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Riemannian manifolds

Riemannian manifold (2, g), Q C RV, g metric tensor

Levi-Civita connection V
Vxg(Y,Z2)=g(VxY,Z)+g(Y,VxZ)

Approximation of g on a triangulation
Compute lengths and angles
Regge calculus and finite elements

How to compute curvature? Convergence?

IR(gn) — R(g)ll> < O(h")
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Regge calculus and Regge metrics
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Definition distributional Riemann
curvature tensor



Motivation Riemann curvature tensor |

Riemann curvature tensor:
R(X,Y,Z, W) = g(VxVyZ — VyVxZ — Vix.yZ, W)
Rk = Ol jit — OjFint + T T jor — T4 iy

Christoffel symbols: Vy.0k = FJ’-kﬁ,, {6,-};":1 coordinate frame

1
ri(e) = &"5 (Digi + 981 — Digy) = &' Ty



Motivation Riemann curvature tensor |

Riemann curvature tensor:
’R(X7 Y,Z7 W) = g(VxVyZ — VyVXZ — V[X,y]z, W)
Rk = Ol jit — OjFint + T T jor — T4 iy

Christoffel symbols: Vy.0k = FJ’-kﬁ,, {6,-};":1 coordinate frame

1
ri(e) = &"5 (Digi + 981 — Digy) = &' Ty

Contribution: Element-wise curvature R = R(g,)|r for T € T



Motivation Riemann curvature tensor |l

Second fundamental form: F hyper-surface with g-normal vector ©
]ID(Xﬂ Y):_g(vxﬁv Y):g(l,)aVXY)7 X,Yex(”:)

oA A PN A 1 i
()5 = (6, = DiD") Tpk* (67, — DPDy), v = ngl/j

Metric g, only tangential-tangential continuous = ﬁ,_p #* —19:’, F=T,NT_

curved_triangleeupagd_triangles_nonsmooth.pd:




Motivation Riemann curvature tensor |l

Second fundamental form: F hyper-surface with g-normal vector ©
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oA A PN A 1 i
()5 = (6, = DiD") Tpk* (67, — DPDy), V= ngl/j

Metric g, only tangential-tangential continuous = ﬁ,P #* —19:’, F=T,NT_

Contribution: Jump of second fundamental form [l =1l - + 1 r for F € %
Ve //F

curved_triangleeupagd_triangles_nonsmooth.pd:




Motivation Riemann curvature tensor |l

Second fundamental form: F hyper-surface with g-normal vector o
]ID(Xa Y):_g(vxﬁv Y):g(ﬁaVXYL X,Yex(”:)

;=

oA A PN A 1 i
()5 = (6, = DiD") Tpk* (67, — DPDy), V= ngl/j

Metric g, only tangential-tangential continuous = ﬁ,P #* —19:’, F=T,NT_

Contribution: Jump of second fundamental form [l =1l - + 1 r for F € %
Ve //F

Motivation: Radial curvature equation

R(X,0,0,Y)=(V:I)(X,Y)-1(X,Y), X,Y eX(F), M(X,Y)=(VxD, VyD)

curved_triangleeupagd_triangles_nonsmooth.pd:




Motivation Riemann curvature tensor Il

Angle defect:
At co-dimension 2 simplex E (Vertex in 2D, edge in 3D): 2-dimensional g-orthogonal plane

O = 2r — ) arccos(g|r(ig . g ) fe N
TDOE

Like classical angle defect for 2D manifolds

Ty
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Angle defect:
At co-dimension 2 simplex E (Vertex in 2D, edge in 3D): 2-dimensional g-orthogonal plane

O =27 — Z arccos(g|r(ﬁg*,ﬂg’)) He e
TOE
Like classical angle defect for 2D manifolds

Contribution: O/ for E € &

Ty
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Distributional (densitized) Riemann curvature tensor

Test space:

