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Riemannian manifolds

Riemannian manifold (Ω, g), Ω ⊂ RN , g metric tensor

Levi-Civita connection ∇
∇Xg(Y ,Z ) = g(∇XY ,Z ) + g(Y ,∇XZ )

• Approximation of g on a triangulation

• Compute lengths and angles

• Regge calculus and finite elements

• How to compute curvature? Convergence?

∥R(gh)−R(g)∥? ≤ O(h?)

rect_metric.pdf

rect_appr_metric.pdf

rect_appr_metric_lengths.pdf
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Regge calculus and Regge metrics

non_flat_trigs.pdf

flat_trig_angle.pdf

• angle defect

Regh = {ε ∈ P (T ,Rd×d
sym ) | Jt⊤ε tKE = 0 for all edges E}

H(curl curl) = {ε ∈ L2(Ω,Rd×d
sym ) | curl⊤ curl(ε) ∈ H−1(Ω,R(2d−3)×(2d−3))}

Regge: General relativity without coordinates, Il Nuovo Cimento (1955-1965), 19 (1961).

Sorkin: Time-evolution problem in Regge calculus, Phys. Rev. D 12 (1975).
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Regge calculus and Regge metrics
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• metric tensor

(tangential-tangential continuous)

Regh = {ε ∈ P (T ,Rd×d
sym ) | Jt⊤ε tKE = 0 for all edges E}

H(curl curl) = {ε ∈ L2(Ω,Rd×d
sym ) | curl⊤ curl(ε) ∈ H−1(Ω,R(2d−3)×(2d−3))}

Regge: General relativity without coordinates, Il Nuovo Cimento (1955-1965), 19 (1961).
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Regge calculus and Regge metrics

non_flat_trigs_red2.pdf trig_edges.pdf

• metric tensor (tangential-tangential continuous)

Reg0h = {ε ∈ P0(T ,Rd×d
sym ) | Jt⊤ε tKE = 0 for all edges E}

H(curl curl) = {ε ∈ L2(Ω,Rd×d
sym ) | curl⊤ curl(ε) ∈ H−1(Ω,R(2d−3)×(2d−3))}

Christiansen: On the linearization of Regge calculus, Numerische Mathematik 119, 4 (2011).

Li: Regge Finite Elements with Applications in Solid Mechanics and Relativity, PhD thesis,

University of Minnesota (2018).
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Regge calculus and Regge metrics

Regkh = {ε ∈ Pk(T ,Rd×d
sym ) | Jt⊤ε tKE = 0 for all edges E}

hcurlcurl_0_trig_ref_1.pdf

λ1 λ2

λ3

E1
E2

E3

hcurlcurl_0_trig_ref_2.pdf

φEi = ∇λj ⊙∇λk , t⊤j φEi tj = ciδij , φTi = λi ∇λj ⊙∇λk

hcurlcurl_0_tet_ref_1.pdf hcurlcurl_0_tet_2.pdf
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Definition distributional Riemann

curvature tensor



Motivation Riemann curvature tensor I

Riemann curvature tensor:

R(X ,Y ,Z ,W ) = g(∇X∇YZ −∇Y∇XZ −∇[X ,Y ]Z ,W )

Rijkl = ∂iΓjkl − ∂jΓikl + ΓpikΓjpl − ΓpjkΓipl

Christoffel symbols: ∇∂j∂k = Γljk∂l , {∂i}Ni=1 coordinate frame

Γkij(g) = gkl 1

2
(∂igjl + ∂jgil − ∂lgij) = gklΓijl

Contribution: Element-wise curvature RT := R(gh)|T for T ∈ T

RT
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Motivation Riemann curvature tensor II

Second fundamental form: F hyper-surface with g -normal vector ν̂

IIν̂(X ,Y ) = −g(∇X ν̂,Y ) = g(ν̂,∇XY ), X ,Y ∈ X(F )

