘ ‘ ‘ ‘ ‘ ‘
04 05 06 07 08 09 1
NGSolve v

@ SEIFERT, BERNDL, LIPOWSKY, Shape transformations of vesicles: Phase diagram for
spontaneous-curvature and bilayer-coupling models, Phys. Rev. A (1991)

15
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More complicated shapes with non-zero spontaneous curvature Hy:

16
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t t3 .
W(u) = SIE()} + 54 IFT V(v o 0) = VoI,
membrane energy

u...displacement of mid-surface

t...thickness
M. .. material tensor

F=Vu+P=V¢, P=1-0x0D T

E-= %(FTF - P)= %(vaw Vu' P+ PVu)

7 X

bending energy
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t t3 .
W(u) = §||E(U)||12w + QIIFTV(V o ¢) — V|

u...displacement of mid-surface
t...thickness

M. .. material tensor
F=Vu+P=Vo¢, P=1-pQ7D

E-= %(FTF - P)= %(vaw Vu' P+ PVu)

7 X

membrane energy

«éﬁ%

bending energy

e F'V(vog)=~f(Vu)
e Generalized curvature Vi

17
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Lifting: / K:odx = Z /VU:de+ Z/<{(UL,J/R)0'W ds
T T E

TeT, Ecé,

e Lifted curvature difference k4 via Hu—Washizu three-field formulation

diff t t3 diff diff ~
(o, o) = SIEW)IE+ L1 = () + Y /T(m”—(FTV(uoqs)—w)) o dx
TET,

+ Z /E(<(VL7VR) - <I(9[_,ﬁR))0'ﬁﬂ ds

Ecé&y

e Lagrange parameter o € M;f*l moment tensor
e Eliminate k¥ — Hellinger-Reissner two-field formulation in (u, o)

N., SCHOBERL: The Hellan—-Herrmann—Johnson and TDNNS methods for linear and nonlinear
shells, Comput. Struct. (2024)
18
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Shell problem
Find u € [V¥]® and o € M1 for (H, = Y".(V2u;)v;)

t 6
L(u, o) =5 |E(u)fs = Zlloli — (fu)

+ Z/ (H,+(1—7-v)VD)dx

TEI,

u Z/ v, vr) — <DL, DR))o pp ds

Ecé&y

@ N., SCHOBERL: The Hellan—-Herrmann—Johnson method for nonlinear shells, Comput. Struct.

(2019).
19
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t 6
L(u, o) =5 |E(u)fs = Zlloli — (fu)

+Z/T0':(H,, ) dx

TeT,

+> /E(<I(VL,VR) )ojp ds

Ecé&y

@ N., SCHOBERL: The Hellan—-Herrmann—Johnson method for nonlinear shells, Comput. Struct.

(2019).
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Shell problem
Find u € [V¥]® and o € M1 for (H, = Y".(V2u;)v;)

t 6
L(u,0) =5 [|E()l} = Zllolim — (f u)

+Z/T0':(H,, ) dx

TeT,

+> /E(<I(VL,VR) )ojp ds

Ecé&y

Use hybridization to eliminate o — recover minimization problem

@ N., SCHOBERL: The Hellan—-Herrmann—Johnson method for nonlinear shells, Comput. Struct.

(2019).
19
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Shell problem
Find u e [VA]3, o€ M“" ' and o e T/ for

t 6
L(u,0,0) = SIIE() i — _3||0-||I§/JI*1 — (f,u)

+Z/ H, + (1 —0-v)VD)dx

TeZ,

+ 3 [(alove) = <(or 2r) Mo} + sl o

Ecé&y

Houalt = 3((gpp)lr + (opp)l7e). [oaal = (opp) |7 — (0p0)| 7%

@ N., SCHOBERL: The Hellan—-Herrmann—Johnson method for nonlinear shells, Comput. Struct.

