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Nonlinear shells



Differential geometry

� Normal vector ν

Tangent vector τ

Element normal vector µ = ν × τ

µLµR

νL
νR

τL

τR

TL TR

� F = ∇τ̂ϕ, J =

� ν ◦ ϕ = 1
J cof(F )ν̂

τ ◦ ϕ = 1
JB
F τ̂

µ ◦ ϕ = ν ◦ ϕ× τ ◦ ϕ

ϕ

Ŝ S
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Koiter shell

W(u) =
t

2
∥E (u)∥2M +

t3

24
∥FT∇(ν ◦ ϕ)−∇ν̂∥2M

u . . . displacement of mid-surface

t . . . thickness

M . . .material tensor

F = ∇u + P = ∇ϕ, P = I − ν̂ ⊗ ν̂

E =
1

2
(F⊤

F − P) =
1

2
(∇u⊤∇u +∇u⊤P + P∇u)

t

membrane energy

bending energy
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Naghdi shell

W(u, γ) =
t

2
∥E (u)∥2M +

t3

24
∥sym(FT∇(ν̃ ◦ ϕ))−∇ν̂∥2M

+
tκG

2
∥FT ν̃ ◦ ϕ∥2

γ . . . shearing

ν̃ =
ν + γ

∥ν + γ∥
. . . director

G . . . shearing modulus

κ = 5/6 . . . shear correction factor

membrane energy

bending energy

shearing energy
6



Distributional curvature for Koiter shell

Lifting:

∫
Th

κ : σ dx =
∑
T∈Th

∫
T

∇ν : σ dx +
∑
E∈Eh

∫
E

∢(νL, νR)σµµ ds νL
νR

^(νL, νR)

TL TR

� Lifted curvature difference κdiff via three-field Hu–Washizu formulation

L(u,κdiff ,σ) =
t

2
∥E (u)∥2M +

t3

12
∥κdiff∥2M − ⟨f , u⟩+

∑
T∈Th

∫
T

(
κdiff − (FT∇(ν ◦ ϕ)−∇ν̂)

)
: σ dx

+
∑
E∈Eh

∫
E

(∢(νL, νR)− ∢(ν̂L, ν̂R))σµ̂µ̂ ds

� Lagrange parameter σ ∈ Mk−1
h moment tensor

� Eliminate κdiff → two-field formulation in (u,σ)

N., Schöberl, Sturm, Numerical shape optimization of Canham-Helfrich-Evans bending

energy, J. Comput. Phys. (2023). 7
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Formulation: Koiter shell

Shell problem

Find u ∈ [Lk
h(Th)]

3 and σ ∈ Mk−1
h for (Hν :=

∑
i (∇2ui )νi )

L(u,σ) = t

2
∥E (u)∥2M − 6

t3
∥σ∥2M−1 − ⟨f , u⟩

+
∑
T∈Th

∫
T

σ : (Hν + (1− ν̂ · ν)∇ν̂) dx

+
∑
E∈Eh

∫
E

(∢(νL, νR)− ∢(ν̂L, ν̂R))σµ̂µ̂ ds

Use hybridization to eliminate σ → recover minimization problem

N., Schöberl: The Hellan–Herrmann–Johnson method for nonlinear shells, Comput. Struct. 225

(2019).
8



Hellan–Herrmann–Johnson finite elements

H1(Ω) = {u ∈ L2(Ω) | ∇u ∈ [L2(Ω)]d}
Lk
h(Th) = Pk(Th) ∩ C (Ω)

H(curl,Ω) = {σ ∈ [L2(Ω)]d | curlσ ∈ [L2(Ω)]2d−3}
N k

II = {σ ∈ [Pk(Th)]
d | Jστ KF = 0}

H(div,Ω) = {σ ∈ [L2(Ω)]d |divσ ∈ L2(Ω)}
BDMk = {σ ∈ [Pk(Th)]

d | JσnKF = 0}

H(divdiv,Ω) = {σ ∈ [L2(Ω)]d×d
sym |divdivσ ∈ H−1(Ω)}

Mk
h (Th) = {σ ∈ [Pk(Th)]

d×d
sym | JnTσnKF = 0}

A. Pechstein and J. Schöberl: The TDNNS method for Reissner-Mindlin plates, J. Numer.

Math. (2017) 137, pp. 713-740. 9



Shell element (Koiter)
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Extension to nonlinear Naghdi shells

� Use hierarchical shell model

� Additional shearing dofs γ in H(curl)

� ν̃ ◦ ϕ = ν◦ϕ+γ◦ϕ
∥ν◦ϕ+γ◦ϕ∥

= 1
J cof(F )ν̂ + (F †)⊤γ̂

� Free of shear locking

ν ◦ ϕ

γ ◦ ϕ

ν̃ ◦ ϕ

L(u,σ, γ̂) = t

2
∥E (u)∥2M +

tκG

2
∥γ̂∥2 − 6

t3
∥σ∥2M−1

+
∑
T∈Th

∫
T

(H ν̃ + (1− ν̃ · ν̂)∇ν̂ −∇γ̂) : σ dx

+
∑
E∈Eh

∫
E

(∢(νL, νR)− ∢(ν̂L, ν̂R) + Jγ̂µ̂K)σµ̂µ̂ ds

Echter, R. and Oesterle, B. and Bischoff, M.: A hierarchic family of isogeometric shell

finite elements, Comput. Methods Appl. Mech. Engrg (2013) 254, pp. 170–180.
11



Extension to nonlinear Naghdi shells

� Use hierarchical shell model

� Additional shearing dofs γ in H(curl)

