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Motivation

N

Riemannian manifold (€2, g), 2 C R™, g metric tensor g

Approximation g, of g on a triangulation

How to approximate g7

How to compute discrete curvature”? Convergence”? o
8 €7 R(gy) =7 IR (g, — R, < O

Application in discrete differential geometry

Possible extension to geometric flows and numerical relativity
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Regge finit0e7elements & metric

gl(ta t) ds = [ gz(t, t) ds =2
E E
8h=8VYVE&

Christiansen: On the linearization of Regge calculus, Numerische Mathematik, 2011.

Li: Finite Elements with Applications in Solid Mechanics and Relativity, PhD thesis, 2018.
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Regge finit0e7elements & metric

g1, ) ds = [ 2,(t, 1) ds =

E E
gh=81YE&
g A
5 g, Is tangential-tangential continuous
Regk := {o- S 9’"(97 Rm) | o IS tangential-tangential Continuous}
H(curl curl) := 0 e LX(Q, RMNy | curl’curl(o) € H™!
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Christiansen: On the linearization of Regge calculus, Numerische Mathematik, 2011.

Li: Finite Elements with Applications in Solid Mechanics and Relativity, PhD thesis, 2018.
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Curvature
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Curvature

X/I\V</ Vv ... shape operator, Weingarten tensor —» extrinsic curvature

» Gauss Theorema Egregium: K = f(g) — intrinsic curvature

1
o K:K1K2, HZE(KI_I_KZ)

'

Levi-Civita connection Vyg(Y,Z) = g(VyY,Z) + g(Y,VyZ) '

g, is only tt-continuous iy = E(Bigjl + 0.8 — 0&;)

*R(g;) is nonlinear distribution!




Angle defect in differential geometry and Regge calculus

o=

Regge: General relativity without coordinates, Il Nuovo Cimento, 1961.

Cheeger, Muller, Schrader: On the curvature of piecewise flat spaces, Commun.Math. Phys., 1984.
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Angle defect in differential geometry and Regge calculus

a4 -
A -

* Angle defect at vertices to measure curvature

» Discrete differential geometry and Regge calculus

* Proof of convergence in the sense of measure

Regge: General relativity without coordinates, Il Nuovo Cimento, 1961.

Cheeger, Muller, Schrader: On the curvature of piecewise flat spaces, Commun.Math. Phys., 1984,
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Distributional Gauss curvature

.
. o AN
» Angle defect acts on vertices — use as part of distribution /N
4y(g) = 21— Y arccos(g|, (1, 1)) .
1DV
(K(gp)s V) = Z <2y(8) vip(V)

Ve7r ®

Gawlik: High-Order Approximation of Gaussian Curvature with Regge Finite Elements, SIAM J.
Numer. Anal., 2020.

Berchenko-Kogan, Gawlik: Finite element approximation of the Levi-Civita connection and its
curvature in two dimensions, Found Comput Math, 2022.
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Distributional curvatures

R |
. Gauss curvature: 2D, scalar, K = —=22L — _§
detg 2

» Scalar curvature: nD, scalar, S = R,;,8"g”"

_ 1
. Einstein tensor: nD, matrix, G;; = Ric;; — =S g;;
l 2 lj

 Riemann curvature tensor: nD, 4th order tensor, R,

» Ricci curvature tensor: nD, matrix, Ric; = R,,,8"

Berchenko-Kogan, Gawlik: Finite element approximation of the Levi-Civita connection and its
curvature in two dimensions, Found Comput Math, 2022.

Gawlik, N.: Finite element approximation of scalar curvature in arbitrary dimension, arXiv:2301.02159.
Gawlik, N.: Finite element approximation of the Einstein tensor, arXiv:2310.18802.

Gopalakrishnan, N., Schoberl, Wardetzky: Analysis of distributional Riemann curvature tensor in any
dimension, arXiv:2311.01603. -
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* Hellan-Herrmann-dohnson method in covariant setting

* |Integral representation of error
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Teg ° 1 Ec& Vev
* Hellan-Herrmann-dohnson method in covariant setting

b g?

* |Integral representation of error

|
(K(g,) — K(g).u)| = J DK(@E®),w)loldt|, g =g+1g,—8), 06=g,—8&
0

Strategy applicable (with more work) for all curvature quantities!
38



Convergence results

Let g be a sufficiently smooth metric and g, € Regk be an approximation such that
g, — gll;» S h*tL. Then, for k > 0 for N = 2 and k > 1 for N > 3 there holds

IR(g)) — Ry S B

Berchenko-Kogan, Gawlik: Finite element approximation of the Levi-Civita connection and its
curvature in two dimensions, Found Comput Math, 2022.

Gawlik, N.: Finite element approximation of scalar curvature in arbitrary dimension, arXiv:2301.02159.

Gawlik, N.: Finite element approximation of the Einstein tensor, arXiv:2310.18802.

Gopalakrishnan, N., Schoberl, Wardetzky: Analysis of distributional Riemann curvature tensor in any
dimension, arXiv:2311.01603. 9
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Discrete lifting of distributional curvatures

e need function instead of distribution sometimes

 Gaus curvature: solve with mass matrix for discrete Riesz representative g, & Regk

Find Kh = Lagk"'l such that J Kh V, @ = <K(gh)a Vh> VVh = Lagk"'l
9)

Gawlik: High-Order Approximation of Gaussian Curvature with Regge Finite Elements, SIAM J.
Numer. Anal., 2020.

Gopalakrishnan, N., Schoberl, Wardetzky: Analysis of curvature approximations via covariant curl
and incompatibility for Regge metrics, SMAI J. Comput. Math., 2023.

Gopalakrishnan, N., Schoberl, Wardetzky: On the improved convergence of lifted distributional Gauss

curvature from Regge elements, arXiv:2401.12734.
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Summary & Outlook

Regge finite elements for metric tensor

Distributional curvature approximation (K(g)vi)y = D [ K(gy) |y v, o7 + ZJ e, vy, 05+ D, <(8y) vi(V)

Teg

Numerical error analysis via integral representation

Finite elements for Riemann, Ricci, and Einstein tensor
approximation

Analysis of distributional covariant operators

Theoretical & numerical framework solving PDEs on
Riemannian manifolds

Long-term goal: Application to geometric flows and
numerical relativity

T

Ecg L Ve

By Event Horizon
Telescope (EHT)
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Thank you for your attention!