A(T)={Ae THT) AKX, Y, Z,W)=—A(Y,X,Z, W)=—AX,Y,W,2)=A(Z, W, X, Y),
A(-, 0.0, -) is single-valued for all F € %, A(ji, 0.7, i) is single-valued for all E € &}

A(7)={Aec A7) : A(-,D,D,-) vanishes on all F € .75}



Distributional (densitized) Riemann curvature tensor

Test space:

A(T)={Ae THT) AKX, Y, Z,W)=—A(Y,X,Z, W)=—AX,Y,W,2)=A(Z, W, X, Y),
A(-, 0.0, -) is single-valued for all F € %, A(ji, 0.7, i) is single-valued for all E € &}

A(7)={Aec A7) : A(-,D,D,-) vanishes on all F € .75}

Distributional densitized Riemann curvature tensor

Z/ Ry, A wT+4Z/ [, Ass.) wF+4Z/eEAWWE, Ac A7)

TeT Ecé

@ GOPALAKRISHNAN, N., SCHOBERL, WARDETZKY: Analysis of distributional Riemann curvature
tensor in any dimension, arXiv:2311.01603.



Specialization to distributional Gauss curvature

Gauss curvature

_ R(X,Y,Y,X) R
T XY ]s — (X, )2 " detg ko = g(0, Vaf) = I5(,7)

Geodesic curvature

K

Define test function A(X,Y,Z, W)=—vw(X.Y)w(Z, W), veV={ue C%Q)|uloq =0}

10



Specialization to distributional Gauss curvature

Gauss curvature Geodesic curvature

R(X,Y,Y,X) R

K = = (D TR T (A A
XTIl Y]z — (X, Y)2 ~ detg ko = g(0, Vaf) = I5(,7)

Define test function A(X,Y,Z, W)=—vw(X.Y)w(Z, W), veV={ue C%Q)|uloq =0}

Distributional densitized Gauss curvature

Ko() = 3R = X [ Krver+ 3 [Tedver + 3 €e v(E).

TeT FeZ Ecé

ﬁ BERCHENKO-KOGAN, GAWLIK: Finite element approximation of the Levi-Civita connection and
its curvature in two dimensions, Found Comput Math (2022).

ﬁ GOPALAKRISHNAN, N., SCHOBERL, WARDETZKY: Analysis of curvature approximations via

covariant curl and incompatibility for Regge metrics, SMAI J. Comput. Math. (2023).
10



Specialization to distributional scalar curvature

Scalar curvature Mean curvature
S =g"g"Riu H = tr(l) = g'm;
e Kulkarni-Nomizu product ® : TE() x T¢(Q) — TF()
(ho k)X, Y, Z,W)=h(X,W)K(Y,Z)+h(Y,Z)k(X,W)—h(X, Z)k(Y,W)—h(Y,W)k(X, Z)

e Define test function A=vg® g, vevy

11



Specialization to distributional scalar curvature

Scalar curvature Mean curvature
S =g"g"Riu H = tr(Il) = g"1;
e Kulkarni-Nomizu product ® : TE() x T¢(Q) — TF()
(ho k)X, Y, Z,W)=h(X,W)K(Y,Z)+h(Y,Z)k(X,W)—h(X, Z)k(Y,W)—h(Y,W)k(X, Z)
e Define test function A=vg® g, vey

Distributional densitized scalar curvature

Sw(v )Z-Rw /STVWT+2Z/[[H]]VWF+ZZ/@EVWE

TeT

ﬁ GAWLIK, N.: Finite element approximation of scalar curvature in arbitrary dimension,

arXiv:2301.02159.
11



Specialization to distributional Ricci curvature tensor

Ricci tensor:  Ric; = g R
Ue{V eS(7): Vis tt- and nn-continuous, V|r and V(?,7) vanish VF € Fy},

A=go U,
(g @ U)X, 0,2,Y) = Ulr(X,Y) + glr(X, Y)U(2, D)

