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Riemannian manifold (M, g)
Levi-Civita connection V
Christoffel symbols: Vg, 0k = rjl-,ﬂ/
Riemann curvature tensor

R(u, V) = VUV\, - vvvu - vuv—vu

0 0 / /
Rijni = <axjrﬁ< ~ ok T T = rfk“q) 8ip-

1
g = (DO)Dd, Ti(g)=g"~ (0igi+ 9ign— i) -
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Gauss curvature:

K(g) = g(R(u,v)v,u) R
[ullgllvllg — g(u,v)?  detg
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Gauss curvature:

K(g) = g(R(u,v)v,u) R
[ullgllvllg — g(u,v)?  detg

Geodesic curvature: -
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Gauss—Bonnet
On manifold M:

_4M = 2
/M K(g) + /8 )+ (= <(e) = 2

XM(T) =ny —ng+nt

W —)

XM =2 xm =0 xm =1 6
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Gauss—Bonnet

On triangle T:

3
/T Kg) + /a o)+ Y = <) =2

XT:3—3+1:1
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On triangle T:

3
/T Kg) + /a o)+ Y = <) =2
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Lifted distributional curvature

For g € Regf(T) find Ki(g) € VL™ s.t. for all p € VT

[rKh(g)SO: > (KT (0. 8)+ > Ke(eg)+ > K\;(%g))
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Lifted distributional curvature

For g € Regf(T) find Ki(g) € VL™ s.t. for all p € VT

[rKh(g)SO: > (KT (0. 8)+ > Ke(eg)+ > K\;(%g))

TET Ecgint veyint

(o) — ar t1gt2
K. = (00— @) ov) &= (e er,)
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Lifted distributional curvature
For g € Reg)(7) find Ku(g) € Vi s.t. for all p € ViTH

[rKh(g)‘P: Z (KT(ap,g)—l- Z KL (o,g) + Z KJ(w,g))

Ri221 ¢
K detg da = E / da
/T h(g)wm < . Jdetg

TeT
det
/ \/7 (Ot -n+T5)pd + Z K\;(so,g)>
oT\on  8tt

veyint
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Discrete Gauss—Bonnet
For g € Regk(T)

/7_Kh(g) + /Efi(g) + Y (v X <dg) =2mxm

g Veybnd TeTv

Consistency
For any g € C?(M,S)

/TKh(g)vz/TK(g)v, ve Vi
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Oo12 — Ohont

, inc(g) = curl curl(g
0022 (92021] (&) ()

curlu = d1up — douy, curlo = [

H(T.S)={g: 2 =S| gjlr € H¥(T)}
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Oo12 — Ohont

, inc(g) = curl curl(g
0022 02021] (&) (&)

curlu = d1up — douy, curlo = [

HX(T.,S) ={g: 2 =S| gjlr € H*(T)}
Reg(T) = {g € H*(T,S) | g is tangential-tangential continuous}
Regfi(T) = {g € Reg(T) | glT € P(T)}
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Oo12 — Ohont

curl u = O1up — Ohuy, curlo = [ ] , inc(g) = curlcurl(g)

01022 — 0021
H(T.S)={g: 02— S| gjlr € H}(T)}

Reg(T) = {g € H*(T.S) | [t'st]e =0 for all E € £™}
Reg)(T) = {g € Reg(T) | gjlr € PX(T)}
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01012 — 02011
curlu = d1up — douy, curlo = [

, inc(g) = curl curl(g
0022 02021] (&) ()

H(T.S)={g: 02— S| gjlr € H}(T)}

Reg(T) = {g € H*(T.S) | [t'st]e =0 for all E € £™}
Reg)(T) = {g € Reg(T) | gjlr € PX(T)}
H(curlewrl, Q) = {g € L*(Q,S) | inc(g) € H1(Q)}
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01012 — 02011
curlu = d1up — douy, curlo = [

, inc(g) = curl curl(g
0022 02021] (&) ()

H(T.S)={g: 02— S| gjlr € H}(T)}

Reg(T) = {g € H*(T.S) | [t'st]e =0 for all E € £™}
Reg)(T) = {g € Reg(T) | gjlr € PX(T)}
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[l T. REGGE: General relativity without coordinates, I/ Nuovo
Cimento (1955-1965), 19 (1961), pp. 558-571

10



WIEN

TECHNISCHE
Regge elements UNIVERSITAT

e metric tensor

[l T. REGGE: General relativity without coordinates, I/ Nuovo
Cimento (1955-1965), 19 (1961), pp. 558-571

[l CHEEGER, MULLER, SCHRADER: On the curvature of
piecewise flat spaces Communications in Mathematical
Physics, 92(3) (1984), pp. 405-454
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e metric tensor (tangential-tangential continuous)

[ S. H. CHRISTIANSEN: On the linearization of Regge calculus,
Numerische Mathematik 119, 4 (2011), pp. 613-640.
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e metric tensor (tangential-tangential continuous)

[ S. H. CHRISTIANSEN: On the linearization of Regge calculus,
Numerische Mathematik 119, 4 (2011), pp. 613-640.

