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H(div)-conforming HDG for
Navier-Stokes equations
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u(x,t)... velocity
p(x,t)... pressure

Navier-Stokes

%—i—(u-V)u—uAquVp:f

div(u) =0
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WIEN

[§ LEHRENFELD Hybrid Discontinuous Galerkin methods for
solving incompressible flow problems. 2010

[§ LEHRENFELD AND SCHOBERL High order exactly
divergence-free Hybrid Discontinuous Galerkin Methods for
unsteady incompressible flows. 2015
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e Normal continuous elements for velocity
e Discontinuous pressure

e Facet variables for tangential part in hybrid fashion
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H(div)-conforming HDG method for Navier-Stokes m UNER

e Normal continuous elements for velocity

Discontinuous pressure

Facet variables for tangential part in hybrid fashion

Solution exact divergence free

/ div(u) gdx =0 Vg e Qp= div(u) =0
Q
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e Standard ALE with deformation ® = id + d
i
It
e Mesh velocity d from differentiating (%, t) = u(®(X, t), t)
e Piola transformation to ensure normal continuity

a1
u=Plil= e F
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Fa, F=1+Vd
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e Standard ALE with deformation ¢ = id + d
ol
ot

e Mesh velocity d from differentiating (%, t) = u(®(X, t), t)

e Piola transformation to ensure normal continuity

+ (0 d)-V)a—vAid+Vp=0

1
= Pld] := Fa F=1+Vd
u [d] det(F) a, +
e Second additional term from differentiating uo ® = 1 ~Fi

det(F)

(VdF~ — tr(VdF 1)) P[]

[ NEUNTEUFEL Advanced numerical methods for fluid-structure
interaction. 2017



H(curl)-conforming discretization for
elastic wave equation
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F=1+Vd, C=F'F
Y =pu(C— 1)+ 5tx(C — 1)1

Elastic wave

0%d
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F=1+Vd, C=FTF
Y =u(C—1)+3tx(C—1)l

Elastic wave

d =u
pu—div(FX)=g

4
' 4

>
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Find (d, u) € [HY(Q)]" x H(curl,Q) such that

%-vdx :/u-vdx Vv € H(curl, Q)
Q Ot Q

Oou N
/Qpat -wdx = —/Q(FZ) Vwdx VYw € [HY(Q)]
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Find (d, u, p) € [H}(Q)]" x H(curl, Q) x P such that

od
—-qgdx = -qd Vge P
o ot q dx /Quqx qge
ou op
/Qpat-vdx—/ﬂat-vdx Vv € H(curl, Q)
0

/Qafz.wdx :/Q(FZ):dex Yw € [HY(Q)]"
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Find (d, u, p) € [H}(Q)]" x H(curl, Q) x P such that

%-qu :/u-qu Vge P
q Ot Q
ou
p—-vdx= [ p-vdx Vv € H(curl, Q)
q Ot Q

/p-wdx _—/(FZ):dex Yw € [HY(Q)]"
Q Q
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Find (d, u, p) € [H}(Q)]" x H(curl, Q) x P such that

od

9% gdx = | u-qd Vg e P
ST q dx /Qu q dx qe

Jou
/p-vdx:/p-vdx Vv € H(curl, Q)
o Ot Q
/p-de _—/(FZ):dex w e [H'(Q)]"
Q Q

pP=7
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Find (d, u, p) € [H}(Q)]" x H(curl, Q) x P such that

od

9% gdx = | u-qd Vg e P
ST q dx /Qu q dx qe

Jou
/p~vdx:/p-vdx Vv € H(curl, Q)
o Ot Q
/p-de _—/(FZ):dex w e [H'(Q)]"
Q Q

P = H(curl,Q)*

NGSolve
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e Covariant transformation from global to material velocity

u=F i
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Transformation to material coordinates m UNIVERSITAT

e Covariant transformation from global to material velocity

u=F i

e Dual transformation for p

p=Fp
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WIEN

Find (d, 4, p) € [HY(Q)]" x H(curl,Q) x H(curl,Q)* such that

od
- - (Fg)dx =/ - qdx Vq € H(curl, Q)*
Q Ot Q
/Pa(FTﬁ) (F Tv)dx = / p-vdx Vv € H(curl, Q)
Q Ot Q

/(Fﬁ) - w dx = —/(FZ) :Vwdx Yw e [HY(Q)]"
Q Q
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Find (d, 0, p) € [HY(Q)]" x H(curl, Q)% x H(curl, )9 such that

od. (Fq)dx = / i-qdx Vq € H(curl, Q)"
Q Ot Q
/Pa(FTﬁ)'(FTV)dx—/ﬁvdx Vv € H(curl, Q)%
Q Ot Q
/(Fﬁ) - w dx = —/(FZ) :Vwdx Yw e [HY{(Q)]"
Q Q

e Static condensation for discontinuous & and p

e Further discretization in 2d and 3d
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Find (d, 4, p) € [HY(Q)]" x H(curl,Q) x H(curl,Q)* such that

gctl (Fg) dx / i-qdx Vqe H(curl,Q)*
. 1 .
/ p(F-Ta-F~Tv—-c'ccla-v
Q 2
+ ﬁCcnrl(f/) (0% v))dx / -vdx Vv e H(curl,Q)
/(Fﬁ)-w+(FZ) : Vw dx =0 Yw € [HY(Q)]"
Q

[ NEUNTEUFEL Advanced numerical methods for fluid-structure
interaction. 2017
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H(curl)-conforming discretization for elastic waves 2dm UNIVERSITAT

Find (d, 4, p) € [HY(Q)]" x H(curl,Q) x H(curl,Q)* such that

od
at

. 1 .
/ p(FTa-FTv—_ctcctiv
0 2

- (Fq) dx u qdx Vq e H(curl,Q)*

1
- ﬁcnrl(ﬁ)rot(ﬁ) - v)dx

/(Fﬁ) -w+ (FX) : Vw dx
Q

/ -vdx Vv e H(curl,Q)
0

Yw € [HY(Q)]"

[ NEUNTEUFEL Advanced numerical methods for fluid-structure
interaction. 2017
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e Continuity of displacement and tangential continuity of
velocity fulfilled

d*=df, u=uf on T
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e Continuity of displacement and tangential continuity of
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e Continuity of displacement and tangential continuity of

velocity fulfilled
d*=df, v =uf on T,

T T

e Normal continuity by Lagrange multiplier

/ (uf =) A =0 VA e L3(T))
r
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e Continuity of displacement and tangential continuity of
velocity fulfilled

d*=df, u=uf on T,

T T

e Normal continuity by Lagrange multiplier

9d°
/ W =Ty =0 wae ()
r ot



Numerical results
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Qsol id
Tin O: T
P A Qfuia !

Iy

e Parabolic inflow

e Y-displacement of A

[} TuREK AND HRON Proposal for numerical benchmarking of
fluid-structure interaction between an elastic object and

laminar incompressible flow. 2006
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Video

| = s I
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Benchmark (Turek/Hron) m UNIVERSITAT

—— Turek

——HDG-VM p=2
——HDG-VM p=3
—— HDG-VM p=4
o HDG-VM p=5

1073

error

104

104 10°
dofs
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Sum mary WIEN

e ALE for H(div)-conforming HDG Navier-Stokes
e New spatial discretization for elastic wave equation

e Coupling of both equations
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e 3D
e Preconditioner

e Splitting methods

Thank you for your attention!
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