12



Specialization to distributional Ricci curvature tensor

Ricci tensor:  Ricj = g?"Rap

A=gn U, Ue{VeS(T): Vis tt- and nn-continuous, V|r and V(?,D) vanish VF € F5},

(g0 U)X, 0,0,Y) = U[p(X,Y) + gle(X, Y)U(2, D)

Distributional densitized Ricci curvature tensor

Ricw(U) = ; Rl A) = = [ Ricr, Uywr+ 3= [ (0. Ulr + U0, 0)elr) e
€ FeZ
+ Y [ 0 (U.) + Ul ) e

Eec&

@ GOPALAKRISHNAN, N., SCHOBERL, WARDETZKY: Analysis of distributional Riemann curvature

tensor in any dimension, arXiv:2311.01603. 12



Error analysis




Integral representation of error

e Goal: Find integral representation of H™2-error
parametrization g(t) = g + t(gn — &)

Ru(A)(gn) — / I RolA)&(1) ot

13
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e Goal: Find integral representation of H™2-error
parametrization g(t) = g + t(gn — &)
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e Problem: test function A = A, depends on metric tensor

A(-,D,0,-) is single-valued for all F € .# (A D, 0 /fL) is single-valued for all E € &}
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Integral representation of error

e Goal: Find integral representation of H™2-error
parametrization g(t) = g + t(gn — &)

Ru(A)(gn) — / I RolA)&(1) ot

e Problem: test function A = A, depends on metric tensor

A(-, 0,0, ) is single-valued for all F € .%, (A D, 0 /fL) is single-valued for all E € &}

e Solution: Uhlenbeck trick
transform to g-independent test functions U with Ay = Ag(U)

13



Uhlenbeck trick

uU(7)={Uer(A" (7)o AV2(2)) - Ulr(X,..., Xn_2, Ya,..., Yn_o) is single
valued for all Xy,...,Xn_2, Yi,..., Yn_2 € X(F),F € %,
Ule(X1,..., Xn—2, Y1,..., Yn_2) is single valued for all
Xty Xn—2,Y1,..., Yn_o € X(E), E€ &}
U € U(T) is metric independent

14



Uhlenbeck trick

uU(7)={Uer(A" (7)o AV2(2)) - Ulr(X,..., Xn_2, Ya,..., Yn_o) is single
valued for all Xy,...,Xn_2, Yi,..., Yn_2 € X(F),F € %,
Ule(X1,..., Xn—2, Y1,..., Yn_2) is single valued for all
Xty Xn—2,Y1,..., Yn_o € X(E), E€ &}
U € U(T) is metric independent

; 40 o ikl aqu..anoif ABr. By okl
(/) — TO('/)ﬂ A(U) = g aNRY PPN Ul)élmalv-zﬁluﬂlv—z
por..ayof — 1 ay...ay_2if —
é NCET , A=A,
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Uhlenbeck trick

uU(7)={Uer(A" (7)o AV2(2)) - Ulr(X,..., Xn_2, Ya,..., Yn_o) is single
valued for all Xy,...,Xn_2, Yi,..., Yn_2 € X(F),F € %,
Ule(X1,..., Xn—2, Y1,..., Yn_2) is single valued for all
Xty Xn—2,Y1,..., Yn_o € X(E), E€ &}
U € U(T) is metric independent

A - o 4 o ikl __ acy...oon—2if 2B1...Bn—2kl
A:UT) = THT), A(U)IH = gon-an—alighBuakly o s
’\al‘..a,\,,zij . 1 al‘..a,\,,gij —
é = Jaezt , A=A,
Lemma

The mapping A, is bijective and there holds
A(T) ={Ag(U) : UcU(T)}.

