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Continuum mechanics

Deformation b:Q—R3

Displacement u:=®—id

Deformation gradient F:=Vo T
Cauchy-Green strain tensor C:=FTF W
Green strain tensor E = %(C -1

Linearized strain tensor e(u) :== %(VUT + Vu) o(z)

[[®(x + Ax) — d(x)||>  AxTFTFAx
[|Ax|[? [|Ax]|[?

+O(llax]])
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Thin-walled structures

@ Model of reduced dimensions
@ Q={p¢)+2zn(): tewze -5, 5]}
® u(X+zn(§)) = w(X) +zB(X)
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Geometric derivation

Cr = (PT "FVTU(;F) (P'r + VTUO)
Vu(X+zn) =V,ug+ 2V, +5nT

CTn = PT(I +VTU0)T(’7+6)”T

Crr = P CP;

Crn = P.CP,

Cpn := P,CP, N
—

Ememb ~ ||C7"r - ITTHiz(S)

Eshear ~ “CT"HEZ(S)
Evend ~ t*||er-((1 + VTUO)Tﬁ)HiZ(s)
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First variational problem
Find u and B8 € [HY(S)]® such that

J(U»B) = ||C‘rr - ITTH%z(S) aF ||Crn||i2(5) a4 t2||6‘r7'((l + VTUO)TB)H%z(S) - /S f - udx — min!

@ [ tangential continuous
@ u continuous

@ m normal-normal continuous
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Kirchhoff plate and Hellan-Herrmann-Johnson method

lf Aw=f in Q
[ ] w=2_—9¢ on 90

A A ~ On

Find w € H3(R), such that

/ V2w : V2v dx =/ fudx forall v e H3(Q).
Q Q

/m:de—/v%v:de:o VT
Q Q

—/m:VZde :—/fvdx Vv
Q Q
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Kirchhoff plate and Hellan-Herrmann-Johnson method

lf Aw=f in Q
[ ] w=2_—9¢ on 90

A A ~ On

Find w € H3(R), such that

/ V2w : V2v dx =/ fudx forall v e H3(Q).
Q Q

/m:de—/v%v:de:o VT
Q Q

—/divdivmvdx :—/ fvdx Vv
Q Q
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Derivation

/mZTdX+Z/VW-diVTdX7 Vw:-1hds=0
Q = JT aT

Z/div mondxf/ (div m) - nv ds :f/fvdx
= I aT Q

/Vw[Tn]E dSZ/VnW[Tnn]E-‘rVTW[Tm—]E ds:/V-,—w[‘rn.,—]E ds
E E E

/ (divm)-nvds =0 as well as Viv-mpds =0
aT aT

Find m € H(divdiv) and w € H(Q), such that

/mZTdX+Z/VW~diVTdX—/ Vrw - Thrds =0 VT,
Q = I aT
Z/divm~Vvdx—/ V+v-mp:ds :—/fvdx Yv.
= I aT Q
[Comodi, 1989]
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Reissner-Mindlin method

Find m € H(divdiv), B € H(curl) and u € H'(Q), such that

/m:de—l—Z/ﬁ-divrdx—/ Br - Tnr ds =0 vr,
Q T T oT

Z/divm~6dx—/ 6T~m,,7ds—%/(Vu—ﬁ)(Vv—é)dx:—/f~6dx Vv, 8.
/T aT tc Ja Q

Shear strain: Vu —
Shear stress: %z(Vu —B)
Fort - 0: Vu—38—0

Error analysis similar
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Finite Element Spaces

AN A AN

Boundary conditions: u=up onlp, B=Bponlp, my,=myonly

Displacements  Rotations  Bending moments
Essential u Br Mpp
Natural % Bn Mnr

Vi i={v € [2(Q) : v}, € P**, v continuous, v =0o0n Np} C H*
Bp:={6 € [L2(Q)]": ¢, € Pk, &, continuous, 6 =0 on [p} C H(curl)
My :={r € L3"(Q) : 7, € PX, Tan € Pmax(L.k=1) continuous, Tan = 0 on Ty} C H(divdiv)
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Finite Element Spaces

Finite Element Space Msyr: Finite Element Space V), and Bj:

o -
2D elements of M}, as face-elements @ Traces of 3D elements
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Error estimates

Discrete norms

18113, = ZII HL2T)+Z II[[J’n]H

fer

lmlly, = Z\ImI\L2 )+ 2 hellmanl 22y

FEF

Elasticity

llm — mall3s, + 118 = Bullk, < CH* /181311

]
| \

Reissner-Mindlin

|lm — mall3, + 118 — Ballz, + ||(Vu —B) = (Vun = Br)llfaqy < C(m, B, u)h*

\

[Schoberl + Pechstein, 2011]
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Minimization problem

Find m € V and u € Q, such that
a(m,7) + b(r,u) =0 forall T €V,
b(m, v) =f(v) forallveQ.

v

Lagrange-function

L(m,u) = %a(m, m) + b(m, u) — f(u)

@ [(m,u) convex in m = J(u) := miny L(m, u) by solving linear problem
@ J(u) concave

@ Find max, J(u) with Newton’s method
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Shell model

Bilinear forms

® a() and b(-,") correspond to Epeng
© Adding Ememb = [|Crr — Irr|[2 )
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Shell model
. _ 1 Th
First Eghear = TZH(V”) /BHLZ(Q
Find u € [V}]2 and m € Mg, such that

L(m,u) = —%a(m, m) + b(m, u) + Ememb(u) — f(u),

J(u) = min L(u, m) — minl.

Adding Eghear = tlz||(Vu)Tn - IBH%Z(Q)
Find u € [V4]3, m € Ms,r and 8 € By, such that

L(m, u, 8) =~ a(m, m) + b(m, 8) + Enens (#) + Esver(1 8) — £(),
J(u,B) = m”i7n L(u, 3, m) — min!.
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NGS-PY

Etautau=Ptau(1/2%(C-1))

a=BilinearForm (fes ,symmetric=True)
a+=SymbolicBFI(—100%InnerProduct (m, tau),BND)
a+=SymbolicBFI(—div(m)xdelta—div(tau)xbeta ,BND)
a+=SymbolicBFI(mnxtang(delta)+taunxtang(beta), element_boundary=True)
a+=SymbolicEnergy (InnerProduct (Etautau , Etautau) ,BND)
a+=SymbolicEnergy (100%(ngradu—beta )x(ngradu—beta) ,BND)

a+=SymbolicEnergy(—y=*uy ,BND)

Apply Newton's method with automatic differentiation
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Examples

Rotation Moments Shear stress

Displacement Moments
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Thank you for your attention!
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