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Riemannian manifold (M, g)
Levi-Civita connection V

Riemann curvature tensor

R(X,Y)=VxVy - VyVx — Vxy_yx
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Levi-Civita connection V
Christoffel symbols: Vajf)k = I_J’-kE?/
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Levi-Civita connection V
Christoffel symbols: Vajf)k = I_J’-kE?/
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1
ri(g) =g" 5 (Oigyn + g — Digyy)
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Gauss curvature:

K(g) = g(R(u,v)v,u) R
[ullgllvllg — g(u,v)?  detg
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Gauss curvature:

K(g) = g(R(u,v)v,u) R
[ullgllvllg — g(u,v)?  detg

Geodesic curvature: -
5
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Gauss—Bonnet
On manifold M:

_4M = 2
/M K(g) + /8 )+ (= <(e) = 2

XM(T) =ny —ng+nt

W —)

XM =2 xm =0 xm =1 6
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Gauss—Bonnet

On triangle T:

3
/T Kg) + /a o)+ Y = <) =2

XT:3—3+1:1

N
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Gauss—Bonnet

On triangle T:

3
/T Kg) + /a o)+ Y = <) =2

XT:3—3+1:1
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Lifted distributional curvature

For g € Regf(T) find Ki(g) € VL™ s.t. for all p € VT

| Kee= Y (K. + 3 Kee)+ X Ki0.0)

TeT Ecér Vevr

[§ BERCHENKO-KOGAN, GAWLIK: Finite element
approximation of the Levi-Civita connection and its curvature
in two dimensions, arXiv preprint arXiv:2111.02512 (2021)
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Lifted distributional curvature

For g € Regf(T) find Ki(g) € VL™ s.t. for all p € VT

| Kee= Y (K. + 3 Kee)+ X Ki0.0)

TeT Ecér Vevr

.
KL (00) = [ r(e)e ]

‘ T () = arccos (1182 _
KV (2.8) = (<0(0) — <¥(g) ) (V) <018 = areeos () 7
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Lifted distributional curvature
For g € Regf(7) find Kn(g) € VST s.t. for all p € VETH!

/TKh(g)SDZ Z (KT((p’g)—l— Z K,:T(gp,g)-{- Z KJ(s@,g))

TeT E€87— VGVT

Ri221 ¢
K detg da = E d
/7— h(g)SO\/Tg ? </I' detg ?

TeT

detg
/ \/eiatt n+r)@dl+ZK\}_(gp7g)
P

T 8ttt Vo )
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[l T. REGGE: General relativity without coordinates, I/ Nuovo
Cimento (1955-1965), 19 (1961), pp. 558-571
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e metric tensor

[ T. REGGE: General relativity without coordinates, // Nuovo
Cimento (1955-1965), 19 (1961), pp. 558-571

@ SorxiN, R.: Time-evolution problem in Regge calculus, Phys.
Rev. D 12 (1975), pp. 385-396
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e metric tensor

[ T. REGGE: General relativity without coordinates, // Nuovo
Cimento (1955-1965), 19 (1961), pp. 558-571

[ CHEEGER, MULLER, SCHRADER: On the curvature of
piecewise flat spaces, Communications in Mathematical
Physics, 92(3) (1984), pp. 405-454 8
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e metric tensor (tangential-tangential continuous)

Regﬁ ={e e PK(T RN |[t"et]e = 0 for all edges E}

sym

[§ S. H. CHRISTIANSEN: On the linearization of Regge calculus,
Numerische Mathematik 119, 4 (2011), pp. 613-640.
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e metric tensor (tangential-tangential continuous)

Regﬁ ={ece Pk(T, ngxn‘f) | [[tTe t]e = 0 for all edges E}

[§ S. H. CHRISTIANSEN: On the linearization of Regge calculus,
Numerische Mathematik 119, 4 (2011), pp. 613-640.

[ L. Li: Regge Finite Elements with Applications in Solid
Mechanics and Relativity, PhD thesis, University of Minnesota
(2018). 8
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e metric tensor (tangential-tangential continuous)

Regﬁ ={e e PK(T RN |[t"et]e = 0 for all edges E}

sym

[§ S. H. CHRISTIANSEN: On the linearization of Regge calculus,
Numerische Mathematik 119, 4 (2011), pp. 613-640.