14



Evolution of distributional Riemann curvature

Lemma
Let o :=g(t), Ac A7), (SA)X,Y,Z,W)=A(X,Z,Y,W) swaps second with third
argument. There holds
A(Xa Ya Zv W) = 7tr(U)A(X, Ya Za W) + A(U(X, )ﬁa Y,Za W) + A(X,U(Ya ')nvz, W)
+AX,Y,0(Z,)", W)+ AX, Y, Z,a(W,)),

15



Evolution of distributional Riemann curvature

Lemma
Let o :=g(t), Ac A7), (SA)X,Y,Z,W)=A(X,Z,Y,W) swaps second with third
argument. There holds

A(Xa Ya Zv W) = 7tr(U)A(X, Ya Za W) +A(U()<,)ﬁa Y,Za W) +A(X,J(Ya ')nvz, W)
+AX,Y,0(Z, ), W)+ AX, Y, Z,a(W,)"),

%«R’ A> wT)‘tZO = (2<V2075(A)> + <R(U(" ')ﬁv 9y ')7A> - %tr(g)(Rv A>)w7-,
%((HHH Ao wr) o = 2 ([(0(,9) = tx{olP )T+ 2Vr0)(, )r — (Voo)le], Aso.) wr,

1
dt (eEAP«VVN wE)\t 0= —E Z[[O' ]]F == tI‘(O" ) )Aﬁﬁ,}ﬁ WE.
FDE

15



Evolution of distributional Riemann curvature

Proposition
Let 0 := g and A € A(.7) with corresponding U = A~(A) € U(.7). Then there holds

& (ATRW)(g) (U)o = an(s: 7, U) + bi(gi, U),

an(g;o,U) = Z /T ((72((-;(.7 .)ﬁ, o), A(Y)) — %tr(o)(R, A(U)))wr

TeT

—9 Z /F (tr(o|e)(], A(U).00.) — [M] : o] : A(U).00.)wE

Fes

—2 Z/E tr(0|E)@EA(U)[“9,;ﬂ WE

Ecé&
[0] : ofF : A(U).50. = [M] (ol P (A(U).25.),-

15



Evolution of distributional Riemann curvature

Proposition
Let 0 := g and A € A(.7) with corresponding U = A~(A) € U(.7). Then there holds

i(A 1]'\D,)(g)(U) t—0 = an(g; o, U) + bp(g; o, U),

dt
o, U) =2 20, S(A(V))) w
w(g T;g/
+22/ [o(2,2)0+ (VEo)(@, )l + VE(a (D, )lF — (Vs0)le], AU).05.) wr
Fed
—22/2[[0 MIEA(U)asop we-
Ecé FDE

br(g; o, U) = 2 V20(SA(U)) is the distributional covariant incompatibility operator

inc(0) = curl(curl(o) ") = X9, Do, 15



Integral representation

—~—

e Goal: Estimate ||(A~1Rw)(gn) — (AR w)(g)|ly->
e Integral representation: g(t) =g+ t(gn — g), 0 = d%g(t) =gn—g
— 1
((A71Rw)(gn) — (AR w)(g))(V) = /0 an(&(t); o, U) + bn(&(t); 0, U) dt
e Proof strategy idea: Estimate integrand

|an(&(t); 0, U)I S Nlollel|Ullme = llgn — gl || Ul e
|bn(&(t); 0, V) S llgn — gl || Ul e

2|

Extract convergence rate: ||g, — g| < h<t?

16



Distributional covariant incompatibility operator

Lemma

Let 0 € Reg(.7), W € A(7) a smooth test function with compact support, and g a smooth
metric tensor. Then the distributional covariant incompatibility operator V2o (SW) is

Vo(sw) = 3 [ [ (Vo sw)wr + / (VEo)(-9) + V(o(d,)) = Voo

Teg oT

+0(0, )5, (SW).50.) o7 ] — 3 Z/[[a (0, AYJE(SW) poop we-

Ecé FDOE

17



Distributional covariant incompatibility operator

Lemma

Let 0 € Reg(.7), W € A(7) a smooth test function with compact support, and g a smooth
metric tensor. Then the distributional covariant incompatibility operator V2o (SW) is