(2019). "
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£ ;

displacement u bending moment tensor o hybridization o
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|
£ i
displacement u bending moment tensor o hybridization o
® * L J
— —_—

Morley element ® * @

21
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e Use hierarchical shell model vod
e Additional shearing dofs v in H(curl) vog
. Gog o rovtiog vod

Tvod+vyodll
e Free of shear locking

H(curl) := {u € [L2(Q)]?| curlu € [L2(Q)]*?~3}

N = {u € [P*(F3)]%| u; is continuous over elements}

ECHTER, R. AND OESTERLE, B. AND BISCHOFF, M.: A hierarchic family of isogeometric shell

finite elements, Comput. Methods Appl. Mech. Engrg. (2013).
22
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e Use hierarchical shell model vod
e Additional shearing dofs v in H(curl) vog
oﬁod):uoqf)Jrqro@:%Cof(F)ﬁ—i—(FT)Tﬁ/ voo

e Free of shear locking

H(curl) := {u € [L2(Q)]?| curlu € [L2(Q)]*?~3}

N = {u € [P*(F3)]%| u; is continuous over elements}

ECHTER, R. AND OESTERLE, B. AND BISCHOFF, M.: A hierarchic family of isogeometric shell

finite elements, Comput. Methods Appl. Mech. Engrg. (2013).
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Extension to nonlinear Naghdi shells Portland State
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e Use hierarchical shell model vod
e Additional shearing dofs v in H(curl) vog
0ﬂod)zz/od)—i—fyogb:%cof(F),}_F(FT)T/? Voo

e Free of shear locking

N t tkG . 6
L(u,0,9) = S E@IE+ 1517 = Zlolim
+ Z /(H,;+(1—17~1?)V19—V‘/):a'dx
Tez ' T
+ Z/(<I(I/L,VR)—<I(ﬁ/_,ﬁR)—|-[["A,’ﬁﬂ)dﬂﬂ ds
Ecé&y E

22
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N N ANVAN

displacement u bending moment

tensor o shear vector «y hybridization o
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N N ANVAN

. bending moment
displacement u &

tensor o shear vector «y hybridization o

23
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t 6
£, 0) = 5 lsvm(T ) - ol + Y ([ Horodoo [ (TuTo)o0s)
Teg, T oT

ate 6 ow
o wo) = —glolio + 3 ([ Vwiod— | oy as)
TET,
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Linear Kirchhoff-Love shell and plate Portland State
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t 6
£, 0) = 5 lsvm(T ) - ol + Y ([ Horodoo [ (TuTo)o0s)
Teg, T oT

ate 6 a
o wo) = —glolio + 3 ([ Vwiod— | oy as)
TeT,

Biharmonic plate equation:

o =MV3w, Jf

divdive = f, [

A

M. ComobrI: The Hellan-Herrmann-Johnson method: some new error estimates and
postprocessing, Math. Comp. (1989)

divdiv(MV?w) = f < {

U

24



Linear Reissner—Mindlin shell and plate Portland State
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. t v tkG . 6
Li (v, 0,9) = Sllsym(Vrw) g + - 1917 = Sl
+ 3 ([ (o= ade— [ (TuT0)— ) ds)
Teg, T oT
N tkG . 6
L w.o.9) = 131 = ol
d
+ Z (/(V2W— V3) : o-dx—/ (—VAV —42)0 np ds)
Tea, T ot Ofi

A. PECHSTEIN AND J. SCHOBERL: The TDNNS method for Reissner-Mindlin plates, J. Numer.
Math. (2017)

25
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W(U) = tEmem(U)+t3 Ebend(u)— fu, f = t3f

26
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W(U) = t72Emem(U)+Ebend(U)— f'U, f=tf
Enforces Emem(u) = 0 in the limit t — 0
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W(U) = tizEmem(U)'FEbend(U)— f'U, f=tf
Enforces Emem(u) = 0 in the limit t — 0

Vi, = PK(Z,) N C(Q) ¢ HY(Q)
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W(U) = tizEmem(U)'FEbend(U)— f'U, f=tf
Enforces Emem(u) = 0 in the limit t — 0

