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Motivation

Analysis of curvatures from Regge metrics involves distributional covariant operators

Riemann curvature tensor Incompatibility operator —Inc, curl’curl
Einstein tensor Ein operator emn=Jdetdiv/—0.5AJ
Scalar curvature divdiv S, Se =0 —tr(o) 1
(Gauss curvature —inc = divdivS

Gopalakrishnan, N., Schoberl, Wardetzky: Analysis of curvature approximations via covariant curl and
incompatibility for Regge metrics, SMAI J. Comput. Math., 2023.

Gawlik: High-Order Approximation of Gaussian Curvature with Regge Finite Elements, SIAM J. Numer. Anal.,
2020.

Gawlik, N.: Finite element approximation of scalar curvature in arbitrary dimension, arXiv:2301.02159.

Gawlik, N.: Finite element approximation of the Einstein tensor, arXiv:2310.18802.

Gopalakrishnan, N., Schoberl, Wardetzky: Analysis of distributional Riemann curvature tensor in any dimension,
arXiv:2311.01603. 2
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Einstein tensor Ein operator emn=Jdetdiv/—0.5AJ
Scalar curvature divdiv S, Se =0 —tr(o) 1
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* Well-understood in Euclidean setting (and smooth manifolds)
* Possible for tangential-tangential continuous metrics?
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Distributional Euclidean differential operators

1. C,°(£2) space of test functions = distributional derivatives \
(VFW) = — J fdivWdy, feC®9), ¥e CQRY) \\
@)
2. Integration by parts element-wise s\
- > J fdivPdx= ) J Vf-Wdx— ) [ [F1Y - nds
Teg ° 1 Teg ° 1 Ecg L

(VAP | < COH 1Pl geaivy
3. Density: C°(Q, R?) dense in H(div) = ( Vf,v) well-defined for v € H(div)
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2. Integration by parts element-wise s\
- > J fdivPdx= ) J Vf-Wdx— ) [ [F1Y - nds

Teg * 1T Teg * 1T Eecg L
(VA < COO 1Pl geaivy

3. Density: C;o(£2, %) dense in H(div) = ( V£, v) well-defined for v € H(div)

e Extension to smooth Riemannian manifolds via charts

* Jest functions and density results for non-smooth (tt-continuous) metrics?
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Regge finite elements & metric

J g(t,1)ds = [ g2, (t,1)ds =2
E

E
8 =81UYV&

Christiansen: On the linearization of Regge calculus, Numerische Mathematik, 2011.

Li: Finite Elements with Applications in Solid Mechanics and Relativity, PhD thesis, 2018.
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Regge finite elements & metric

[ g(t,1)ds = [ 2,(t,1)ds =
E E

8§h=8U&
g )
5 g, Is tangential-tangential continuous
Regk := {o- = 9’"(97 Rm) | oIS tangential-tangential Continuous}
H(curl curl) := 0 e LX(Q, RMNy | curl’curl(o) € H™!

sym

i il b 2

Christiansen: On the linearization of Regge calculus, Numerische Mathematik, 2011.

Li: Finite Elements with Applications in Solid Mechanics and Relativity, PhD thesis, 2018.
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Gluing isometric Riemannian manifolds

, _ . _ (M, &) > (M, 8,)
Def.: Let (M, g,) and (M,, g,) Riemannian manifolds with 4
boundary and ® : oM, — 0M, an isometry. We call (M, g) C

WithM=M1UM2,g=g1nga

Khakshournia, Mansouri: The Art of Gluing Space-Time Manifolds: Methods and Applications, 2023.

Innami: Jacobi vector fields along geodesics in glued Riemannian manifolds, Nihonkai. Math. J., 2001.
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Gluing isometric Riemannian manifolds

_ _ _ _ (M, &) > (M, 8,)
Def.: Let (M, g,) and (M,, g,) Riemannian manifolds with 4
boundary and ® : oM, — 0M, an isometry. We call (M, g) C

WithM=M1UM2,g=g1nga

e g istangential-tangential continuous  &(X,Y) = g(P«(X), ®«(Y)), VX,Y € X(oM,)

» Triangulation & of M with Regge metric g, € Regk yields glued Riemannian
manifold (M, g;)

Khakshournia, Mansouri: The Art of Gluing Space-Time Manifolds: Methods and Applications, 2023.

