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Differential Geometry



Curvature (2D)

Riemannian manifold (M, g)

Levi-Civita connection ∇
Christoffel symbols: ∇∂j∂k = Γl

jk∂l

Riemann curvature tensor

R(u, v) = ∇u∇v −∇v∇u −∇uv−vu

Rijkl =

(
∂

∂xj
Γp
ik −

∂

∂xi
Γp
jk + Γq

ikΓl
jq − Γq

jkΓl
iq

)
glp.

g = (DΦ)′DΦ, Γk
ij(g) = gkl 1

2
(∂igjl + ∂jgil − ∂lgij) .

φ
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Curvature

Gauss curvature:

K (g) =
g(R(u, v)v , u)

‖u‖g‖v‖g − g(u, v)2
=

R1221

det g

Geodesic curvature:

κ(g) = g(∇t̂ t̂, n̂) =

√
det g

g
3/2
tt

(∂tt · n + Γn
tt)

n̂ = t̂ × ν̂

A
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Gauss–Bonnet theorem

Gauss–Bonnet

On manifold M:∫
M
K (g) +

∫
∂M

κ(g) +
∑
V

(π − ^M
V (g)) = 2πχM

χM(T ) = nV − nE + nT

χM = 2 χM = 0 χM = 1 6



Gauss–Bonnet theorem

Gauss–Bonnet

On triangle T :∫
T
K (g) +

∫
∂T
κ(g) +

3∑
i=1

(π − ^T
Vi

(g)) = 2π

χT = 3− 3 + 1 = 1

K

κ
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Curvature and Inc operator



Distributional curvature operator

Lifted distributional curvature

For g ∈ Regkh(T ) find Kh(g) ∈ V k+1
h s.t. for all ϕ ∈ V k+1

h∫
T
Kh(g)ϕ =

∑
T∈T

(
KT (ϕ, g) +

∑
E∈E intT

KT
E (ϕ, g) +

∑
V∈V int

T

KT
V (ϕ, g)

)

KT (ϕ, g) =

∫
T
K (g)ϕ

KT
E (ϕ, g) =

∫
E
κ(g)ϕ

KT
V (ϕ, g) =

(
^T
V (δ)− ^T

V (g)
)
ϕ(V )
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Distributional curvature operator

Lifted distributional curvature

For g ∈ Regkh(T ) find Kh(g) ∈ V k+1
h s.t. for all ϕ ∈ V k+1

h∫
T
Kh(g)ϕ =

∑
T∈T

(
KT (ϕ, g) +

∑
E∈E intT

KT
E (ϕ, g) +

∑
V∈V int

T

KT
V (ϕ, g)

)

∫
T
Kh(g)ϕ

√
det g da =

∑
T∈T

(∫
T

R1221 ϕ√
det g

da

+

∫
∂T\∂Ω

√
det g

gtt
(∂tt · n + Γn

tt)ϕ dl +
∑

V∈V int
T

KT
V (ϕ, g)

)

7



Distributional curvature operator

Discrete Gauss–Bonnet

For g ∈ Regkh(T )∫
T
Kh(g) +

∑
E∈Ebnd

∫
E
κ(g) +

∑
V∈Vbnd

(
π −

∑
T∈TV

^T
V (g)

)
= 2πχM

Consistency

For any g ∈ C 2(M,S)∫
T
Kh(g) v =

∫
T
K (g) v , v ∈ V k

h .
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Distributional incompatibility operator

curl u = ∂1u2 − ∂2u1, curlσ =

[
∂1σ12 − ∂2σ11

∂1σ22 − ∂2σ21

]
, inc(g) = curl curl(g)

H2(T ,S) = {g : Ω → S
∣∣ gij |T ∈ H2(T )}

Reg(T ) = {g ∈ H2(T ,S)
∣∣ g is tangential-tangential continuous}

Regkh(T ) = {g ∈ Reg(T )
∣∣ gij |T ∈ Pk(T )}

H(curl curl,Ω) = {g ∈ L2(Ω,S)
∣∣ inc(g) ∈ H−1(Ω)}
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Regge elements

• metric tensor

(tangential-tangential continuous)

T. Regge: General relativity without coordinates, Il Nuovo

Cimento (1955-1965), 19 (1961), pp. 558–571

Cheeger, Müller, Schrader: On the curvature of

piecewise flat spaces Communications in Mathematical

Physics, 92(3) (1984), pp. 405–454
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Regge elements

• metric tensor (tangential-tangential continuous)

S. H. Christiansen: On the linearization of Regge calculus,

Numerische Mathematik 119, 4 (2011), pp. 613–640.