(IIν̂)ij = (δ l
i − ν̂i ν̂

l) Γlpk ν̂
k (δpj − ν̂p ν̂j), ν̂ i =

1

∥g−1ν∥
g ijνj

Metric gh only tangential-tangential continuous ⇒ ν̂T+

F ̸= −ν̂
T−
F , F = T+ ∩ T−

Contribution: Jump of second fundamental form JIIKF = II
ν̂
T+
F

+ II
ν̂
T−
F

for F ∈ F̊

Motivation: Radial curvature equation

R(X , ν̂, ν̂,Y ) = (∇ν̂II)(X ,Y )− III(X ,Y ), X ,Y ∈ X(F ), III(X ,Y ) = ⟨∇X ν̂,∇Y ν̂⟩

τ̂F

ν̂T+

F

ν̂
T−
F

curved_triangles.pdfcurved_triangles_nonsmooth.pdf
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Motivation Riemann curvature tensor III

Angle defect:

At co-dimension 2 simplex E (Vertex in 2D, edge in 3D): 2-dimensional g -orthogonal plane

ΘE = 2π −
∑
T⊃E

arccos(g |T (µ̂F+

E , µ̂
F−
E ))

E

T

µ̂
F+
E µ̂

F−
E

Like classical angle defect for 2D manifolds

Contribution: ΘE for E ∈ E̊

angle_defect_smooth.pdf
E

∢
T1
E

T1

T2

T3

T4

T5
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Distributional (densitized) Riemann curvature tensor

Test space:

A(T ) = {A ∈ T 4
0 (T ) |A(X ,Y ,Z ,W )=−A(Y ,X ,Z ,W )=−A(X ,Y ,W ,Z )=A(Z ,W ,X ,Y ),

A(·, ν̂, ν̂, ·) is single-valued for all F ∈ F̊ , A(µ̂, ν̂, ν̂, µ̂) is single-valued for all E ∈ E̊ }
Å(T ) = {A ∈ A(T ) : A(·, ν̂, ν̂, ·) vanishes on all F ∈ F∂}

Distributional densitized Riemann curvature tensor

R̃ω(A) =
∑
T∈T

∫
T

⟨RT ,A⟩ωT + 4
∑
F∈F̊

∫
F

⟨JIIK,A·ν̂ν̂·⟩ωF + 4
∑
E∈E̊

∫
E

ΘE Aµ̂ν̂ν̂µ̂ ωE , A ∈ Å(T )

Gopalakrishnan, N., Schöberl, Wardetzky: Analysis of distributional Riemann curvature

tensor in any dimension, arXiv:2311.01603.
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Specialization to distributional Gauss curvature

Gauss curvature

K =
R(X ,Y ,Y ,X )

∥X∥g∥Y ∥g − g(X ,Y )2
=

R1221

det g

Geodesic curvature

κν̂ = g(ν̂,∇τ̂ τ̂) = IIν̂(τ̂ , τ̂)

Define test function A(X ,Y ,Z ,W )=−v ω(X ,Y )ω(Z ,W ), v ∈ V̊={u ∈ C 0(Ω) | u|∂Ω = 0}

Distributional densitized Gauss curvature

K̃ω(v) =
1

4
R̃ω(A) =

∑
T∈T

∫
T

KT v ωT +
∑
F∈F̊

∫
F

JκKv ωF +
∑
E∈E̊

ΘE v(E ).

Berchenko-Kogan, Gawlik: Finite element approximation of the Levi-Civita connection and

its curvature in two dimensions, Found Comput Math (2022).

Gopalakrishnan, N., Schöberl, Wardetzky: Analysis of curvature approximations via

covariant curl and incompatibility for Regge metrics, SMAI J. Comput. Math. (2023).
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Specialization to distributional scalar curvature

Scalar curvature

S = g ilg jkRijkl

Mean curvature

H = tr(II) = g ij IIij

• Kulkarni-Nomizu product ? : T 2
0 (Ω)× T 2

0 (Ω) → T 4
0 (Ω)

(h ? k)(X ,Y ,Z ,W )=h(X ,W )k(Y ,Z )+h(Y ,Z )k(X ,W )−h(X ,Z )k(Y ,W )−h(Y ,W )k(X ,Z )

• Define test function A = v g ? g , v ∈ V̊

Distributional densitized scalar curvature

S̃ω(v) =
1

4
R̃ω(A) =

∑
T∈T

∫
T

ST v ωT + 2
∑
F∈F̊

∫
F

JHK v ωF + 2
∑
E∈E̊

∫
E

ΘEv ωE

Gawlik, N.: Finite element approximation of scalar curvature in arbitrary dimension,

arXiv:2301.02159.
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Specialization to distributional Ricci curvature tensor

Ricci tensor: Ricij = g abRiabj

A = g ? U, U ∈{V ∈ S(T ) : V is tt- and nn-continuous,V |F and V (ν̂, ν̂) vanish ∀F ∈ F∂},

(g ? U)(X , ν̂, ν̂,Y ) = U|F (X ,Y ) + g |F (X ,Y )U(ν̂, ν̂)

(g ? U)(µ̂, ν̂, ν̂, µ̂) = U(µ̂, µ̂) + U(ν̂, ν̂) = tr(U)− tr(U|E ).

