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Nonlinear elasticity



. TECHNISCHE
Formulation UWI}IIIE\:\]ERSITAT

Find o € H(div div,Q) and u € H(curl, Q) s.t.

/ Clo:do dx + (div(éo),u) =0 Voo
Q
(div(e), u) = —/ f-oudx You
Q
(div(e),u) :== Z / div(e) - udx — Z /[[U,,t]]ut ds
TeT /T Ece, ' E
= Z —/ o:Vudx+ Z/ann[[u,,]]ds
Ter, T Ece, V' E

[§ A. PECHSTEIN, J. SCHOBERL: Tangential-displacement and
normal-normal-stress continuous mixed finite elements for
elasticity (2011).
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Find o € H(div div,Q) and u € H(curl, Q) s.t.

/ Clo:do dx + (div(éo),u) =0 Voo
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(div(e), u) = —/ f-oudx You
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e Works for linear material law C
e Problem for nonlinear (not invertible) material law
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Find o € H(div div,Q) and u € H(curl, Q) s.t.

/ Clo:do dx + (div(éo),u) =0 Voo
Q

(div(e), u) = —/ f-oudx You
Q

e Works for linear material law C
e Problem for nonlinear (not invertible) material law
e Hu-Washizu principle



. . . . TECHNISCH_E
Notation: nonlinear elasticity UNIVERSITAT

Displacement u
Deformation gradient F:=1+VYVu

@(xI)L




. o . = TECHNISCH_E
Notation: nonlinear elasticity UNVERSITAT

Displacement u
Deformation gradient F:=1+VYVu
Cauchy-Green strain tensor C := F'F

x
Green strain tensor E:=1(C-1 :zu
®(x)




. . . . TECHNISCHE
Notation: nonlinear elasticity UNIVERSITAT

Displacement u
Deformation gradient F:=1+VYVu

Cauchy-Green strain tensor C := F'F €z
Green strain tensor E:=1(C-1 :zu
Energy density W(C):R¥>3 5 R P (x)
Stress tensor 3= 2%—’2}

/ W(C(u)) — f - udx — min!
Q




. . . o TECHNISCHE
Notation: nonlinear elasticity UNIVERSITAT

Displacement u
Deformation gradient F:=1+VYVu

Cauchy-Green strain tensor C := F'F €z
Green strain tensor E:=1(C-1 :zu
Energy density W(C):R¥>3 5 R P (x)
Stress tensor 3= 2%—’2}

—div(FX)=f in Q + bc




. . . o TECHNISCHE
Notation: nonlinear elasticity UNIVERSITAT

Displacement u
Deformation gradient F:=1+VYVu

Cauchy-Green strain tensor C := F'F

x
Green strain tensor E:=1(C-1 :zu
®(x)

Energy density W(C):R¥>3 5 R
Stress tensor Y= 2%—’2}

—div(P) =f in + bc
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ueVy

min/W(F(u))—f-udx
Q
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Hu—Washizu principle UNIVERSITAT

ueVy

min / W(F) —f - udx
F=F(u) =

E(u,F,P):/QW(F)—f-udx—(F—(Vu—i—I),P)
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. . . TECHNISCHE
Hu—Washizu principle UNIVERSITAT

min / W(F) —f - udx
ueVy
F=F(u)

E(u,F,P):/QW(F)—f-udx—(F—(Vu—i—I),P)

Lifting distribution Vu to F € [L?]3*3

e 15t Piola—Kirchhoff stress tensor P (= FX) as Lagrange
multiplier

® P =Psm+ Psew, Psym € H(div div), Peyew € [L2]§k>$"

o F=Fym+ Fsew, Foym € H(curl curl), Fye, € [L233
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Idea: Instead of

min /W(F)—f-udx
ueVy, Q
F=F(u)
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Second method UWF}IIIE\{\IERSITAT

Idea: Use C=F'F

min /W(C)—f-udx
ueVy Jo
c=C(u)

£(u,C,, ):/W(C)—f-udx+;<C—(Vu+l)T(Vu+l),2>
Q
=:C(u)

e u € H(curl) » Vu is a distribution
e How to define Vu'Vu ?
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Idea: Use C=F'F

min /W(C)—f-udx
uEVh Q
C=C(u)

L(u, C,E,ﬁ):/W(C)— f-udx
Q

Y /T %(c ~CW):Bde— | (F(U)D)m(u— i)ods

TeT

e u € H(curl) » Vu is a distribution
e How to define Vu'Vu ?
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Incompressibility 1 = J := det(F) = det(/ + Vu), A > 1

min / W) + é(1 —J)? —f-udx
ueVy Q 2
J=J(u)
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Incompressibility 1 = J := det(F) = det(l + Vu), A>> 1

min/W 1—J)2—f-udx

ueVy

J=J(u)

/ W(u 1 — )2 — f - udx+(J — det(l + Vu),0)