L. Li: Regge Finite Elements with Applications in Solid

Mechanics and Relativity, PhD thesis, University of Minnesota

(2018).
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Distributional incompatibility operator

Distributional incompatibility operator

For η ∈ Reg(T ) and ϕ ∈ D(Ω),

〈inc η, ϕ〉 =
∑
T∈T

(∫
T
inc η ϕ da +

∫
∂T

(∂tη)nt ϕ− (curl η) · t ϕ

+ ηnn n · ∂tt ϕ dl +
∑
V∈VT

JηntKTV ϕ(V )

)

JηntKTVi
=
(
ηnt |Ei−1

− ηnt |Ei+1

)
(Vi )

V0 V1

V2

E0E1

E2
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Distributional incompatibility operator
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Distributional incompatibility operator

Lifted distributional incompatibility operator

For g ∈ Regkh(T ) find inch(g) ∈ V k+1
h s.t. for all v ∈ V k+1

h∫
Ω
inch(g) v da = 〈inc g , v〉.

Lemma

Let g ∈ H2(Ω), gh := R0
hg , and inch(gh) ∈ V̊ k

h the lifted inc.

Then there holds

‖ inc(g)− inch(gh)‖H−1 ≤ ch ‖ inc(g)‖L2 ,

‖ inc(g)− inch(gh)‖H−2 ≤ ch2 ‖ inc(g)‖L2 .
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Improved analysis

Let η ∈ H2(S,Ω) and define ηD := inc(η),

ηN := (∂tη)nt − curl η · t + ηnnn · ṫ, and ηTV := JηTntKV .

Lifting with boundary terms

Find inch g ∈ V k
h (T ) such that inch g = ηD on ΓD and∫

T
inch g vh da = 〈inc g , vh〉+

∑
V∈VT

∑
V∈Vbnd

T ∩ΓN

(JgntKTV − ηTV )vh(V )

+

∫
ΓN

((∂tg)nt − curl g · t + gnnn · ṫ − ηN)vh dl

for all vh ∈ V k
h,ΓD

(T ) := {w ∈ V k
h (T ) : w |ΓD

= 0}
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Improved analysis

Let η ∈ H2(S,Ω) and define ηD := inc(η),

ηN := (∂tη)nt − curl η · t + ηnnn · ṫ, and ηTV := JηTntKV .

Optimal rates

Let k ∈ N, g ∈ H4+k(Ω, S), and gh = Rk
hg its Regge interpolant.

Further take inch(gh) ∈ V k+1
h as lifted inc with ηD , ηN , and ηTV

computed in terms of g . Then(
h2‖ inc(g)− inch(gh)‖L2 + h‖ inc(g)− inch(gh)‖H−1

+ ‖ inc(g)− inch(gh)‖H−2

)
≤ h4+k‖ inc(g)‖H2+k .
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Linearization

Linearization

Let g ∈ Regkh(T ) and g = δ + η +O(ε2) with η = O(ε),

∂ig = O(ε), and ∂2
ijg = O(ε). Then, there holds with ϕ ∈ V k+1

h∫
T
Kh(g)ϕ =

1

2

∫
T
inch(g)ϕ+O(ε2) for ε→ 0.

S. H. Christiansen: On the linearization of Regge calculus,

Numerische Mathematik 119, 4 (2011), pp. 613–640.

E. S. Gawlik: High-Order Approximation of Gaussian

Curvature with Regge Finite Elements, SIAM 119, 58(3)

(2020), pp. 1801–1821.
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Numerical examples (curvature)
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Numerical example (linearization)

Φ(x , y) =

 x

y
√
ε( x

2+y2

2 − x4+y4

12 )


g = (DΦ)′DΦ = δ +O(ε)

K (g) = O(ε)

10−5 10−4 10−3 10−2 10−1 100 101
ε

10−9

10−7

10−5

10−3

10−1

101

103

er
ro
r

O(ε)

O(ε2)

‖2Kh(gh)− inch(gh)‖L2/‖Kh(gh)‖L2

‖2Kh(gh)− inch(gh)‖L2
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Extension to 3D



Extension to 3D

• Riemann curvature tensor Rijkl has 6 independent entries

• Curvature operator Q : M → S

〈Q(u × v),w × z〉 = 〈R(u, v)z ,w〉 for all u, v ,w , z ∈ R3

• Motivation:

• Einstein field equation in general relativity

• Generalize Regge calculus

• No Gauss–Bonnet theorem in 3D

18
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Curvature operator (3D)

Lifted distributional curvature

For g ∈ Regkh(T ) find Qh(g) ∈ Regkh(T ) s.t. for all v ∈ Regkh(T )∫
T
Qh(g) : v =

∑
T∈T

(
KT (v , g) +

∑
F∈F int

T

KT
F (v , g) +

∑
E∈E intT

KT
E (v , g)

)

KT (v , g) =

∫
T
Q(g) : v

KT
F (v , g) =

∫
F

? : v

KT
E (v , g) =

(
^T
E (δ)− ^T

E (g)
)
vtE tE

19
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KT
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KT
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∫
T
Qh(g) : v

√
det g dx =

∑
T∈T

(∫
T

Q(g) : v√
det g

dx

+

∫
∂T\∂Ω

√
det g

cof(g)nn
((n ⊗ n) × Γn

··) : v da +
∑

E∈E intT

KT
E (v , g)

)
cof(A) = det(A)A−′, (A× B)ij = εiklεjmnAkmBln

∫
∂T\∂Ω 19



Curvature operator (3D)

Lifted distributional curvature
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2D :

∫
∂T\∂Ω

√
det g

gtt
Γn
tt v dl 19



Computation of boundary term via “Gauss–Bonnet”?