Emem(t) =0 #  Epem(un) =0

Vi, = PX(F) N C(Q) ¢ HY(Q)
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W(U) = t72Emem(U)+Ebend(U)— f'U, f=tf
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1
;H E(up)|I3
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Membrane locking Portland State
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1
SN Enlfy

e Reduced integration for quadrilateral meshes

28



Regge elements Portland State

H(curlcurl) := {o € [Lz(Q)]i;ff | curleurle € H71(Q)}
Regf = {e € [Pk(%)]gyxnf |[t"et]e = 0 for all edges E}

A3
E;
E !
A1 Es 2
PE = V/\j ® VA, tJ-T(pEl,tj = C,'5,'j7 eT = i V)\j ® VA

CHRISTIANSEN: On the linearization of Regge calculus, Numerische Mathematik (2011).

L1: Regge Finite Elements with Applications in Solid Mechanics and Relativity, PhD thesis,
University of Minnesota (2018).

N.: Mixed Finite Element Methods For Nonlinear Continuum Mechanics And Shells, PhD thesis,
TU Wien (2021). 29
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H(curlcurl) := {o € [L*(Q)]2:? | curlcurlo € H}(Q)}

sym

Regf = {e € [P*(F)]2%% | [t "e t]e = O for all edges E}

sym

A3

=]
E;

A1 Es 2
e =VN OVt gt = cdy, P, = Xi VA © VAk

RE: CO(Q) — Regf canonical interpolant
/(g —Rfg)e qdl = 0 for all g € PX(E)
E

/T(g —Rfg): Qda=0forall Q¢ Pk_l(T,ngxlﬁ)
29
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1
SITREn)IRy

e Reduced integration for quadrilateral meshes
e Regge interpolant for triangles

e Connection to MITC shell elements

N., SCHOBERL: Avoiding membrane locking with Regge interpolation, Comput. Methods Appl.
Mech. Engrg. (2021).
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Open hemisphere with clamped ends Portland State
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Numerical examples




Cantilever subjected to end moment Portland State
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NGSolve

I e L S
2.6182+88 2.618¢+08 2.618e+00 2.618e+00 2.618e+08 2.618e+80 2.618e+00 2.618e+88 2.618¢+08 2.618e+00

_—/_-/
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Cantilever subjected to end moment Portland State

UNIVERSITY




Cantilever subjected to end moment Portland State
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Pinched cylinder Portland State
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¥ A
\ ——Sze et al. 2004
—— k116 x 16
—~— k216 x 16
—— k132x32
—=— k232x32

| |
0 50 100 150
displacement
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Structures with kinks and branched shells Portland State
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e Normal-normal continuous moment o
e Preserve kinks

e Variation of L(u, o) in direction do

/(<I vi,vr) — <DL, PR))d0 i ds=0 = <(vi,vr) — <(P1,PRr) =0

. »
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Application (bending-folding model) Portland State
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Isometry constraint C = I = E =0, i.e., zero membrane energy

BARTELS, BoNITO, HORNUNG, N., Babuska's paradox in a nonlinear bending model,
arXiv:2503.17190 39



Coupling shells — 3D elasticity, wrinkling experiment Portland State

UNIVERSITY

L
e Composite materials, blood vessels, etc. ‘ W O ‘ 3 s
e Lagrange elements for elasticity and shell SN
B8
displacement — easy to couple L‘ -_I L‘ !
t 12
Qs S

S |

@ PECHSTEIN, N., Direct coupling of continuum and shell elements in large deformation problems,
Comput. Methods Appl. Mech. Engrg. (2025)
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Summary Portland State
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Locking-free shell elements

Combine mixed FEM & differential geometry

Generalized curvature

e Potential to couple shell models with different equations
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Summary Portland State

UNIVERSITY

Locking-free shell elements

Combine mixed FEM & differential geometry

Generalized curvature

e Potential to couple shell models with different equations

Thank You for Your attention!
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