@ L. L1i: Regge Finite Elements with Applications in Solid
Mechanics and Relativity, PhD thesis, University of Minnesota
(2018).
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Distributional incompatibility operator
For n € Reg(7T) and ¢ € D(£2),

(incn, @) = ) (/ incwdaJr/a (Oen)nt o — (curln) -t
T T

TeT
+ Npn N - 8tt§0 dl + Z [[nnt]]c SO(V)>
vevr
Vs
[[nnt]] 7\/_1 — (nnt ‘ Ei_1 — 77nt’E,-+1) ( \/I) E EO

Vo B, Vi
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Distributional incompatibility operator
For n € Reg(T) and ¢ € V/,

(incm, @) = (/ incwdaJr/ (9en)ne ¢ — (curln) - to
T AT\oQ

TeT

+ om0 Ot dl+ > [[nnt]]ESO(V)>
vevint

Va

[[nnt]] \7/—1 — (nnt ‘ Ei_1 — 77nt|E,-+1) ( \/I) E EO

Vo B, Vi
11
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Lifted distributional incompatibility operator

For g € Regk(T) find inch(g) € VST sit. forall v e ViT?

/ incp(g) v da = (inc g, v).
Q

Lemma

Let g € H*(Q), gn := R%g, and incy(gy) € V/ the lifted inc.
Then there holds

linc(g) — inch(gn)llp-1 < ch|linc(g)ll .2,
linc(g) — inch(gn) | w-2 < ch? || inc(g)ll 2-

12
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Let n € H?(S,Q) and define np := inc(n),

nn = (0en)pe — curlm - t + napn - £, and 0, = [0 ]v.
Lifting with boundary terms

Find inc, g € V/(T) such that inc, g = np on I'p and

/ inchg vy da=(incg,vid+ S S (lgndl - n))va(V)
.

VeVr veybrdnry

+/ ((atg)nt —curlg -t + gpnn - t— 77N)Vh dl
My

for all v, € V,ﬁrD(T) ={we V;f(T) : wlr, =0}

13
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Let n € H?(S,Q) and define np := inc(n),
nn = (0en)pe — curlm - t + napn - £, and 0, == [0 ]v.
Optimal rates

Let k €N, g € H*TK(Q,S), and g, = R¥g its Regge interpolant.
Further take incy(gp) € V,f‘“ as lifted inc with np, ny, and 7\,
computed in terms of g. Then

(h?||inc(g)— inch(gn)ll 2 + bl inc(g) — inca(gh) ||y
+ |linc(g) — inch(gn)llg-2) < h**| inc(g)|| k.

13
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. TECHNISCHE
Improved analysns UNIVERSITAT

Let n € H?(S,Q) and define np := inc(n),
nn = (0en)nt — curlm - t +npan - £, and 0, = [n]]v.
Optimal rates

Let k =0, g € H*(Q,S), and g, = R9g its Regge interpolant.
Further take incy(gp) € V,} as lifted inc with np, ny, and 77\-5
computed in terms of g. Then

(h*|| inc(g)— inca(gn)ll 2 + hll inc(g) — inch(gn)|l -1
+ |l inc(g) — incn(gn)lly-2) < h*|linc(g)] .

13
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Linearization

Let g € Regk(T) and g = 6 + 1 + O(£?) with n = O(e),
dig = O(¢), and 82g = O(e). Then, there holds with ¢ € V<

/ Kn(g)p = 1/ incy(g)p + O(e?) for e — 0.
T 2 Jr

[ S. H. CHRISTIANSEN: On the linearization of Regge calculus,
Numerische Mathematik 119, 4 (2011), pp. 613-640.

[ E. S. GawLIk: High-Order Approximation of Gaussian
Curvature with Regge Finite Elements, SIAM 119, 58(3)
(2020), pp. 1801-1821.