Distributional densitized Ricci curvature tensor

R̃icω(U) =
1

4
R̃ω(A) =

∑
T∈T

∫
T

⟨RicT ,U⟩ωT +
∑
F∈F̊

∫
F

⟨JIIK,U|F + U(ν̂, ν̂)g |F ⟩ωF

+
∑
E∈E̊

∫
E

ΘE (U(ν̂, ν̂) + U(µ̂, µ̂))ωE

Gopalakrishnan, N., Schöberl, Wardetzky: Analysis of distributional Riemann curvature

tensor in any dimension, arXiv:2311.01603.
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Error analysis



Integral representation of error

• Goal: Find integral representation of H−2-error

parametrization g̃(t) = g + t(gh − g)

R̃ω(A)(gh)− R̃ω(A)(g) =

∫ 1

0

d

dt
R̃ω(A)(g̃(t)) dt

• Problem: test function A = Ag depends on metric tensor

A(T ) = {A ∈ T 4
0 (T ) |A(X ,Y ,Z ,W )=−A(Y ,X ,Z ,W )=−A(X ,Y ,W ,Z )=A(Z ,W ,X ,Y ),

A(·, ν̂, ν̂, ·) is single-valued for all F ∈ F̊ , A(µ̂, ν̂, ν̂, µ̂) is single-valued for all E ∈ E̊ }

• Solution: Uhlenbeck trick

transform to g -independent test functions U with Ag = Ag (U)

13
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Uhlenbeck trick

U(T ) = {U ∈ Γ
(∧N−2

(T )⊙∧N−2
(T )

)
: U|F (X1, . . . ,XN−2,Y1, . . . ,YN−2) is single

valued for all X1, . . . ,XN−2,Y1, . . . ,YN−2 ∈ X(F ),F ∈ F̊ ,

U|E (X1, . . . ,XN−2,Y1, . . . ,YN−2) is single valued for all

X1, . . . ,XN−2,Y1, . . . ,YN−2 ∈ X(E ), E ∈ E̊ }

U ∈ U(T ) is metric independent

A : U(T ) → T 4
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Evolution of distributional Riemann curvature

Lemma

Let σ := ġ(t), A ∈ A(T ), (SA)(X ,Y ,Z ,W ) = A(X ,Z ,Y ,W ) swaps second with third

argument. There holds

Ȧ(X ,Y ,Z ,W ) = − tr(σ)A(X ,Y ,Z ,W ) + A(σ(X , ·)♯,Y ,Z ,W ) + A(X , σ(Y , ·)♯,Z ,W )

+ A(X ,Y , σ(Z , ·)♯,W ) + A(X ,Y ,Z , σ(W , ·)♯),

d

dt

(
⟨R,A⟩ωT

)
|t=0 =

(
2⟨∇2σ, S(A)⟩+ ⟨R(σ(·, ·)♯, ·, ·, ·),A⟩ − 1

2
tr(σ)⟨R,A⟩

)
ωT ,

d

dt

(
⟨JIIK,A·ν̂ν̂·⟩ωF

)
|t=0 =

1

2
⟨J(σ(ν̂, ν̂)− tr(σ|F ))II+ 2(∇Fσ)(ν̂, ·)|F − (∇ν̂σ)|F K,A·ν̂ν̂·⟩ ωF ,

d

dt

(
ΘEAµ̂ν̂ν̂µ̂ ωE

)
|t=0 = −1

2

( ∑
F⊃E

Jσ(ν̂, µ̂)KEF + tr(σ|E )ΘE

)
Aµ̂ν̂ν̂µ̂ ωE .
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Evolution of distributional Riemann curvature