Innami: Jacobi vector fields along geodesics in glued Riemannian manifolds, Nihonkai. Math. J., 2001.
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Fermi coordinates

Def.: Let I € F and z € I an interior point. Let {xl, ...,xN_l}
coordinates on F. Let U, an open neighborhood of z and dg( ., + ) the

distance function generated by g on M. For p € U, let
n(p) = argminqE rd,(P, q) be the projection of p onto F. The
{X'} are defined by

M(p) =+ dg(ﬂ(p),p) tpel,, ¥(p) = x(x(p)) fori=1,....,N—1.

(¥')
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Fermi coordinates

Def.: Let [ € 3‘7 and z € F an interior point. Let {xl, ...,xN_l}

coordinates on F. Let U, an open neighborhood of z and dg( ., + ) the W

distance function generated by g on M. For p € U, let N bl

n(p) = argmmqE rd,(P, q) be the projection of p onto F. The r | T,
{X'} are defined by -

M(p) =+ dg(ﬂ(p),p) tpel,, ¥(p) = x'(z(p)) fori=1,....,N—1.

g is continuous in Fermi coordinates over [
g |&
g1 - &wn-1 O </\>
: : : For g &€ Rego Fermi coordinates

§ = 0

EN-11 -+ 8N-1.N-1 yield Euclidean metric 5
0 .. 0 1 T




Natural smooth glued structure of manifolds

Lemma: Let M, N be two smooth N-dimensional manifolds which can be glued
together and have compatible smooth structures. Then there exists a smooth

structure on M U N.
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Natural smooth glued structure of manifolds

Lemma: Let M, N be two smooth N-dimensional manifolds which can be glued
together and have compatible smooth structures. Then there exists a smooth

structure on M U N.

Def.: Let M be a glued Riemannian manifold. Denote by M the (abstract)
of M by removing all interior codimenion 2 interior boundaries
(called bones) and the boundary oM.

e On M exist smooth functions, vector-fields, and k-forms

» Use it to define test functions and Sobolev spaces on M

L LPM) = {f: M = |

Wl < oo}, A1, :=J P o
M

/




Test functions

Def.: The space of IS given by

COANM) := {a € L®AXM) | @ smooth on M, da € LOAYM)) and the set
of CSOA"(M ) denotes all smooth k-forms with compact support in
M\ oM.

Wardetzky: Discrete Differential Operators on Polyhedral Surfaces — Convergence and Approximation, PhD.
thesis, 2006.
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Test functions

Def.: The space of IS given by

COANM) := {a € L®AXM) | @ smooth on M, da € LOAYM)) and the set
of CSOA"(M ) denotes all smooth k-forms with compact support in
M\ oM.

1. Density in LPAXM)

2. Integration by parts = weak derivatives
3. Definition of Sobolev spaces

4. Density in Sobolev spaces

Wardetzky: Discrete Differential Operators on Polyhedral Surfaces — Convergence and Approximation, PhD.
thesis, 2006.
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Properties
Lemma: Let @, f € L' AY(M). If for all ¥ € CSOA"(M)

J g(a,¥)w =J gp, V) w
M M

then a = [/ almost everywhere.

Lemma: CSOA"(M) s dense in LPAX(M) for all p € [1,00).
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M

g(a,é*_lﬂ)a}+J' anp.
M
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then a = [/ almost everywhere.
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COA*M) = {*7la | a € CRAN M)}, 6: CRA* (M) - CRAFL* (M)

Lemma: There holds for a € C®A* (M) and # € C®A“*(M) the integration
by parts formula

J g(da,ﬂ)a)zJ' g(a,éﬁ)w+[ a A xf.
M M

oM

Warning: Hodge-star depends on non-smooth metric
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Sobolev spaces on glued Riemannian manifolds

Def.: The function space IS given by
WIPAKM) := {a € LPAK(M) | da € LPAN*Y (M)} with norm
HaH%/LPAk = HalepAk + HdalepAkH. We set

Theorem: CXAXM) N WIPAX(M) is dense in WIPAK(M) for p € [1,3).

Idea of proof:

1) Special charts at bones to Euclidean space
2) Cut out codimension 3 boundaries

3) Construct candidate + partition of unity
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Sobolev spaces on glued Riemannian manifolds

Def.: The function space IS given by
WIPAKM) := {a € LPAK(M) | da € LPAN*Y (M)} with norm
HaH%/LPAk = HalepAk + HdalepAkH. We set

Theorem: CXAXM) N WIPAX(M) is dense in WIPAK(M) for p € [1,3).