Vio(s¥)= 3 [ [ (Vo sWur+ [ (Veo)(e0) + Velo(2,)) - Voo

TeT

+U(V V) Va(S\U DD waT Z Z/[[U V ]]F Sw)/W“//wE

Ecé FDOE

17



Distributional covariant incompatibility operator

Lemma

Let 0 € Reg(.7), V € A(7) a smooth test function with compact support, and g a smooth
metric tensor. Then the distributional covariant incompatibility operator V2o (SW) is

V20 (SV) = > / V30, 5w>w7+/ (VEo)(, D) + VE(o(D,)) — Voo

TeT oT

+ o0, D), (SW).00 waT -> Z/[[U (2, IE(SV) poop we-

Ecé FDOE

Definition (incompatibility operator)
Let U such that U = A~1(A) with A € A(Q). For a symmetric matrix o € T2(Q) we define

the covariant incompatibility operator inco by

(inco, U) = —(V?0,S(A)), for all A e A(Q).

17



Adjoint of distributional covariant incompatibility operator

Motivation:
Ba((1); 0, U)| = [2 920 ((SA)(V))] < lloll Ul

18



Adjoint of distributional covariant incompatibility operator

Motivation:

——

ba(E (D) 0 U)| = [2V20 ((SA)W))| = [2 (divdiv((S4)(V)) ) (@)] £ ll7ex U]

Lemma
Let o € Reg(.7), A € A(Z), and g a Regge metric. There holds %(SA) = divgi;(/SA)(a)
with

divdiv( SA Z / (0, divdiv(SA)) wr +/ ({o|F, (div(SA) + dive(SA))s+H (SA)os)
TeT

— olr 12 (SA)op — (L® 07, SA)) wor ZZ/ o1, [(SAY A E) we

Ecé FDOE

18



Analysis of a, and b,

Proposition
Let g(t) =g+ (gn — g)t, o = gn — g, and U € H3(Q,U). There holds for all t € [0, 1]

|an(&(2): 0, U)| S (1+ max hr'llgn — gllwa<(r)+ max hr°llgn — gllie(r) lign — glllol| Ullie-

Assume that g, = Zfg is an optimal-order interpolant. Then for an integer k > 1

1/p
- (k
]ah(g ( Z hp i |g|Wk+1P T)) U]l ~ hk+1|g|W’<+1vP”U”H2'
TET,
2
llelllz = el + pllollz, + Aoz, lolify =X rez llollEnr

19



Analysis of a, and b,

Proposition
Let g(t) =g+ (gn — g)t, 0 = g» — g, and U € H2(Q,U). There holds for all t € [0, 1] for
dimension N > 3

~ . 2 1
|br(&(t); 0, U)| S (1+peagxh h7"llgn — gHLoo(T)#‘;nea% h'llgn — gllwree(ry) lllgn — gl Ul e
and for N =2

|6n(&(t); 0, V)] S (1 + max h7'llgn — glli(r) + llgn = gllwz=) lllgn = glll; [1Ulle-

Assume that g, = I,’fg is an optimal-order interpolant. Then for an integer k > 1 for Nl > 3
and k >0 for N =2

51(&(2: 0 0] 5 (32 el ponnry) N0l ~ B lrensll Ul

ne,
19



Theorem (Gopalakrishnan, N., Schdoberl, Wardetzky 2023)

Assume {gp}r=0 is a family of Regge metrics on a shape regular family of triangulations
{Th} >0 with limp_o [|gh — gllL= = 0 and supj.q maxte g, ||ghllw2. (1) < 00. Then there
exists hg > 0 such that for all h < hg in the two-dimensional case N = 2

(A= Rw)(gh) — (AT 'R w)(g) -2 S (1+p;%(@l||g—gh||Loe(r))+IIg—gh||w;’°°> llgn—&lll,
and for higher dimensions N > 3

(A TRw)(gn) — (AR w)(g)| -2

2 1
< (1 max(hr e — gillem(ry) + max (i llg — gnllweo=(r)) lllen — elll,-

an(g;o,U)=0for N=2
20



Theorem (Gopalakrishnan, N., Schdberl, Wardetzky 2023)