• In 2D with Stokes’ theorem

2π −
∫
γ
κg =

∫
∂R
ω1

2 =

∫
R
d ω1

2 =

∫
R
K θ1 ∧ θ2 =

∫
R
K vol

ω1
2, Ω1

2 connection and curvature form

structural equation: Ω1
2 = d ω1

2 = K θ1 ∧ θ2

• 3D: Q ∈ C 1(R,S)

Bianchi: divQ = 0 = d Q ⇒ ∃q ∈ C 1(R,S) : d q = Q∫
R
Q vol =

∫
∂R

q
?
=

∫
∂Ω

√
det g

cof(g)nn
((n ⊗ n) × Γn

··) da
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Incompatibility operator (3D)

Distributional inc

For g ∈ Regkh , ϕ ∈ D(Ω,S), and inc(g) = curl((curl g)′)

〈inc g , ϕ〉 =
∑
T∈T

∫
T
inc(g) : ϕ dx +

∫
∂T\∂Ω

(n × ϕ)FF : curl(g)>FF

+ rotF ((n × g)Fn) : ϕFF da−
∑

E∈E int

∫
E
JgFnKTE ϕtE tE dl

S. H. Christiansen: On the linearization of Regge calculus,

Numerische Mathematik 119, 4 (2011), pp. 613–640.

Hauret, Hecht: A Discrete Differential Sequence for

Elasticity Based upon Continuous Displacements, SIAM 119,

35(1) (2013), pp. B291–B314. 21
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Incompatibility operator (3D)

Lifted distributional incompatibility operator

For g ∈ Regkh(T ) find inch(g) ∈ Regkh(T ) s.t. for all

v ∈ Regkh(T ) ∫
T
inch(g) : v dx = 〈inc g , v〉.

Linearization (3D)

Let g ∈ Regkh(T ) and g = δ + η +O(ε2) with η = O(ε),

∂ig = O(ε), and ∂2
ijg = O(ε). Then, there holds with

v ∈ Regkh(T )∫
T
Qh(g) : v =

1

2

∫
T
inch(g) : v +O(ε2) for ε→ 0.

22



Numerical examples (3D inc)

102 103 104

ndof

10−1

100

er
ro
r O(h)

‖inc(g )− inch(gh)‖L2

‖inc(g )− inch(gh)‖H−1

103 104 105

ndof

10−2

10−1

100

er
ro
r

O(h)

O(h2)‖inc(g )− inch(gh)‖L2

‖inc(g )− inch(gh)‖H−1

104 105

ndof

10−3

10−2

10−1

100

er
ro
r

O(h2)

O(h3)

‖inc(g )− inch(gh)‖L2

‖inc(g )− inch(gh)‖H−1
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Numerical examples (3D curvature)

102 103 104 105 106

ndof

10−2

10−1

100

‖Q
(g

)
−
Q

h
(g

h
)‖

L
2

O(h)

O(h2)

k=0

k=1

k=2
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Numerical examples (3D linearization)

10−4 10−3 10−2 10−1 100 101
ε

10−8

10−6

10−4

10−2

100

102

er
ro
r

O(ε)

O(ε2)

‖2Qh(gh)− inch(gh)‖L2/‖Qh(gh)‖L2

‖2Qh(gh)− inch(gh)‖L2
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To prove

For g ∈ C 2(Ω, S), v ∈ C∞0 (Ω), gh = R0
hg , vh = I1

hv .

|〈K (g)− Kh(gh), vh〉| ≤

c(g)h‖v‖H1

c(g)h2‖v‖H2

〈K (g)− Kh(gh), vh〉 =
N∑
i=1

αi 〈K (g)− Kh(gh), ϕi 〉

=
N∑
i=1

αi

(∫
Ω
K (g)ϕi dx − (2π −

∑
T∈TVi

^T
Vi

(gh))

)

Sense of measures (linear) with Lipschitz Killing fields

Gawlik: d
dt |t=0〈κ(g + tσ), v〉g+tσ = 0.5〈divgdivgSgσ, v〉g
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Summary

• Lifting of distributional curvature

• Relation to distributional incompatibility operator

• Optimal (numerical) convergence rates

• 3D + proofs

Thank You for Your attention!
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