Idea of proof:

1) Special charts at bones to Euclidean space
2) Cut out codimension 3 boundaries
3) Construct candidate + partition of unity

. Works for g € Reg"

e General metric: WIP
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Sobolev spaces on glued Riemannian manifolds

Cor.: Rellich-Kondrachov: HAN(M) cc L*AXM).

Cor.: Poincaré inequality: For all @ € HAN(M) there holds with the mean @
| — alloax < Cllda]| apee.

Def.: is the closure of C °°Ak(M ) in HAK(M). H='A*(M) denotes the

dual space of HAk(M ).
is the dual space of HAk(M ).

Lemma: Define WP AR*(0M) 1= (x7la | a € WPAN=I=%oM)}. There
exists a trace operator Tr : HAY(M) — H™Z Ak *(8M ) for all @ € HAK(M)

such that HTI'GHH—llek,*(aM) < CHC{HHA]‘

12



H(div) and H(curl)

* For Riemannian manifolds we can identify smooth 1-forms with vector fields

=g(X,-)EA1, ocﬂ=g_1(oc,-)€3c'~
* Not possible for glued Riemannian manifolds

a € CPA (M) =5 o € C®X(M)
» Covariant derivatives depend on metric: div X = % d % Xb, curl X = (*de)ﬁ

. Idea: Relate H(div, M) and H(curl, M) with HAY='(M) and HA'(M)

H(div,M) := {X € L*X(M) | divX € L*(M))
H(curl,M) :={X € L*X(M) | curl X € L*X(M))

13



H(div) and H(curl)

* For Riemannian manifolds we can identify smooth 1-forms with vector fields

=g(X,-)EA1, ocﬂ=g_1(05,-)€3c'~
* Not possible for glued Riemannian manifolds

a € CPA (M) =5 o € C®X(M)
» Covariant derivatives depend on metric: div X = % d % Xb, curl X = (*de)ﬁ

. Idea: Relate H(div, M) and H(curl, M) with HAY='(M) and HA'(M)

H(div,M) := {X € L*X(M) | divX € L*(M))
H(curl,M) :={X € L*X(M) | curl X € L*X(M))

Lemma: There holds H(dlv M) = {(*_105)11 | a € HAY"' (M)} and
H(curl, M) = {a* | a € HA'(M)).
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H(div) and H(curl)
. H'(M) :={fe L*“M) | Vfe L*X(M)} = HA° (M)

* |Integration by parts

I g(Vi,uyw = — [ fdivuw + J fe(u,n)wyy,, fe H(M),u € H(div,M)
M M oM

I g(curlu,v) o = J g(u, curlv) w + J g(u,v X n)wyy, u,v € H(curl, M)
M M oM
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H(div) and H(curl)
. H'(M) :={fe L*“M) | Vfe L*X(M)} = HA° (M)

* |Integration by parts

I g(Vi,uyw = — [ fdivuw + J fe(u,n)wyy,, fe H(M),u € H(div,M)
M M oM

I g(curlu,v) o = J g(u, curlv) w + J g(u,v X n)wyy, u,v € H(curl, M)
M M oM

* [races and continuity

Hg(ua n)HH—l/z(aM) < C“Tr(*ub)||H_1/2AN—1,J((5M) — CHTI’(XHH—UZAN—I,;(@M) < CHGHHAN—l < CHMHH(diV)

[|u X ’”l”H—lfz(aM) < CHMHH(curl)
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Distributional differential operators revisited
1. C(‘)"’AN_I(M) space of test functions

(VW) = — J fAdivPw, feC™9T), ¥=x"'0F d e CCAN (M)
M

2. Integration by parts element-wise

_ ZJ fdiv¥ w = ZJ (VAP w — ZJ L7 11 (¥, 1) @y,

Teg ° T Teg T Ecg E

(VAP < CO NN iaiv) < CONP v \
3. Density: C°AN1(M) dense in HAY~!(M)

= ( Vf, v) well-defined for v € H(div, M) \\
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Distributional differential operators revisited
1. C(‘)"’AN_I(M) space of test functions

(VW) = — J fAdivPw, feC™9T), ¥=x"'0F d e CCAN (M)
M

2. Integration by parts element-wise

_ ZJ fdiv¥ w = ZJ (VAP w — ZJ L7 11 (¥, 1) @y,

= = Ecg L
(VAP | < COO NP iy < COONP v N
3. Density: C°AN1(M) dense in HAY~!(M)
= ( Vf, v) well-defined for v € H(div, M)
. (divi, f) foru € C®(T,RN),fe H\(M) s\