. TECHNISCI_‘!E
(Nearly) Incompressible case UNIVERSITAT

Incompressibility 1 = J := det(F) = det(l + Vu), A>> 1

min /W 1—J)2—f-udx
ueVy

J=J(u)

/W 1—J)2—f u dx

£y /(J ) 9dx+/ (= ) cOf(F(1))mmf) ds

TeTh



. TECHNISCI_‘!E
(Nearly) Incompressible case UNIVERSITAT

Incompressibility 1 = J := det(F) = det(l + Vu), A>> 1

min /W 1—J)2—f-udx
ueVy

J=J(u)

/W 1—J)2—f u dx

£y /(J ) 9dx+/ (= ) cOf(F(1))mmf) ds

TeTh

e 0 € L%(Q) is the conjugate stress to J
o 2 15u) = J(u)F~T (u) : Véu = cof(F(u)) : Véu



. TECHNISCI_‘!E
(Nearly) Incompressible case UNIVERSITAT

Incompressibility 1 = J := det(F) = det(l + Vu), A>> 1

min /W 1—J)2—f-udx
ueVy

J=J(u)

/W 1—J)2—f u dx

£y /(J ) 9dx+/ (= ) cof(F(1))mmf) ds

TeTh

e 0 € L%(Q) is the conjugate stress to J
o 2 15u) = J(u)F~T (u) : Véu = cof(F(u)) : Véu
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www.gitlab.com/mneunteufel /nonlinear_elasticity
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Cyllndrlcal Shell uwr}lngRsnAT

10
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Cylmdrlcal Shell (LSS
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Nonlinear shells
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t t3 R
W) = S Err(w) i+ 55 |F TV (v 0 6) = VoIl

11
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SheII energy UWF}IIIEYQERSITAT

W) = L IE )i+ S IFTV (v 0 0) - V[,

e Membrane energy

11



TECHNISCHE
SheII energy UWF}IIIEYQERSITAT

t t3 R
W(u) = §||ETT(U)II%4+QHFTV(V 0 ¢) — V| u

— —

SH

e Membrane energy

e Bending energy

11



TECHNISCHE
SheII energy UWI}IIIE\:\]ERSITAT

t
W(u) = EHETT(U)H%\/I
t3 —_— o
+ ﬂHsym(F Viio @) — Vi

tGk

+ 5 IFT 7o 6| m

e Membrane energy SN

e Bending energy
e Shearing energy

11
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Moment tensor UWF}IIIEYQERSITAT

t t3 .
W(u) = S Er(u)lig + 57 IF ' Vv = Vol

t3
+ 52 Z <t(vr, vR) — (01, 2R) 112, £
E

65/7

12



TECHNISCHE
Moment tensor UWI}IIIE\:\]ERSITAT

t t3 .
W(u) = S Er(u)lig + 57 IF ' Vv = Vol
t3 s
Toq Z I<2(ve, vr) = <(Pr, PR)Iy 2
Ec&,

e Measure change of angles

12



TECHNISCHE
Moment tensor UWI}IIIE\:\]ERSITAT

t t3 R
W(u) = EHETT(U)H%A + QHFTV’/ — Vo
3
o > l<(vr,vr) - (e, )3y
EEéh

e Measure change of angles

t N
L(u,0) = 5[ Err ()l — HUHM—l +(F'Vv— VD, o)

+ Z (v, vR) — <DL, DR), opp) g

12



TECHNISCHE
Moment tensor UWI}IIIE\:\]ERSITAT

t t3 R
W(u) = 2| Evr(W)lifa + o | FT 9w — 923

3
o > l<(vr,vr) - (e, )3y
EEéh

e Measure change of angles

t N
L(u,0) = 5[ Err ()l — HUHM—l +(F'Vv— VD, o)

+ Z (v, vR) — <DL, DR), opp) g

e o has physical meaning of moment
e Fourth order problem — second order problem
e Hybridization possible 12
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Shell element UhIIlIE\LERSITAT

® T L J ® T L T ®
“+ —
“+ — ¢ o o
“+ —
| | o |

13
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Aml

Morley triangle:

13
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Hellan—-Herrmann—Johnson method m UNIVERSITAT

div(div(V3?w)) = f

-
>

o=Vw, =weH(Q)
div(div(e)) =f, = o € H(divdiv,Q)

[ M. ComobI: The Hellan-Herrmann-Johnson method: some
new error estimates and postprocessing, Math. Comp. 52
(1989) pp. 17-29.

14
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TECHNISCHE
Hellan—Herrmann—Johnson method m pHvERS

div(div(V3?w)) = f

-
>

o=Vw, =weH(Q)
div(div(e)) =f, = o € H(divdiv,Q)

Linearization
If the undeformed configuration is a flat plane and f works
orthogonal on it, the HHJ method is the linearization of the

bending energy of our method.

