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e Change of normal vector measures curvature Vv

e How to define Vv for discrete surface?

ﬁ GRINSPUN, GINGOLD, REISMAN AND ZORIN: Computing discrete
shape operators on general meshes, Computer Graphics Forum 25, 3
(2006), pp. 547-556.
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e Change of normal vector measures curvature Vv

e How to define Vv for discrete surface?

e Distributional Weingarten tensor

(VU 0' g = / VI/|T odx + Z / //L VR O',U/z ds
TET, Ec&y

e Measure jump of normal vector
e Test function o symmetric, normal-normal continuous =

Hellan—Herrmann—Johnson finite elements

ﬁ N., SCHOBERL, STURM, Numerical shape optimization of
Canham-Helfrich-Evans bending energy, arXiv:2107.13794.
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H(divdiv) := {o € [L2(Q)]3:¢ | divdive € HH(Q)}

m

Mf = {o € [PX(T) ;’yf;’ |nTon is continuous over elements}

SN SN 2R

@ A. PECHSTEIN AND J. SCHOBERL: The TDNNS method for
Reissner-Mindlin plates, J. Numer. Math. (2017) 137, pp. 713-740.
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Lifted distributional curvature

Lifting of distributional Weingarten tensor

Find k € M,lf_l for 7, curving order k s.t. for all o € M,’f‘l

k:odx=(Vv,o)z

Th
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Gauss Theorema Egregium: Gauss curvature depends on metric

angle defect (DDG, Regge calculus)
metric g = VO Vo

@ REGGE: General relativity without coordinates, Il Nuovo Cimento
(1955-1965), 19 (1961).
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Gauss Theorema Egregium: Gauss curvature depends on metric

angle defect (DDG, Regge calculus)
metric g = VO Vo

Let g € Regﬁ(7) and p € VT

(Kw)(g):0) = > Ku(p,8), Kulp,g)=(2r— Y <al(&)e(V)

vey T:VCT
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Gauss Theorema Egregium: Gauss curvature depends on metric

angle defect (DDG, Regge calculus)
metric g = VO Vo

"ig = g(VTT7 /’[’)

Let g € Reg)(7) and p € VT

(Ko@) o) = 3 Kul(g,g) / g)sowr+z/ufeg>ﬂwf

vey % Ec&

@ BERCHENKO-KOGAN, GAWLIK: Finite element approximation of
the Levi-Civita connection and its curvature in two dimensions,
Found Comput Math (2022).
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Regﬁ ={e e PK7, R |[t"et]g = O for all edges E}

sym
A3
E> S
A E; Ao
e =VN OV,  test =, p1 = A VA O VA
RE : C%(Q) — Regk canonical interpolant

/(g — Rkg)it qdl = 0 for all g € PX(E)
E

/T(g —Rfg): Qda=0forall Qe Pk_l(T,ngxnzl)
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Lifting of distributional Gauss curvature

For g € Regf find Ky € V™ such that for all ¢ € V)T
| Kiow = (K@),

Theorem (Gopalakrishnan, N., Schoberl, Wardetzky 2022)
Letgh:RﬁgeRegﬁ, -1</<k-1

1Kh = Kl < €™ (Iglwrrico + |Klne)

& GOPALAKRISHNAN, N., SCHOBERL, WARDETZKY: Analysis of
curvature approximations via covariant curl and incompatibility for
Regge metrics, arXiv:2206.09343. 10



. TECHNISCHE
Analysis and example UNNVERSITAT

Lifting of distributional Gauss curvature

For g € Regf find Ky € V™ such that for all ¢ € V)T
| Kiow = (K@),

Theorem (Gopalakrishnan, N., Schoberl, Wardetzky 2022)
Letgh:RﬁgeRegﬁ, -1</<k-1

1Kn = Kllys < € B4 (g wronce + K1)

@ GOPALAKRISHNAN, N., SCHOBERL, WARDETZKY: Analysis of
curvature approximations via covariant curl and incompatibility for
Regge metrics, arXiv:2206.09343. 10



. TECHNISCHE
Analysis and example UNIVERSITAT
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t t3 R
W(u) = EHE(U)H?W + QHFTV(V 0 ¢) = Von

u...displacement of mid-surface
t...thickness
M ... material tensor

F=Vu+P=V¢, P=I1-00

E-= %(FTF - P)= %(VUTVU +Vu' P+ PVu)

;X

13
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WIEN

t t3 )
1”@)=QHEWW%*-QWFTVWOOW*VW%

D ————r———
u...displacement of mid-surface

i membrane energy
t...thickness

M ... material tensor

F=Vu+P=V¢, P=1-0®D m

E = %(FTF—P): %(VUTVU—FVUTP-FPVU) )

;X

bending energy

13
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e Lifted curvature difference K via three-field formulation
t3
£(0, 5 ) = I E(w)ha + 12H KRy = (F, )
—l—Z/ —(FTV(vo¢)— VD)) :odx

TETh

+ Z / I/L,VR <I(QL,QR))O'IQ/1 ds

Eecé&y

e Lagrange parameter o € M,’,‘ moment tensor

e Eliminate kM — two-field formulation in (u, o)

@ N., SCHOBERL: The Hellan-Herrmann—Johnson and TDNNS
method for linear and nonlinear shells, arXiv:2304.13806.

14
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Shell problem
Find u € [VF]® and & € Mt for (H, == 3_,(V2ui)vi)

t 6
£(s,0) =2 | E@)la — ol — (F,u)

== Z/ro-:(Hl,—i—(l—ﬁ-Z/)Vﬁ)dx

TET,
= Z /(<I(V[_, l/R) — <I(ﬁL, IQR))O'ﬁﬁ ds
Ec&, E
Use hybridization to eliminate & — recover minimization problem

El N., SCHOBERL: The Hellan—-Herrmann—Johnson method for
nonlinear shells, Comput. Struct. 225 (2019). 15
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W(u) = t Emem(u) + 3 Epend(u) — f - u, F— 3f

17
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W(u) =t Emem(t) + Evend(u) — - u, f=t3f

Enforces Emem(t) = 0 in the limit t — 0

17
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Vi, = P(,) N C(Q)  HY(Q)
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S ()l
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1
I E(un)] 3

e Reduced integration for quadrilateral meshes

19
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||IP E (un)a

e Reduced integration for quadrilateral meshes
e Regge interpolant for triangles

e Connection to MITC shell elements

[ N., SCHOBERL: Avoiding membrane locking with Regge
interpolation, Comput. Methods Appl. Mech. Engrg 373 (2021).

19
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NGSolve

—— — — —
e P per= =y 25100000 o=y pxaT= 2.6l = 26100000

21
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e Distributional extrinsic/intrinsic curvature
e Application to nonlinear shells

e Hellan—-Herrmann—Johnson and Regge finite elements for

stress and strain/metric fields

26
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e Distributional extrinsic/intrinsic curvature
e Application to nonlinear shells

e Hellan—-Herrmann—Johnson and Regge finite elements for
stress and strain/metric fields

e Naghdi shells

e Coupling for 3D elasticity

e Distributional curvature higher dimension — general relativity

26
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