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Canham—Helfrich—Evans energy: kp bending elastic constant

H mean curvature
W(S) = 2/-%/(/4 — Hp)? ds

S 2Hp spontaneous curvature

Constraints:
3

A§
Q= Vo, |S]=Ao, Vo < =2
Q| = Vo, [S]= Ao AV

T(8) = W(S) + callS| — Ao)* + cv (1] — Vo)?

Curvature:

v
H= —%tr(@su) %
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Shape operator —9°v is a distribution

e Duality pairing with ¥ : § — ngxn% o e
MZ‘I’ML = uE‘I’uR %

o VR U (P)
vL Tr Te _Tr
R P
Tr T /

(v, W)g, == ) / O°v|r: Wds— Y / <(vL, VR) ¥y dy
T JE

TeT, Ecé&y

[1] GRINSPUN ET. AL., Computing discrete shape operators on
general meshes, Computer Graphics Forum (2006)
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e Direct extension to surfaces

e W is co-normal co-normal continuous HHJ finite element

81/\11 851/T W ds — (v, vR) Wy d.
pp

TeT Ec&y
[1] M. ComoDI: The Hellan-Herrmann-Johnson method: some
new error estimates and postprocessing, Math. Comp. (1989)

[2] A. PECHSTEIN AND J. SCHOBERL: The TDNNS method for
Reissner-Mindlin plates, J. Numer. Math. (2017)
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Rewrite jump term:
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Rewrite jump term:
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e Lift distributional curvature to more regular k

o ):Z(/sz,( H— Hy)?

TETh

+ ca Jsurf(’nr) + cv Jv01(771);
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e Lift distributional curvature to more regular k
e o enforces that kK = —0°v
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e Lift distributional curvature to more regular k
e o enforces that kK = —0°v
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e Fourth order to second order problems
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e Lift distributional curvature to more regular k
e o enforces that kK = —0°v
e K, o symmetric, co-normal co-normal continuous

L(Th, k,0) = Z (/ 2kp( %tr(fc) — Ho)?+ (k+ %) : o ds

TETh T

[ (G-t vh) o)
+ ca Jsurt (Th) + cv Jvol(Th),

e Fourth order to second order problems
e Only tr(k) involved — reduction to scalar-valued !
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e Additionally dev(k) =0=k=kPs, Ps=1—-vov

L(Th K, o) = (/ 2mb(%tr(n)—Ho)2+(l<;+8su) Lo ds

TETH T

[ (G-t oh) o)
+ ca Jsurt (Th) + cv Jvol(Th)



. . TECHNISCH_E
Reduction of formulation UNIVERSITAT

e Additionally dev(k) =0=k=kPs, Ps=1—-vov
® Ky continuous yields x continuous

e Same for o

L(Th K, o) = (/ 2mb(%tr(n)—Ho)2+(l<;+8su) Lo ds

TETH T

[ (G-t oh) o)
+ ca Jsurt (Th) + cv Jvol(Th)



. . TECHNISCH_E
Reduction of formulation UNIVERSITAT

e Additionally dev(k) =0=k=kPs, Ps=1—-vov
® Ky continuous yields x continuous
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e Additionally dev(k) =0=k=kPs, Ps=1—-vov
® Ky continuous yields x continuous

e Same for o

L(Th,k,0) = Z (/ 2/-%(% K — Ho)? + (k + tr(0°v)) ods

TETh T

<[ (G-t tvh) o)

+ CA Jsurf(’nr) + Cvy Jv01(771)

e k, o€ HY(S)
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oI o) =3 (/ wedns(y — Ho)? + we ( + (0% AT (1)))or ds
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e Shape derivative DL(75)(X) = Ii{f})
t

11



. . TECHNISCI_‘!E
Standard shape derivatives m UNIVERSITAT

(T o)=Y (/ v 2mn((s — Ho)? + we (i + tx(05 VAT (£)))or ds
Ter, T

[ (G-t ) o dn)

+ ca Jsurf(nt) +cv JVOl(nt)'

e Shape derivative DL(T5)(X) = |i%w

d .
aWt|t:0 = leS(X)

11



. . TECHNISCI_‘!E
Standard shape derivatives m UNIVERSITAT

(T o)=Y (/ wedns(y — Ho)? -+ we (1 + (0% AT (1)))or ds
Ter, T

E(T t t
o, Gt ) o)
+ca Jsurf(nt) + cv JV01(771t)'

e Shape derivative DL(T5)(X) = |i%w

d
aWtE|t:0 — (aSX)TT

11



. . TECHNISCI_‘!E
Standard shape derivatives m UNIVERSITAT

oI o) =3 (/ wedns(y — Ho)? + we ( + (0% AT (1)))or ds
e, T

E(T t gt
+/8th (5 - < {v'h) o dv)
+ ca Jblll'['(ﬁ)t) + cy JV01(771t)'

e Shape derivative DL(75)(X) = |i£% w
t

Dot (Th)(X) = 2(|T5] = Ao) [r divS(X) ds

11



. . TECHNISCI_‘!E
Standard shape derivatives m UNIVERSITAT

oI o) =3 (/ wedns(y — Ho)? + we ( + (0% AT (1)))or ds
e, T

E(T™ t t
+/6th (5 - <tut. (D) o dn)
+ca Jsurf(nt) + Ccv J\'ol(ﬁt)'

e Shape derivative DL(75)(X) = |i£% w
t

Dleor(Th)(X) = 21| — VO)[r X -vds

11



. . TECHNISCI_‘!E
Standard shape derivatives m UNIVERSITAT

oI o) =3 (/ wednsl(y — Ho)? + we (1 + (0% AT (1)))or ds
e, T

E(T™ t t
+/8th (5 —<u' {v'h) o dv)
+ca Jsurf(ﬁt) + cv JV01(771t)'

