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KR ’
e Normal vector v

Tangent vector 7
Element normal vector p=v x 7



TECHNISCHE
UNIVERSITAT

WIEN

TR AML
HFR
e Normal vector ‘

Tangent vector 7
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TR AML
LR ’
e Normal vector U n
Tangent vector 7 VL
Element normal vector i =0 x 7
_ _ T ¢
e F=V;¢, J=/det(F F)
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Tangent vector 7 VL
Element normal vector i =0 x 7
e F=V;¢, J=| cof(F)|F ¢
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Differential geometry

TR AML
KR
e Normal vector U ’ VR
Tangent vector 7 VL
Element normal vector i =0 x 7
o F:V.fgﬁ,J:HCOf(F)”F ¢
. oo =1Lcof(F)p /\
Tog= J—IBF?
pop=vopxXTOQD N
S S
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t t3 R
W(u) = EIIE(U)H%/H + QHFTV(V o ¢) — VD[

u...displacement of mid-surface
t...thickness

M. .. material tensor
F=Vu+P=Vo¢, P=1-pQ7D

1 1
E = 5(l—'TF - P)= 5(vuTvU +Vu'P + PVu)

7 X
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t t3 R
W) = SIEWE + 2 IFTV(vo 6) - VoI,

u...displacement of mid-surface

membrane energy
t...thickness
M. .. material tensor

F=Vu+P=V¢, P=I1-0x@0

1 1
E = 5(l—'TF - P)= 5(vuTvU +Vu'P + PVu)

7 X
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t t3 .
W(u) = SIEW)IE + 5, IF TV (v o 0) — Vol

u...displacement of mid-surface
membrane energy

t...thickness

M. .. material tensor

F=Vu+P=V¢, P=1-0®D m
1 1
[ E(FTF—P): E(VUTVu-l—VuTP—l—PVu) T

bending energy



Naghdi shell m i
WIEN

; membrane energy
W(u,7) = 5 IIE(u )HM+ IINH(F V(70 ¢)) = Vol

tw’,

o HFT&OW m
2

7 ... shearing T

v+
RN

G .. .shearing modulus

Tz

.. director bending energy

k =5/6...shear correction factor —>

shearing energy
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Lifting: / K:odx = Z /Vu:adx+ Z/<{(1/L,VR)Ust N vr
T T E

TeT, E€&,

@ N., SCHOBERL, STURM, Numerical shape optimization of Canham-Helfrich-Evans bending
energy, J. Comput. Phys. (2023). 7
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<(vL,vR)
Lifting: / K:odx = Z / Vv :odx+ Z / <U(vL, vR)O yu ds Vi (, o
Th T E

TeT, E€&,

e Lifted curvature difference k¥ via three-field Hu—=Washizu formulation

diff t £ g diff A
£ 0) = SIE@R+ I B () + 3 [ (41— (FTVw o) - 0) : o on
TeT,

+ Z L(q(VL7VR)—<(9L,ﬁR))Uﬁﬂ ds

Ecé&)

e Lagrange parameter o € M,’ffl moment tensor
e Eliminate k1 — two-field formulation in (u, o)

@ N., SCHOBERL: The Hellan—-Herrmann—Johnson and TDNNS method for linear and nonlinear
shells, arXiv:2304.13806. 7
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Shell problem
Find u € [£K(Z)]® and o € M~ for (H,, = 2,(V2u;)vi)

t 6
L(u, o) =5 |E()l} = Zlloli — (f u)

+ /TU:(HV+(1719ou)V19)dX

TET,
a4 Z /(<I(l/[_, VR) = <I(ﬁ[_, ﬁR))O'ﬂﬂ ds
Ecé&y £
Use hybridization to eliminate o — recover minimization problem

@ N., SCHOBERL: The Hellan—Herrmann—Johnson method for nonlinear shells, Comput. Struct. 225
(2019).
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HY(Q) = {u € LX(Q)| Vu € [2(Q))9}
Li(Th) = P*(Th) N C(Q)

H(curl, Q) = {o € [L3(Q)]9 | curlo € [L*(Q)]* 3}
Nif ={o € [P"(F)| [o-]F = 0}

H(div, Q) = {0 € [L3(Q)]? | dive € L3(Q)} /\\
|
v

BN

BDM* = {o € [P*(Z)] | [on]F = 0}

H(divdiv, Q) = {o € [L3(Q)]%X¢ | divdive € H71(Q)}

sym

My(Zh) = {o € [PX(ITnI& | [nTonlF = 0}

sym

@ A. PECHSTEIN AND J. SCHOBERL: The TDNNS method for Reissner-Mindlin plates, J. Numer.
Math. (2017) 137, pp. 713-740. 9
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Extension to nonlinear Naghdi shells f

e Use hierarchical shell model Vo P
e Additional shearing dofs 7 in H(curl) vo¢

L vodtos voo
* 700 = [ogiyod

Free of shear locking

B ECHTER, R. AND OESTERLE, B. AND BISCHOFF, M.: A hierarchic family of isogeometric shell

finite elements, Comput. Methods Appl. Mech. Engrg (2013) 254, pp. 170-180.
11
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Extension to nonlinear Naghdi shells f