14
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A“““‘;

@S
4' dsgi\ \
' l\ N i

Ut

“L‘_L-'

d(x,y) = y
X2+y2 X4_’_}/4

2 12
= (D®) DP
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—#— [linc(g) — inca(gn)llez
O(x,y) = y Sl [
24,2 44 4
Xty X"ty - : :
2 - T12 10! 10 10°

ndof

g = (D®) Do
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) \?' Avm»\uk\
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l?o

/L"AV\-\T}\_P,‘

d(x,y) =
X2+_y2 . X4+y4
2 12

g = (Do) Do
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°4 —#— |linc(g) — incy(gn) iz
—o— |linc(g) — incn(gh)lln-
10704 = llinc(g) — inca(gn) |-

102 103 10*
ndof
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Numerical examples (inc)

— D | e
.
’»,!
I
! 10° L .
( —#— |linc(g) — inca(gn)l 2
—o— |linc(g) — inch(gh) |11
—— linc(g) — inch(g)llu-2
10724
51074
l
10764
X
d(x,y) = y 1074 4
XP+y? Xyt : : :
12 102 103 10*
ndof

2
g = (Do) Dd
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X

d(x,y) = y
x2+y2 x4+y4
2 12
= (Do) Do
K(g) =

81(1 — x*)(1 — y?)
(9 + x2(x2 — 3)2 + y2(y2 — 3)2)2 16
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WIEN

B
ViR

107 1K (g) = Kn(gn)ll 2
o= | v T
=
g = (Do) Do
K(g) = [§ GawLik: High-Order Approximation
81(1— x2)(1 — y?) of Gaussian Curvature with Regge

(9 + x2(x2 = 3)2 + y2(y2 — 3)2)2 Finite Elements .
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—=— K(g) - Kl ot >~
W)= |y SR
x ery X 1+2y - T 3
g = (Do) Do
K(g) = [§ GawLIK: High-Order Approximation
81(1 — x2)(1 — y?) of Gaussian Curvature with Regge

9+ x2(x% — 32 + y2(y2 — 3)2)2 Finite Elements 6
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WIEN

| K@) - Kulenle 0(H) -
oen)=| v R
BTy vw,
g = (Do) Do
K(g) = [ GawLIK: High-Order Approximation
81(1 — x2)(1 — y2) of Gaussian Curvature with Regge

9+ x2(x2 — 32 + y2(y2 — 3)2)2 Finite Elements 6
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X 103 T
—— [2Kn(gn) — inch(gn)lle2/ | Kn(gn)ll2 P
O(x,y) = y :

1004 ™ [12Kn(gn) — inch(gn)lli
2,2 4, 4
Xty X"+y
Ve( > T 12 )

g=(DP)Dd =6+ O(e)

17
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e Riemann curvature tensor Rjj; has 6 independent entries

e Curvature operator @ : M — S

(Q(u x v),w x z) = (R(u,v)z, w) for all u,v,w,z € R3
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Extension to 3D UWI}IIIE\:\]ERSITAT

e Riemann curvature tensor Rjj; has 6 independent entries

Curvature operator @ : M — S

(Q(u x v),w x z) = (R(u,v)z, w) for all u,v,w,z € R3

Motivation:

e Einstein field equation in general relativity
e Generalize Regge calculus

No Gauss—Bonnet theorem in 3D

18
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Lifted distributional curvature

For g € Regh(T) find Qp(g) € Regl(7) s.t. for all v € Reg)(7)

/T ue):v=3 (KT(v.e)+ 3 KI(v.e)+ > KL(v.8))

TeT FeFint Eegint

KT(ve) = [ Qle):v
K,:T(v,g):/?:v

F
KE(v.8) = (<E(0) — <L(&)) Veeee

19
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Lifted distributional curvature

For g € Regh(T) find Qp(g) € Regl(7) s.t. for all v € Reg)(7)

fae:v=3 (Kvo+ X kve+ X ve)

TeT FeFint Eegint

/Tah@:vmdx:z( %) v,

TeT T vdetg
Vdetg n
o700 Cof g)nn((n @n)xT"):vda+ Z KET(v,g)>

Eegipt

cof(A) = det(A)A™', (A X B)jj = €iti€jmnAkmBin 19
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Lifted distributional curvature

For g € Regh(T) find Qp(g) € Regl(7) s.t. for all v € Reg)(7)

fae:v=3 (Kvo+ X kve+ X ve)

TeT FeFint Eegint

/Toh(g):deengxzz( CICIEA

TeT T vdetg
Vdetg "
aT\00 cof g)nn((n @n)x[0):vdat ) KET(V’g)>

Eegipt

19
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e In 2D with Stokes’ theorem