Proposition

Let σ := ġ and A ∈ Å(T ) with corresponding U = A−1(A) ∈ Ů(T ). Then there holds

d

dt
˜(A−1Rω)(g)(U)|t=0 = ah(g ;σ,U) + bh(g ;σ,U),

ah(g ;σ,U) =
∑
T∈T

∫
T

(
⟨R(σ(·, ·)♯, ·, ·, ·),A(U)⟩ − 1

2
tr(σ)⟨R,A(U)⟩

)
ωT

− 2
∑
F∈F̊

∫
F

(
tr(σ|F )⟨JIIK,A(U)·ν̂ν̂·⟩ − JIIK : σ|F : A(U)·ν̂ν̂·

)
ωF

− 2
∑
E∈E̊

∫
E

tr(σ|E )ΘEA(U)µ̂ν̂ν̂µ̂ ωE

JIIK : σ|F : A(U)·ν̂ν̂· = JIIKij(σ|F )jk(A(U)·ν̂ν̂·)
i

k .

bh(g ;σ,U) = 2 ∇̃2σ(SA(U)) is the distributional covariant incompatibility operator

inc(σ)ij = curl(curl(σ)⊤)ij = εiklεjmn∂k∂mσln
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F
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∑
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∫
E
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Integral representation

• Goal: Estimate ∥ ˜(A−1Rω)(gh)− (A−1Rω)(g)∥H−2

• Integral representation: g̃(t) = g + t(gh − g), σ = d
dt g̃(t) = gh − g

( ˜(A−1Rω)(gh)− (A−1Rω)(g))(U) =

∫ 1

0

ah(g̃(t);σ,U) + bh(g̃(t);σ,U) dt

• Proof strategy idea: Estimate integrand

|ah(g̃(t);σ,U)| ≲ ∥σ∥L2∥U∥H2 = ∥gh − g∥L2∥U∥H2

|bh(g̃(t);σ,U)| ≲ ∥gh − g∥L2∥U∥H2

Extract convergence rate: ∥gh − g∥ ≲ hk+1

16



Distributional covariant incompatibility operator

Lemma

Let σ ∈ Reg(T ), Ψ ∈ A(T ) a smooth test function with compact support, and g a smooth

metric tensor. Then the distributional covariant incompatibility operator ∇̃2σ(SΨ) is

∇̃2σ(SΨ) =
∑
T∈T

[ ∫
T

⟨∇2σ, SΨ⟩ωT +

∫
∂T

⟨(∇Fσ)(·, ν̂) +∇F (σ(ν̂, ·))−∇ν̂σ

+ σ(ν̂, ν̂)IIν̂ , (SΨ)·ν̂ν̂·⟩ω∂T

]
−

∑
E∈E̊

∑
F⊃E

∫
E

Jσ(ν̂, µ̂)KEF (SΨ)µ̂ν̂ν̂µ̂ ωE .

Definition (incompatibility operator)

Let U such that U = A−1(A) with A ∈ A(Ω). For a symmetric matrix σ ∈ T 2
0 (Ω) we define

the covariant incompatibility operator incσ by

⟨incσ,U⟩ = −⟨∇2σ, S(A)⟩, for all A ∈ A(Ω).
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Adjoint of distributional covariant incompatibility operator

Motivation:

|bh(g̃(t);σ,U)| =
∣∣∣2 ∇̃2σ

(
(SA)(U)

)∣∣∣

=
∣∣∣2( ˜divdiv

(
(SA)(U)

))
(σ)

∣∣∣

≲ ∥σ∥L2∥U∥H2

Lemma

Let σ ∈ Reg(T ), A ∈ Å(T ), and g a Regge metric. There holds ∇̃2σ(SA) = ˜divdiv(SA)(σ)

with

˜divdiv(SA)(σ)=
∑
T∈T

[ ∫
T

⟨σ, divdiv(SA)⟩ωT +

∫
∂T

(
⟨σ|F , (div(SA) + divF (SA))ν̂+H (SA)ν̂ν̂⟩

− σ|F : II : (SA)ν̂ν̂ − ⟨II⊗ σ|F ,SA⟩
)
ω∂T

]
−

∑
E∈E̊

∑
F⊃E

∫
E

⟨σ|E , J(SA)ν̂µ̂KEF ⟩ωE .
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Analysis of ah and bh

Proposition

Let g̃(t) = g + (gh − g)t, σ = gh − g , and U ∈ H2
0 (Ω,U). There holds for all t ∈ [0, 1]∣∣ah(g̃(t);σ,U)

∣∣≲(1+ max
T∈Th

h−1
T ∥gh − g∥W 1,∞(T )+max

T∈Th

h−2
T ∥gh − g∥L∞(T )) ∥∥gh − g∥∥2∥U∥H2 .