[d N.: Mixed Finite Element Methods for Nonlinear Continuum
Mechanics and Shells, PhD thesis, TU Wien (2021).
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Consistency
For g € C*(M,S) there holds [~ Ku(g) un = [+ K(g)un,
up € V,f

Gateaux derivative Dy f(g)[o] = tling) w
_>

Variation (B-K, G; GNSW )
J7 De(Kn(g))[o] up = 0.5(divgdivg S0, up) = —0.5(inc,g o, up)
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Consistency

For g € C*(M,S) there holds [~ Ku(g) un = [+ K(g)un,
up € V/f

Gateaux derivative D f(g)[o] = li%w
—

Variation (B-K G; GNSW )
J7 De(Kn(g))[o] up = 0.5(divgdivg S0, up) = —0.5(inc,g o, up)

Reformulation Gauss curvature

1 1
/TKh(gh) up = 2/ bh(5 = t(gh — 5),gh — (5, uh) dt, Yup € V,ﬁa—l
0

bh(gh, Oh, Uh) = <dnghdngh5gh0'h, Uh> = —<ianh Oh, Uh>
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IKn(gn) — K(g)ll < h°

Convergence
Let gy € Regﬁ by the Regge interpolant of a smooth g. Then for

sufficiently small h

1Kn(gh) — K(g)lln-1 < Ch¥||g]| s

[§ BERCHENKO-KOGAN, GAWLIK: Finite element
approximation of the Levi-Civita connection and its curvature
in two dimensions, arXiv preprint arXiv:2111.02512 (2021)

10
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1
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2
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K(g) =

11
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error
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e Approximation property of polynomials — sub-optimal rate
e Use orthogonality properties for Regge elements to extract
one extra order of convergence

/ (g — Rfig)eeqdl =0 for all g € PX(IT)

oT

/(g—RZg) :qda=0forall gec Pk—l(T,R2><2)
.

(M (g — Rﬁg),ZZ@ =0 for all X, € PX(T,R2¥2%2)
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incg 0 = curlg curlg o

For g, o € Regk and ¢ € PX(T,R?) normal
continuous the distributional covariant curl is

1 1
(cwrlyo, @) = / ——(curlg 0)() - / L (e ng)o(ng. 1)
¢ Vdetg® ¢ oT Vdetg srvEE
curl o;' + ojje’ rk,<,0 / &ttTnt — BntOtt
— dx — 2 2 o, ds.
Z/ Jdetg 7 Jor  Vdetgge "

TeT

14
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incg 0 = curlg curlg o

For g, o € Regk and ¢ € PX(T,R?) normal
continuous the distributional covariant curl is

1 1
(cwrlyo, @) = / ——(curlg 0)() - / L (e ng)o(ng. 1)
¢ Vdetg® ¢ oT Vdetg srvEE
curl o;' + ojje’ rk,<,0 / &ttTnt — BntOtt
_ dx — e s
Z/ Jdetg 7 Jor  Vdetgge "

TeT

e Standard distributional curl

(curls o, @) = Z/curla cpda—/ ontpn dl
19}

TeT T

e Smooth g and o leads to classical covariant curl
14
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Lemma

For k € N, oy = Rko, 0 € WH2(Q,S), v, € PX(T,R?), and
g € WH>(Q,S) there holds

(curlg(o = on), vi) < C(llo = anlli2 + hlo — onlim) Vil 2
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Lemma
For k € N, oy = Rko, 0 € WH2(Q,S), v, € PX(T,R?), and
g € WH>(Q,S) there holds

(curlg(o = on), vi) < C(llo = anlli2 + hlo — onlim) Vil 2

Lemma

Let k € N, o € Regf, vy € P¥(T,R?), and g, = Rig,
g € WL(Q,S). Then

|(curlg op, vi) — (curlg, op, va)|

< C(llg = nllee + hllg = gnll wroo)llonll gl vall2

15
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For g, o € Regk and u € PK+1(T) continuous the distributional

covariant incompatibility operator

(incgo, u) = (curlg o, rot u) = Z / incg o u
Ter’T

- / ug(ewly o — grad, o(ng, ts), t) — 3 [o(ng, ts)]Tu(V)
aT vVevr

16
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For g, o € Regf and u € P¥T1(T) continuous the distributional

covariant incompatibility operator

incgo, u) = (curl, o, rot u) = inc, o u
g g g
Ter’T

- / ug(ewly o — grad, o(ng, ts), t) — 3 [o(ng, ts)]Tu(V)
aT vVevr

e Standard distributional inc

(incs o, u) = Z / incou— / u(curlo — Vopt) - t v,
T oT

TeT BNE

-
= > londVu(v) v %
0 E> T
VGVT ”(anﬂvl
e Smooth g and o gives classical covariant inc 16
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Corollary

Let k € N, g a smooth metric tensor, 0 € W1>(Q,S),
on=REo, and up € VIFL. Then

(incg(o — on), un) < C(llo = anlliz + hllo — anll ) | Vunll 2.