277—/%:/ w%z/dw%z/KGl/\62:/Kvol
o OR R R R

w3, Q3 connection and curvature form
structural equation: Q} = dwl = K61 A 02

20



TECHNISCHE

Computation of boundary term via “Gauss—Bonnet”? m UNIVERSITAT

e In 2D with Stokes’ theorem

277—/%:/ w;:/dwgz/mlw?:/f(ml
o OR R R R

w3, Q3 connection and curvature form
structural equation: Q} = dwl = K61 A 02

e 3D: Q € CY(R,S)
Bianchi: divQ =0=dQ = dq € Cl(R,S) cdg=Q

Vdetg
/Qvol /8Rq— aﬂcofe ®n) x ") da

20
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Distributional inc

For g € Regk, ¢ € D(Q,S), and inc(g) = curl((curl g)’)

(incg, Z / inc(g) : pdx —|—/ (n x )erF : curl(g) Lr

TeT oT\oQ

+rote((nx g)em) : prrda— > /[[an]]ESOtEtE dl
EEE

[ S. H. CHRISTIANSEN: On the linearization of Regge calculus,
Numerische Mathematik 119, 4 (2011), pp. 613-640.

[§ HAURET, HECHT: A Discrete Differential Sequence for
Elasticity Based upon Continuous Displacements, SIAM 119,
35(1) (2013), pp. B291-B314. 21
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Distributional inc

For g € Regk, ¢ € Reg), and inc(g) = curl((curl g)")

(inc g, p Z / inc(g) : v dx —|—/ (n x p)erF : curl(g) Lr

TeT G

+rote((nx gt orrda— 3 [ lerlE i d
[Eegt

[ S. H. CHRISTIANSEN: On the linearization of Regge calculus,
Numerische Mathematik 119, 4 (2011), pp. 613-640.

[§ HAURET, HECHT: A Discrete Differential Sequence for
Elasticity Based upon Continuous Displacements, SIAM 119,
35(1) (2013), pp. B291-B314. 21
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Lifted distributional incompatibility operator

For g € Regh(T) find incy(g) € Regh(T) s.t. for all
v € Regi(T)

/ incp(g) : v dx = (incg, v).
T

Linearization (3D)

Let g € Regk(T) and g = § + n + O(£?) with n = O(¢),
dig = O(e), and J5g = O(e). Then, there holds with

v € Regf(T)

/ Qn(g) :v= 1/ incp(g) : v + O(e?) for e — 0.
! = 22
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2
—o Jinc(g) ~ inch(gn)l —a— Jinc(g) ~ inca(g)l: ) >
o inclg) — incalgn)lln-+ o inc(g) —incn(gh)lu-s
102 10° 10" 10° 10" 10°
ndof ndof
10°

8 inc(g) — incy(gh) ez
o inc(g) —incn(gn)ln-:

23

ndof
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102 10° 10* 10° 10°
ndof

24
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WIEN

1024 12Qnlgn) —inch(gn)lliz/ 1| Qn(gn)lle2 P
|12 Qn(gn) — inch(gn)llez Pt
10°4
1072 4
-
£
©1044
1076 4
1078 A
1074 1073 1072 107! 10° 10

25
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For g € C?(2,S), v € G§°(), gn = RVg, viy = T}v.

c(g)hl[vlpe

K(g) — K )| <
[{Ke) = Kalen)- vl <4 vz

Sense of measures (linear) with Lipschitz Killing fields
Gawlik: %\t:()(/{(g +t0), V)gito = 0.5(divgdivgSgo, v),

26
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To prove WIEN

For g € C?(2,S), v € G§°(), gn = RVg, viy = T}v.

c(g)hllvllpn
K(g) — K V)| <
(K (g) = Kn(gn). )] {C(g)thz
(K(g) — Knlgn), Za, — Kh(gn), ¢i)
N
_ a(/ K(g)pidx — (2m— > <zv,(gh))>
—1 TETy

Sense of measures (linear) with Lipschitz Killing fields
Gawlik: %\t:()(/{(g +to), V)gito = 0.5(divgdivgSgo, v),

26
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e Lifting of distributional curvature

e Relation to distributional incompatibility operator

e Optimal (numerical) convergence rates
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Lifting of distributional curvature

Relation to distributional incompatibility operator

Optimal (numerical) convergence rates

3D + proofs

Thank You for Your attention!
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