14
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e Normal-normal continuous moment o
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- - TECHN|SCH.E
Structures with kinks UNIVERSITAT

e Normal-normal continuous moment o

e Preserve kinks l

e Variation of L(u, o) in direction do

/A(<I(VL7 VR) - <{(ﬁ[_, QR))(SUﬁﬁ d§ ; 0
E

= <I(VL, I/R) — <I(19L, ﬁR) =0
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Extension to nonlinear Naghdi shells UNIVERSITAT

e Use hierarchical shell model

e Additional shearing dofs v in H(curl)
e Jop=vog+yog vog

[§ EcHTER, R. AND OESTERLE, B. AND BISCHOFF, M.: A
hierarchic family of isogeometric shell finite elements, CMAME
(2013) 254, pp. 170-180.

16
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Extension to nonlinear Naghdi shells UNIVERSITAT

e Use hierarchical shell model Yo
e Additional shearing dofs v in H(curl)

oo
«Tog=vod+roo vod

Linearization recovers TDNNS method for

Reissner—Mindlin plates

[} A. PECHSTEIN AND J. SCHOBERL: The TDNNS method for
Reissner-Mindlin plates, J. Numer. Math. (2017) 137, pp.
713-740.

16
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Cantilever subjected to end moment m UNIVERSITAT

— — - — — -
e g per= ey 25160000 o=y P 2.6 26taer0 26100100

17
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Cantilever subjected to end moment m UNIVERSITAT
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19



Membrane locking




. TECHNISCHE
Membrane Iocklng UWI}IIIE\:qERSITAT

20



. TECHNISCHE
Membrane Iocklng UWI}IIIE\:qERSITAT

20



. TECHNISCHE
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t 3 R
W(w) = SIE (i} + 35 |IFTV (v 6) = Vol3g — f -u

21
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W(u) = t Emem(u) + t3 Epend(u) — f - u

21
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1 -
W(u) = ?Emem(u) + Epend(u) — f - u

e Enforces Epem(u) = 0 in the limit ¢ — 0

21
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1 .
W(u) = EEmem(u) + Epend(u) — f - u
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TECHNISCHE
Regge calculus M UW’\IIIIE\:\‘ERSITAT

@ T. REGGE: General relativity without coordinates, // Nuovo
Cimento (1955-1965), 19 (1961), pp. 558-571.
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e Metric tensor

@ T. REGGE: General relativity without coordinates, I/ Nuovo
Cimento (1955-1965), 19 (1961), pp. 558-571.
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e Metric tensor

e tangential-tangential continuous

@ T. REGGE: General relativity without coordinates, I/ Nuovo
Cimento (1955-1965), 19 (1961), pp. 558-571.
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Regf = {o ¢ [ﬂk(ﬂ,)]gyfnd |tTot is continuous over elements}

[ S. H. CHRISTIANSEN: On the linearization of Regge calculus,
Numerische Mathematik 119, 4 (2011), pp. 613-640.

24



TECHNISCHE
Regge elements UNNERSITT

Regf = {o ¢ [ﬂk(ﬂ,)]gyfnd |tTot is continuous over elements}

@ L. Lo Regge Finite Elements with Applications in Solid
Mechanics and Relativity, PhD thesis, University of Minnesota

(2018).
24
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Regge elements UNNERSITT

Regf = {o ¢ [ﬂk(ﬂ,)]gyfnd |tTot is continuous over elements}

H(curl curl) := {o € [L2(Q)]%5¢ | curl (curl o) € [HH(Q)]?9 32973}

m

24
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Regge elements UNNERSITT

Regf = {o ¢ [ﬂk(ﬂ,)]gde |tTot is continuous over elements}

H(curl curl) := {o € [L2FQ)]gmed |curl (curl &) € [H7H(Q))2I-3%2d-3)
P ‘ —
A ° R ° .1t o .. 1t
4 1t .. i

24
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1
?HETT(Uh)H%\A

25
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1
SN Eer(an)

e Reduced integration for quadrilateral meshes

25



. TECHNISCHE
Membrane Iocklng UWF}IIIE\{\IERSITAT

1
pHIIkQ,ETT(Uh)H%W

e Reduced integration for quadrilateral meshes
e Regge interpolant for triangles

e Connection to MITC shell elements

25
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e Lifting of distributions for nonlinear elasticity

e Hellan—Herrmann—Johnson method for nonlinear
Koiter/Naghdi shells
e Regge interpolation avoids membrane locking

N., PECHSTEIN, SCHOBERL: Three-field mixed finite element
methods for nonlinear elasticity arxiv.org/abs/2009.03928

N., SCHOBERL: The Hellan—Herrmann—Johnson method for
nonlinear shells, C&S 225 (2019)

N., SCHOBERL: Avoiding membrane locking with Regge
interpolation, CMAME 373 (2021)

N., Mixed Finite Element Methods For Nonlinear Continuum
Mechanics And Shells, PhD thesis, TU Wien 28
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