Corollary

Let k e N, op € Regﬁ, up € Vif‘arl, and g, = Rﬁg,
g € WH=(Q,S). Then

|(incg op, up) — (incg, op, up)|

< C(llg — gnlleee + hllg = gnll o )llonll IV unll 2

17
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Theorem (Gopalakrishnan, N., Schoberl, Wardetzky)

Let k € N, g be a smooth metric tensor with K(g) € H*(), and
gh = Rﬁg the Regge interpolant. Then there holds for the lifted
Gauss curvature Kp(gp) € V,farl for sufficiently small h

1Kn(gh) — K(&)ll-1 < CH* " (llgllwrsroo + K (g)le)-

18
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Theorem (Gopalakrishnan, N., Schoberl, Wardetzky)

Let k € N, g be a smooth metric tensor with K(g) € H*(), and
gh = Rﬁg the Regge interpolant. Then there holds for the lifted
Gauss curvature Kp(gp) € Vf'farl for sufficiently small h

1Kn(gh) — K(&)ll-1 < CH* " (llgllwrsroo + K (g)le)-

Corollary
There holds for 0 < | < k

1Kn(gh) — K(&)lliz < Ch*(llgllwrrroo + K (g)lne),
|Kn(gn) — K(&)lr < CH'(llgllwrnoe + K (g)]1w)-
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e Riemann curvature tensor Rjj; has 6 independent entries

e Curvature operator @ : M — S

(Q(u x v),w x z) = (R(u,v)z, w) for all u,v,w,z € R3
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e Riemann curvature tensor Rjj; has 6 independent entries

Curvature operator @ : M — S

(Q(u x v),w x z) = (R(u,v)z, w) for all u,v,w,z € R3

Motivation:

e Einstein field equation in general relativity
e Generalize Regge calculus

No Gauss—Bonnet theorem in 3D

20
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Lifted distributional curvature

For g € Regh(T) find Qp(g) € Regl(7) s.t. for all v € Reg)(7)

[ae):v=3 (Kvo+ ¥ kvea+ Y Kve)

TeT FeFr Ec&r

KT (v.g) = /T Q(g)

K,_T(ng):/F?:v
KE(v.g) = (<£(0) — <L(&)) Veete

21
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Lifted distributional curvature

For g € Regh(T) find Qp(g) € Regl(7) s.t. for all v € Reg)(7)

[ae):v=3 (Kvo+ ¥ kvea+ Y Kve)

TeT FeFr Ec&r

/Toh(g):deengmZ(/c‘)(g“dx

for T vdetg
Vdetg
[ SEE(nenxri)ivat Y K (vne)

Ecér

cof (A) = det(A)A™", (A X B)jj = is€jmnAkmBin
21
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Lifted distributional curvature

For g € Regh(T) find Qp(g) € Regl(7) s.t. for all v € Reg)(7)

[ae):v=3 (Kvo+ ¥ kvea+ Y Kve)

TeT FeFr Ec&r

/Toh(g):deengmZ(/c‘)(g“dx

for T vdetg
\/det
ig) (O X TL) v dat Y- Kl (v.g))
oT Ecér
Jdetg
oD : ﬁrgtvd/

oT  Btt 21
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e Optimal convergence rates

23



TECHNISCHE
UNIVERSITAT
Sum mary WIEN

e Improved error analysis

e Optimal convergence rates

e 3D proof

23



TECHNISCHE
UNIVERSITAT
WIEN

Summary

e Improved error analysis

e Optimal convergence rates

e 3D proof

[} GOPALAKRISHNAN, N., SCHOBERL, WARDETZKY: Analysis
of curvature approximations via covariant curl and
incompatibility for Regge metrics, in preparation
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e Improved error analysis

e Optimal convergence rates

e 3D proof

Thank You for Your attention!

[} GOPALAKRISHNAN, N., SCHOBERL, WARDETZKY: Analysis
of curvature approximations via covariant curl and
incompatibility for Regge metrics, in preparation
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