Use hierarchical shell model
Additional shearing dofs v in H(curl) podg¢
e Dop=voo+yod=1cof(F)o+(F)T4

Free of shear locking

N t th'G N
£luno.) = SIEQIE+ O 131

+ Z/(Hﬁ—l—(l—fx-ﬁ)Vﬁ—Vf):adx
Tez, /T

6
— 5l

£y / (v, vr) — <(Pu, Dr) + [9,]) 05 ds

Ecéy

B N., SCHOBERL: The Hellan-Herrmann—Johnson and TDNNS method for linear and nonlinear

shells, arXiv:2304.13806.
11



WIEN

) TECHNISCHE
Shell element (Naghdl) m UNIVERSITAT




TECHNISCHE
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shell 75 cov 2 _E 2 . o TAN
£ w.0) = Slsrm(T ) = gl + 3 ([ Hoiode— [ (V)i as)

TeT,
6 8W
[plate w,o) = ——|lo|}. + /Vzw:odx—/ —~0ppds
o) = gl 3 (. e 3570 %)
. . 5 O':vzwa ¢
divdivVew = f &
divdive = f, L

U

A

B M. Comobprt: The Hellan-Herrmann-Johnson method: some new error estimates and
postprocessing, Math. Comp. 52 (1989) pp. 17-29.

13
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she . t cov tkG | 6
£ ,0,3) = Sllsym(T )+ 141~ ol
+ Z (/(H,;—T‘,):O'dx—/ ((VuTzA/)ﬁ—f,q)O',mds)
Tea, IT aT
. tkG . 6
Lo, 9) = 1317 = Slolfm
0
+ Z (/(V2W—Tﬁ):adx—/ (—Vl/—‘,ﬁ)oﬁﬂds)
Te, T ot Of1

B A. PECHSTEIN AND J. SCHOBERL: The TDNNS method for Reissner-Mindlin plates, J. Numer.
Math. (2017) 137, pp. 713-740.

14



Membrane locking




TECHNISCHE

Membrane Iocking UNIVERSITAT

WIEN

W(U): tEmem(U)+t3 Ebend(u)ff-~u7 f=1t3f

15



TECHNISCHE

Membrane Iocking UNIVERSITAT

WIEN

W(IJ) = t72Emem(u) -+ Ebend(u) — F u, f = t3f
Enforces Emem(u) = 0 in the limit t — 0

15
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W(IJ) = t72Emem(u) -+ Ebend(u) — F u, f = t3f
Enforces Emem(u) = 0 in the limit t — 0

LE(Th) = PX(F) N C(Q) C HY(Q)

15
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W(IJ) = t72Emem(u) -+ Ebend(u) — F u, f = t3f
Enforces Emem(u) = 0 in the limit t — 0

Emem(u) =0 % Epem(up) =0

L(Th) = P*(Th) N C(Q) € HY(Q)

15
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W(IJ) = t72Emem(u) -+ Ebend(u) — F u, f = t3f
Enforces Emem(u) = 0 in the limit t — 0

Emem(u) =0 % Epem(up) =0

L(Th) = P*(Th) N C(Q) € HY(Q)
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e Pre-asymptotic regime
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H(curlcurl) .= {o € [LZ(Q)]%,X,,,2 | curleurle € HH(Q)}
Regf == {e € [Pk(%)]gyff |[t"et]e = O for all edges E}

A3
E
E» q
A1 E; 2
e =VN OV,  toet=cdy, P71, = A VA © VA

@ CHRISTIANSEN: On the linearization of Regge calculus, Numerische Mathematik 119, 4 (2011).

@ L1: Regge Finite Elements with Applications in Solid Mechanics and Relativity, PhD thesis,
University of Minnesota (2018).

@ N.: Mixed Finite Element Methods For Nonlinear Continuum Mechanics And Shells, PhD thesis,
TU Wien (2021). 1
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e Reduced integration for quadrilateral meshes

18
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e Reduced integration for quadrilateral meshes
e Regge interpolant for triangles

e Connection to MITC shell elements

@ N., SCHOBERL: Avoiding membrane locking with Regge interpolation, Comput. Methods Appl.
Mech. Engrg 373 (2021).

18
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Numerical examples
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NGSolve

2.6180100 2.610e100 2.6180100 2.6180100 2.610e100 2.610e100 2.6180100 2.610e100 2.610e100 2.6180180

_—/_/

20
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Lifting of distributional curvature via Hu—=Washizu three-field formulation

HHJ for (non)linear Koiter shells
TDNNS for (non)linear Naghdi shells

Avoiding membrane locking with Regge elements

23
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Lifting of distributional curvature via Hu—=Washizu three-field formulation

HHJ for (non)linear Koiter shells
TDNNS for (non)linear Naghdi shells

Avoiding membrane locking with Regge elements

Coupling for 3D elasticity (A. Pechstein, M. Krommer; JKU)
e NGSolve Add-On

23
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Thank You for Your attention!
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