� ν̃ ◦ ϕ = ν ◦ ϕ+ γ ◦ ϕ = 1
J cof(F )ν̂ + (F †)⊤γ̂

� Free of shear locking

ν ◦ ϕ

γ ◦ ϕ

ν̃ ◦ ϕ

L(u,σ, γ̂) = t

2
∥E (u)∥2M +

tκG

2
∥γ̂∥2 − 6

t3
∥σ∥2M−1

+
∑
T∈Th

∫
T

(H ν̃ + (1− ν̃ · ν̂)∇ν̂ −∇γ̂) : σ dx

+
∑
E∈Eh

∫
E

(∢(νL, νR)− ∢(ν̂L, ν̂R) + Jγ̂µ̂K)σµ̂µ̂ ds
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Shell element (Naghdi)
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Linear Kirchhoff–Love shell and plate

Lshell
lin (u,σ) =

t

2
∥sym(∇covu)∥2M − 6

t3
∥σ∥2M−1 +

∑
T∈Th

(∫
T

H ν̂ : σ dx −
∫
∂T

(∇u⊤ν̂)µ̂σµ̂µ̂ ds
)

Lplate
lin (w ,σ) = − 6

t3
∥σ∥2M−1 +

∑
T∈Th

(∫
T

∇2w : σ dx −
∫
∂T

∂w

∂µ̂
σµ̂µ̂ ds

)

divdiv∇2w = f ⇔

{
σ = ∇2w ,

divdivσ = f ,

f

M. Comodi: The Hellan-Herrmann-Johnson method: some new error estimates and

postprocessing, Math. Comp. 52 (1989) pp. 17–29.
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Linear Reissner–Mindlin shell and plate

Lshell
lin (u,σ, γ̂) =

t

2
∥sym(∇covu)∥2M +

tκG

2
∥γ̂∥2 − 6

t3
∥σ∥2M−1

+
∑
T∈Th

(∫
T

(H ν̂ −∇γ̂) : σ dx −
∫
∂T

((∇u⊤ν̂)µ̂ − γ̂µ̂)σµ̂µ̂ ds
)

Lplate
lin (w ,σ, γ̂) =

tκG

2
∥γ̂∥2 − 6

t3
∥σ∥2M−1

+
∑
T∈Th

(∫
T

(∇2w −∇γ̂) : σ dx −
∫
∂T

(
∂w

∂µ̂
− γ̂µ̂)σµ̂µ̂ ds

)

A. Pechstein and J. Schöberl: The TDNNS method for Reissner-Mindlin plates, J. Numer.

Math. (2017) 137, pp. 713–740.
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Membrane locking



Membrane locking

W(u) = t Emem(u) + t3 Ebend(u)− f · u, f = t3 f̃

Enforces Emem(u) = 0 in the limit t → 0

Emem(u) = 0 ⇏⇏⇏ Emem(uh) = 0

Lk
h(Th) = Pk(Th) ∩ C (Ω) ⊂ H1(Ω)

15
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Regge elements

H(curl curl) := {σ ∈ [L2(Ω)]2×2
sym | curl curlσ ∈ H−1(Ω)}

Regkh := {ε ∈ [Pk(Th)]
d×d
sym | Jt⊤ε tKE = 0 for all edges E}

λ1 λ2

λ3

E1
E2

E3

φEi = ∇λj ⊙∇λk , t⊤j φEi tj = ciδij , φTi = λi ∇λj ⊙∇λk

Christiansen: On the linearization of Regge calculus, Numerische Mathematik 119, 4 (2011).

Li: Regge Finite Elements with Applications in Solid Mechanics and Relativity, PhD thesis,

University of Minnesota (2018).

N.: Mixed Finite Element Methods For Nonlinear Continuum Mechanics And Shells, PhD thesis,

TU Wien (2021). 17



Membrane locking

1

t2
∥ E (uh)∥2M

� Reduced integration for quadrilateral meshes

� Regge interpolant for triangles

� Connection to MITC shell elements

N., Schöberl: Avoiding membrane locking with Regge interpolation, Comput. Methods Appl.

Mech. Engrg 373 (2021).

18
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Numerical examples



Cantilever subjected to end moment
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Cantilever subjected to end moment
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Cantilever subjected to end moment
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Slit annular plate
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Pinched cylinder

L

R

P

A

0 50 100 150

0

0.2

0.4

0.6

0.8

1

displacement

P
/P

m
a
x

Sze et al. 2004
k1 16× 16
k2 16× 16
k1 32× 32
k2 32× 32

22



Summary & outlook

� Lifting of distributional curvature via Hu–Washizu three-field formulation

� HHJ for (non)linear Koiter shells

� TDNNS for (non)linear Naghdi shells

� Avoiding membrane locking with Regge elements

� Coupling for 3D elasticity (A. Pechstein, M. Krommer; JKU)

� NGSolve Add-On

23
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Thank You for Your attention!
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