Assume that gh = Ik
h g is an optimal-order interpolant. Then for an integer k ≥ 1

∣∣ah(g̃(t);σ,U)
∣∣ ≲ ( ∑

T∈Th

h
p(k+1)
T |g |p

W k+1,p(T )

)1/p

∥U∥H2 ≈ hk+1|g |W k+1,p∥U∥H2 .

∥∥σ∥∥22 = ∥σ∥2L2 + h2∥σ∥2
H1

h
+ h4∥σ∥2

H2
h
, ∥σ∥2

H1
h
=

∑
T∈T ∥σ∥2H1(T )
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Analysis of ah and bh

Proposition

Let g̃(t) = g + (gh − g)t, σ = gh − g , and U ∈ H2
0 (Ω,U). There holds for all t ∈ [0, 1] for

dimension N ≥ 3∣∣bh(g̃(t);σ,U)
∣∣≲(

1+ max
T∈Th

h−2
T ∥gh − g∥L∞(T )+max

T∈Th

h−1
T ∥gh − g∥W 1,∞(T )

)
∥∥gh − g∥∥2∥U∥H2

and for N = 2∣∣bh(g̃(t);σ,U)
∣∣ ≲ (

1 + max
T∈Th

h−1
T ∥gh − g∥L∞(T ) + ∥gh − g∥W 1,∞

h

)
∥∥gh − g∥∥2 ∥U∥H2 .

Assume that gh = Ik
h g is an optimal-order interpolant. Then for an integer k ≥ 1 for N ≥ 3

and k ≥ 0 for N = 2∣∣bh(g̃(t);σ,U)
∣∣ ≲ ( ∑

T∈Th

h
p(k+1)
T |g |p

W k+1,p(T )

)1/p

∥U∥H2 ≈ hk+1|g |W k+1,p∥U∥H2 .
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Results

Theorem (Gopalakrishnan, N., Schöberl, Wardetzky 2023)

Assume {gh}h>0 is a family of Regge metrics on a shape regular family of triangulations

{Th}h>0 with limh→0 ∥gh − g∥L∞ = 0 and suph>0 maxT∈Th
∥gh∥W 2,∞(T ) < ∞. Then there

exists h0 > 0 such that for all h ≤ h0 in the two-dimensional case N = 2

∥ ˜(A−1Rω)(gh)−(A−1Rω)(g)∥H−2 ≲
(
1+ max

T∈Th

(h−1
T ∥g−gh∥L∞(T ))+∥g−gh∥W 1,∞

h

)
∥∥gh−g∥∥2

and for higher dimensions N ≥ 3

∥ ˜(A−1Rω)(gh)− (A−1Rω)(g)∥H−2

≲
(
1 + max

T∈Th

(h−2
T ∥g − gh∥L∞(T )) + max

T∈Th

(h−1
T ∥g − gh∥W 1,∞(T ))

)
∥∥gh − g∥∥2 .

ah(g ;σ,U) = 0 for N = 2
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Results

Theorem (Gopalakrishnan, N., Schöberl, Wardetzky 2023)

Let k be an integer with k ≥ 0 for N = 2 and k ≥ 1 for N ≥ 3. Assume that

gh = Ik
h g ∈ Regkh is a family of optimal order interpolants on a shape regular family of

triangulations {Th}h>0 with suph>0 maxT∈Th
∥gh∥W 2,∞(T ) < ∞. Then there exists h0 > 0

such that for all h ≤ h0 and p ∈ [2,∞] satisfying p > m
k+1

∥ ˜(A−1Rω)(gh)− (A−1Rω)(g)∥H−2 ≲
( ∑

T∈Th

h
p(k+1)
T |g |p

W k+1,p(T )

)1/p

≈ hk+1|g |W k+1,p

where m is the codimension index of Ik
h .

ah(g ;σ,U) = 0 for N = 2
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Specialization to 2D

Lemma

For N = 2 the distributional densitized Riemann curvature tensor simplifies to the

distributional Gauss curvature

K̃ω(u) =
∑
T∈T

∫
T

KTu ωT +
∑
F∈F̊

∫
F

JκKFu ωF +
∑
E∈E̊

ΘEu(E ), u ∈ V̊,

and there holds U(T ) = V̊ and
ah(g ;σ, u) = 0,

bh(g ;σ, u) = −2
∑
T∈T

∫
T

incσ u ωT + 2
∑
F∈F̊

∫
F

Jcurl(σ)(τ̂) +∇τ̂ (σ(ν̂, τ̂))KFu ωF

− 2
∑
E∈E̊

∑
F⊃E

Jσ(ν̂, µ̂)KEFu(E ).