Let k be an integer with kK > 0 for N = 2 and k > 1 for N > 3. Assume that

gn=1Ifg € Regﬁ is a family of optimal order interpolants on a shape regular family of
triangulations {7} }h~0 with sup,- o maxre 7, ||ghllw2. oo(T) < 00. Then there exists hg > 0

such that for all h < hg and p € [2, o0] satisfying p > kT

_ k
(AR (&) — (A R)@)n-2 5 ( X B elpnnry) = 1 elwins
TEI,

where m is the codimension index of ZK.

an(g;o,U) =0 for N =2

20



Specialization to 2D

Lemma
For N = 2 the distributional densitized Riemann curvature tensor simplifies to the
distributional Gauss curvature

m(u): Z /TKTuwT—l— Zo/'r[[m]]puw/:—i— Z@EU(E), uev,

TeT FeZ Ecé

and there holds U(.7) = V and

an(g;o,u) =0,
by(g; o, u) = —2 7;? /T inco uwr + 2 Fe% /F[[curl(a)(f') + Vi(o(0, 7)) Fuwr
23 3 lo(o, WIEu(E).
Eeé FOE

@ GOPALAKRISHNAN, N., SCHOBERL, WARDETZKY: Analysis of curvature approximations via
covariant curl and incompatibility for Regge metrics, SMAI J. Comput. Math. (2023). 21



Specialization to 3D

Curvature operator

OXAY,WAZ)=R(X,Y,Z,W), XAYeA}Q)

O, ) == Qx,*) € T(Q), U(T) = Reg(7)
Lemma
Qw(U (Or,U)ywr + [, (? ® U) wr + O U(7
Tgy/ T T Z/ ) X F Z/ E
an(g; o, U) = =2 QUUoJ -2 @aTT)U?f')

_22/ te(ole) ([, (b ® £) x U) — 1] : olr : (0 ® D) x U))wr
Fes



Specialization to 3D

Curvature operator

OXAY,WAZ)=R(X,Y,Z,W), XAYeA}Q)

O(-,) i= Q(x, %) € T(Q), U(T) = Reg(.7)
Lemma
Q) = Or, Uywr + [T], (> ® D) x U)wr + O U(F
T;?/ T T Z/ ) x F Eezg/ =
by(g; o, U) = —QZ/IHCUUOJT—QZ/Z[[Uf)[), U(F, #) we
TeT Ecé ESE

2% / (0(5, D) + Vi (o(,))) x (v ® v) + Q(eurl )T x 5], U|r) wr
FeZ



Numerical examples




Q=(-1,1)
O(x.y.2) = (x.y,2,f(x,y,2)),  flxy.2) =303+ +2%) = (< +y* + 2%)
g=VoTve
5 9Z-1A-Y)
P det(g )(q(X) +qly)+q(z) +9)°
5 -1
7 det(g)(q(X) +qly)+q(z) +9)°
5 R )

" det(g)(q(x) + a(y) +a(z) +9)’
Qxy = sz = Qyz =0,
q(x) = x*(x* = 3)?

Perturb mesh with uniform random noise to avoid possible super-convergence!

23
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1071 E

) 1072k E

e Confirms theory for k > 1 5 & 1
e For k = 0 linear convergence is j 103 ; , ;
observed?! T i O(h%) 1

e Test only parts where theory indicates 107 F E
no convergence —o—k = . ]
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Summary & Outlook

e Definition of densitized distributional Riemann curvature tensor
e Analysis in the H=2-norm via integral representation and Uhlenbeck trick

e Includes Gauss, scalar, and Ricci curvature tensor
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Summary & Outlook

Definition of densitized distributional Riemann curvature tensor

Analysis in the H~2-norm via integral representation and Uhlenbeck trick

Includes Gauss, scalar, and Ricci curvature tensor

Define appropriate FE to compute L?-representative and analyze in stronger norms

Investigate PDEs involving curvature fields, e.g. numerical relativity
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Thank You for Your Attention!
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