L(T,)—L(Th)
t

e Shape derivative DL(75)(X) = Ii{f})
t

11



TECHNISCHE
Shape operator (mean curvature) m ey

Shape operator

%(a%t) o Teleo = 80 (2 Sym(v ® vdSX) — asx)
— hess(X)(v) — °XT9°v

Mean curvature

%tr(a%t) 0 Tilmo=—A°X - v —20°X : 0°v

Laplace-Beltrami operator A = div®(9°)

12
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Shape operator

%(35*14) o Tt|t—o = 8°v (2 Sym(v @ vd° X) — 85X)
— hess(X)(v) — °XTo°v

Mean curvature (weak form)

/tr(@stut)o Tt]t_oads:/ °X0%0 v —9°X:0°vods
T T

—/ *Xp-vody
oT

12
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KR rL
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Shape derivative jump term

Sx _ 95X\ . (v
9 ot PL(()))emo = - EX =X s ()

at T— (- )7
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Shape derivative jump term

SX — 95X\ (v
9t PA(0))]eo = - X =X D (v)

dt T (b (V]

e Same first shape derivative as for <(ut, {v})
o Lptlico = ((1— 7@ 7)0°X — 95X )

14
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e For fixed 7p, Kk, and o

perx) =Y ([

e, T

+0°X0%0 v —0°X : Gsuads—/ °Xp-vody
oT

divS(X) (2,@,,(% — Ho)? + (1 + tr((?su))a>

X —0° XN - {v}
1—(p-{v})?

- /aT (0°Xrr <g — <(p, {V})) + )"‘”)

+ caDJsurt (Th)(X) + cv Ddyot (Th)(X)
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e For fixed 7p, Kk, and o

e lowest-order: lifting only via jump term
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For fixed Tp

find k, such that 0,L(Th,k,0)(6c) =0 for all do € Vi(Th),
find o, such that 0,L(Th,k,0)(dx) =0 for all 0k € Vi(Th),

0o L(Tho ki, 0)(00) = 3 ( / k00 + tr(950)d0 ds
Ter, T

[ (5 -t PE(p1)) b )
0L (T . )(0%) = |

2mb(E — Hp)ok + 0k o ds
T 2

16
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1: Input: surface 7770 n=0, Npax >0,¢>0, >0
2: Output: optimal shape 7,
3: while n < Npax and [VJI(7,.")| > € do

& i J((d— aVI(T)T)) < T(T) then
5 T e (id — aVI(T)(TY)

6: n< n-+1, increase «

7: else

8: reduce «

9: end if

10: end while
One iteration on 7, involves

1. Average normal vector and solve (adjoint) state problem
2. With new k and o compute shape gradient 17
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NGSolve 1

e Fully automated shape differentiation

e Deform mesh via ALE without remeshing
[1] GANGL, STURM, N., SCHOBERL, Fully and Semi-Automated

Shape Differentiation in NGSolve, Structural and
Multidisciplinary Optimization (2021)

'www.ngsolve.org

18
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bending energy
N no
(= -1
T T
I I
bending energy
= -

% ® s
(=2 o =)
T T T

I I I

L L L ] L L Il
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=
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3
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95| + k=1 oblate 3 x + k =2 oblate
’ xk =1 prolate . «k = 2 prolate
25| ’ .
2| 1
& g2 1

[1] SEIFERT, BERNDL, LIPOWSKY, Shape transformations of
vesicles: Phase diagram for spontaneous- curvature and
bilayer-coupling models, Phys. Rev. A (1991) 21
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o W(S) =2k [s(H — Ho)?ds, Ho = 1.2

N + oblate
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o W(S) =2k [s(H — Ho)?ds, Ho = 1.2
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o W(S) =2k [s(H — Ho)?ds, Ho = 1.2
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e Remeshing

[1] N., SCHOBERL, STURM, Numerical shape optimization of
Canham-Helfrich-Evans bending energy, in preparation

[2] GANGL, STURM, N., SCHOBERL, Fully and Semi-Automated
Shape Differentiation in NGSolve, Structural and
Multidisciplinary Optimization (2021)
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e Lifting distributional curvature by three-field formulation

e General shape derivative

e Remeshing

Thank You for Your attention!

[1] N., SCHOBERL, STURM, Numerical shape optimization of
Canham-Helfrich-Evans bending energy, in preparation

[2] GANGL, STURM, N., SCHOBERL, Fully and Semi-Automated
Shape Differentiation in NGSolve, Structural and
Multidisciplinary Optimization (2021)
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