. (curlu,v) foru € C®(T,R>),v € H(curl, M)
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Implementation

» Chart (U, ¢). Define on parameter space
Hy(div,®(U)) := {w =w'0, : D(U) - RY | w' € C®(®(U N T)), [6(w,ns)] = 0}
Hy(curl, d(U)) := {w = W’Di - D(U) - R | w' e C®(DUN I)), [w Xsnsl] =0}

* Define operator

| .
W = ‘0., w € Hy(div, ®(U))

g = W0
y/detg
. w € Hy(div, ®(V)) iff Q,w € H(div, U)
[g(Q,w, )] =0 < [[o(w, ng)]l = O
u € Hy(curl, ®(U)) iff u € H(curl, U)
luXn]] =0 [[uX;ns]] =0

* Tangential vectors depend on tt-components of metric

Gopalakrishnan, N., Schoberl, Wardetzky: Analysis of curvature approximations via covariant curl and
incompatibility for Regge metrics, SMAI J. Comput. Math., 2023.
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Summary & Outlook
» Sobolev spaces on glued Riemannian manifolds (¥

* Glueing of manifolds, smooth structure, Fermi coordinates VN/T\ "
e X X

e Definition of test functions for k-forms

* Density and integration by parts




Summary & Outlook

Sobolev spaces on glued Riemannian manifolds {k #_\i\ﬁ (%)

Glueing of manifolds, smooth structure, Fermi coordinates
Definition of test functions for k-forms

Density and integration by parts

Analysis on discrete/approximated Riemannian
manifolds (g, — g)

Polyhedral (and curved) surfaces included
(discrete differential geometry + FEEC)

Long-term goal: Application to geometric flows and
numerical relativity

By Event Horizon
Telescope (EHT)



Literature

Christiansen: On the linearization of Regge calculus, Numerische Mathematik, 2011.

Li: Finite Elements with Applications in Solid Mechanics and Relativity, PhD thesis, 2018.

Gawlik: High-Order Approximation of Gaussian Curvature with Regge Finite Elements, SIAM J. Numer. Anal.,
2020.

Gopalakrishnan, N., Schoberl, Wardetzky: Analysis of curvature approximations via covariant curl and
incompatibility for Regge metrics, SMAI J. Comput. Math., 2023.

Gawlik, N.: Finite element approximation of scalar curvature in arbitrary dimension, arXiv:2301.02159.

Gawlik, N.: Finite element approximation of the Einstein tensor, arXiv:2310.18802.

Gopalakrishnan, N., Schoberl, Wardetzky: Analysis of distributional Riemann curvature tensor in any dimension,
arXiv:2311.01603.

Innami: Jacobi vector fields along geodesics in glued Riemannian manifolds, Nihonkai. Math. J., 2001.

Wardetzky: Discrete Differential Operators on Polyhedral Surfaces — Convergence and Approximation, PhD.
thesis, 2006.

Khakshournia, Mansouri: The Art of Gluing Space-Time Manifolds: Methods and Applications, 2023.



Literature

Christiansen: On the linearization of Regge calculus, Numerische Mathematik, 2011.

Li: Finite Elements with Applications in Solid Mechanics and Relativity, PhD thesis, 2018.

Gawlik: High-Order Approximation of Gaussian Curvature with Regge Finite Elements, SIAM J. Numer. Anal.,
2020.

Gopalakrishnan, N., Schoberl, Wardetzky: Analysis of curvature approximations via covariant curl and
incompatibility for Regge metrics, SMAI J. Comput. Math., 2023.

Gawlik, N.: Finite element approximation of scalar curvature in arbitrary dimension, arXiv:2301.02159.

Gawlik, N.: Finite element approximation of the Einstein tensor, arXiv:2310.18802.

Gopalakrishnan, N., Schoberl, Wardetzky: Analysis of distributional Riemann curvature tensor in any dimension,
arXiv:2311.01603.

Innami: Jacobi vector fields along geodesics in glued Riemannian manifolds, Nihonkai. Math. J., 2001.

Wardetzky: Discrete Differential Operators on Polyhedral Surfaces — Convergence and Approximation, PhD.
thesis, 2006.

Khakshournia, Mansouri: The Art of Gluing Space-Time Manifolds: Methods and Applications, 2023.

Thank you for your attention!