Gopalakrishnan, N., Schöberl, Wardetzky: Analysis of curvature approximations via

covariant curl and incompatibility for Regge metrics, SMAI J. Comput. Math. (2023). 21



Specialization to 3D

Curvature operator

Q(X ∧ Y ,W ∧ Z ) := R(X ,Y ,Z ,W ), X ∧ Y ∈∧2
(Ω)

Q̃(·, ·) := Q(⋆·, ⋆·) ∈ T 0
2 (Ω), U(T ) = Reg(T )

Lemma

˜̃Qω(U) =
∑
T∈T

∫
T

⟨Q̃T ,U⟩ωT +
∑
F∈F̊

∫
F

⟨JIIK, (ν̂ ⊗ ν̂)× U⟩ωF +
∑
E∈E̊

∫
E

ΘE U(τ̂ , τ̂)ωE

ah(g ;σ,U) = −2
∑
T∈T

∫
T

Q̃ : σ : U ωT − 2
∑
E∈E̊

∫
E

ΘE σ(τ̂ , τ̂)U(τ̂ , τ̂)ωE

− 2
∑
F∈F̊

∫
F

(
tr(σ|F )⟨JIIK, (ν̂ ⊗ ν̂)× U⟩ − JIIK : σ|F :

(
(ν̂ ⊗ ν̂)× U

))
ωF
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∑
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E

∑
F⊃E

Jσ(ν̂, µ̂)KEFU(τ̂ , τ̂)ωE

+ 2
∑
F∈F̊

∫
F

⟨J(σ(ν̂, ν̂)II+∇F (σ(ν̂, ·)))× (ν ⊗ ν) + Q(curlσ)⊤ × ν̂K,U|F ⟩ωF
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Numerical examples



3D curvature

Ω = (−1, 1)3

Φ(x , y , z) = (x , y , z , f (x , y , z)), f (x , y , z) = 1
2 (x

2 + y2 + z2)− 1
12 (x

4 + y4 + z4)

g = ∇Φ⊤∇Φ

Q̃xx =
9(z2 − 1)(y2 − 1)

det(g)
(
q(x) + q(y) + q(z) + 9

) ,
Q̃yy =

9(z2 − 1)(x2 − 1)

det(g)
(
q(x) + q(y) + q(z) + 9

) ,
Q̃zz =

9(x2 − 1)(y2 − 1)

det(g)
(
q(x) + q(y) + q(z) + 9

) ,
Q̃xy = Q̃xz = Q̃yz = 0,

q(x) = x2(x2 − 3)2

Perturb mesh with uniform random noise to avoid possible super-convergence!
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3D curvature

• Confirms theory for k > 1

• For k = 0 linear convergence is

observed?!

• Test only parts where theory indicates

no convergence
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3D curvature

F1 : U 7→ 1

2

∫ 1

0

∑
E∈E̊

∫
E

στ̂g̃(t)τ̂g̃(t)ΘE (g̃(t))Uτ̂g̃(t)τ̂g̃(t) ωE (g̃(t)) dt

F2 : U 7→ −1

2

∫ 1

0

∑
E∈E̊

∑
F⊃E

∫
E

στ̂g̃(t)τ̂g̃(t)JUν̂g̃(t)µ̂g̃(t)
KEF ωE (g̃(t)) dt

F3 = F1 + F2

101 102 103 104 105
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Summary & Outlook

• Definition of densitized distributional Riemann curvature tensor

• Analysis in the H−2-norm via integral representation and Uhlenbeck trick

• Includes Gauss, scalar, and Ricci curvature tensor

• Define appropriate FE to compute L2-representative and analyze in stronger norms

• Investigate PDEs involving curvature fields, e.g. numerical relativity
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